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PREFACE. 



The fact that certain bodies, after being rubbed, 
appear to attract other bodies, was known to the 
ancients. In modem times, a great variety of other 
phenomena have been observed, and have been found 
to be related to these phenomena of attraction. They 
have been classed under the name of Electric phe- 
nomena, amber, tikem-pov, having been the substance 
in which they were first described. 

Other bodies, particularly the loadstone, and pieces 
of iron and steel which have been subjected to certain 
processes, have also been long known to exhibit phe- 
nomena of action at a distance. These phenomena, 
with others related to them, were found to differ from 
the electric phenomena, and have been classed under 
the name of Magnetic phenomena, the loadstone, fiayvti^^ 
being found in the Thessalian Magnesia. 

These two classes of phenomena have since been 
found to be related to each other, and the relations 
between the various phenomena of both classes, so 
far as they are known, constitute the science of Elec- 
tromagnetism. 

In the following Treatise I propose to describe the 
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most important of these phenomena, to shew how they 
may be subjected to measurement, and to trace the 
mathematical connexions of the quantities measured. 
Having thus obtained the data for a mathematical 
theory of electromagnetism, and having shewn how 
this theory may be applied to the calculation of phe- 
nomena, I shall endeavour to place in as clear a light 
as I can the relations between the mathematical form 
of this theory and that of the fundamental science of 
Dynamics, in order that we may be in some degree 
prepared to determine the kind of dynamical pheno- 
mena among which we are to look for illustrations or 
explanations of the electromagnetic phenomena. 

In describing the phenomena, I shall select those 
which most clearly illustrate the fundamental ideas of 
the theory, omitting others, or reserving them till the 
reader is more advanced. 

The most important aspect of any phenomenon from 
a mathematical point of view is that of a measurable 
quantity. I shall therefore consider electrical pheno- 
mena chiefly with a view to their measurement, de- 
scribing the methods of measurement, and defining 
the standards on which they depend. 

In the application of mathematics to the calculation 
of electrical quantities, I shall endeavour in the first 
place to deduce the most general conclusions from the 
data at our disposal, and in the next place to apply 
the results to the simplest cases that can be chosen. 
I shall avoid, as much as I can, those questions which, 
though they have elicited the skill of mathematicians, 
have not enlarged our knowledge of science. 
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The internal relations of the different branches of 
the science which we have to study are more numerous 
and complex than those of any other science hitherto 
developed. Its external relations, on the one hand to 
dynamics, and on the other to heat, light, chemical 
action, and the constitution of bodies, seem to indicate 
the special importance of electrical science as an aid 
to the interpretation of nature. 

It appears to me, therefore, that the study of elec- 
tromagnetism in all its extent has now become of the 
first importance as a means of promoting the progress 
of science. 

The mathematical laws of the different classes of 
phenomena have been to a great extent satisfactorily 
made out. 

The connexions between the different classes of phe- 
nomena have also been investigated, and the proba- 
bility of the rigorous exactness of the experimental 
laws has been greatly strengthened by a more extended 
knowledge of their relations to each other. 

Finally, some progress has been made in the re- 
duction of electromagnetism to a dynamical science, 
by shewing that no electromagnetic phenomenon is 
contradictory to the supposition that it depends on 
purely dynamical action. 

What has been hitherto done, however, has by no 
means exhausted the field of electrical research. It 
has rather opened up that field, by pointing out sub- 
jects of enquiry, and furnishing us with means of 
investigation. 

It is hardly necessary to enlarge upon the beneficial 



viii PREFACE. 

results of magnetic research on navigation, and the 
importance of a knowledge of the true direction of 
the compass, and of the effect of the iron in a ship. 
But the labours of those who have endeavoured to 
render navigation more secure by means of magnetic 
observations have at the same time greatly advanced 
the progress of pure science. 

Gauss, as a member of the German Magnetic Union, 
brought his powerful intellect to bear on the theory 
of magnetism, and on the methods of observing it, 
and he not only added greatly to our knowledge of 
the theory of attractions, but reconstructed the whole 
of magnetic science as regards the instruments used, 
the methods of observation, and the calculation of the 
results, so that his memoirs on Terrestrial Magnetism 
may be taken as models of physical research by all 
those who are engaged in the measurement of any 
of the forces in nature. 

The important applications of electromagnetism to 
telegraphy have also reacted on pure science by giving 
a conunercial value to accurate electrical measure- 
ments, and by affording to electricians the use of 
apparatus on a scale which greatly transcends that 
of any ordinary laboratory. The consequences of this 
demand for electrical knowledge, and of these experi- 
mental opportunities for acquiring it, have been already 
very great, both in stimulating the energies of ad- 
vanced electricians, and in diflftising among practical 
men a degree of accurate knowledge which is likely 
to conduce to the general scientific progress of the 
whole engineering profession. 
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There are several treatises in which electrical and 
magnetic phenomena are described in a popular way. 
These, however, are not What is wanted by those who 
have been brought face to face with quantities to be 
measured, and whose minds do not rest satisfied with 
lecture-room experiments. 

There is also a considerable mass of mathematical 
memoirs which are of great hnportance in electrical 
science, but they lie concealed in the bulky Trans- 
actions of learned societies ; they do not form a con- 
nected system; they are of very unequal merits and 
they are for the most part beyond the comprehension 
of any but professed mathematicians. 

I have therefore thought that a treatise would be 
useful which should have for its principal object to 
take up the whole subject in a methodical manner, 
and which should also indicate how each part of the 
subject is brought within the reach of methods of 
verification by actual measurement. 

The general complexion of the treatise differs con- 
siderably from that of several excellent electrical 
works, published, most of them, in Germany, and it 
may appear that scant justice is done to the specu- 
lations of several eminent electricians and mathema- 
ticians. One reason of this is that before I began 
the study of electricity I resolved to read no mathe- 
matics on the subject till I had first read through 
Faraday's Experimental Researches on Electricity. I 
was aware that there was supposed to be a difference 
between Fai'aday's way of conceiving phenomena and 
that of the mathematicians, so that neither he nor 
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they were satisfied with each other's language. I had 
also the conviction that this discrepancy did not arise 
jfrom either party heing wrong. I was first convinced 
of this hy Sir William Thomson * to whose advice and 
assistance, as well as to his published papers, I owe 
most of what I have learned on the subject. 

As I proceeded with the study of Faraday, I per- 
ceived that his method of conceiving the phenomena 
was also a mathematical one, though not exhibited 
in the conventional form of mathematical symbols. I 
also found that these methods were capable of being 
expressed in the ordinary mathematical forms, and 
thus compared with those of the professed mathema- 
ticians. 

For instance, Faraday, in his mind's eye, saw lines 
of force traversing all space where the mathematicians 
saw centres of force attracting at a distance : Faraday 
saw a medium where they saw nothing but distance : 
Faraday sought the seat of the phenomena in real 
actions going on in the .medium, they were satisfied 
that they had found it in a power of action at a 
distance impressed on the electric fluids. 

When I had translated what I considered to be 
Faraday's ideas into a mathematical form, I found 
that in general the results of the two methods coin- 
cided, so that the same phenomena were accounted 
for, and the same laws of action deduced by both 
methods, but that Faraday's methods resembled those 

* I take this opportunity of acknowledging my obligations to Sir 
W. Thomson and to Professor Tait for many valuable suggestions made 
during the printing of this work. 
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in which we begin with the whole and arrive at the 
parts by analysis, while the ordinary mathematical 
methods were founded on the principle of beginning 
with the parts and building up the whole by syn- 
thesis. 

I also found that several of the most fertile methods 
of research discovered by the mathematicians could be 
expressed much better in terms of ideas derived from 
Faraday than in their original form. 

The whole theory, for instance, of the potential, con- 
sidered as a quantity wliich satisfies a certain partial 
differential equation, belongs essentially to the method 
which I have called that of Faraday. According to 
the other method, the potential, if it is to be considered 
at all, must be regarded as the result of a summa- 
tion of the electrified particles divided each by its dis- 
tance from a given point. Hence many of the mathe- 
matical discoveries of Laplace, Poisson, Green and 
Gauss find their proper place in this treatise, and their 
appropriate expression in terms of conceptions mainly 
derived from Faraday. 

Great progress has been made in electrical science, 
chiefly in Germany, by cultivators of the theory of 
action at a distance. The valuable electrical measure- 
ments of W. Weber are interpreted by him according 
to this theory, and the electromagnetic speculation 
which was originated by Gauss, and carried on by 
Weber, Riemann, J. and C. Neumann, Lorenz, &c. is 
founded on the theory of action at a distance, but 
depending either directly on the relative velocity of the 
particles, or on the gradual propagation of something. 
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whether potential or force, from the one particle to 
the other. The great success which these eminent 
men have attained in the application of mathematics 
to electrical phenomena gives, as is natural, addi- 
tional weight to their theoretical speculations, so that 
those who, as students of electricity, turn to them as 
the greatest authorities in mathematical electricity, 
would probahly imbibe, along with their mathematical 
methods, their physical hypotheses. 

These physical hypotheses, however, are entirely 
alien from the way of looking at things which I 
adopts and one object which I have in view is that 
some of those who wish to study electricity may, by 
reading this treatise, come to see that there is another 
way of treating the subject, which is no less fitted to 
explain the phenomena, and which, though in some 
parts it may appear less definite, corresponds, as I 
think, more faithfully with our actual knowledge, both 
in what it affirms and in what it leaves undecided. 

In a philosophical point of view, moreover, it is 
exceedingly important that two methods should be 
compared, both of which have succeeded in explaining 
the principal electromagnetic phenomena, and both of 
which have attempted to explain the propagation of 
light as an electromagnetic phenomenon, and have 
actually calculated its velocity, while at the same time 
the fundamental conceptions of what actually takes 
place, as well as most of the secondary conceptions of 
the quantities concerned, are radically different. 

I have therefore taken the part of an advocate rather 
than that of a judge, and have rather exemplified one 
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method than attempted to give an impartial description 
of both. I have no doubt that the method which I 
have called the German one will also find its sup- 
porters, and will be expounded with a skill worthy 
of its ingenuity. 

I have not attempted an exhaustive account of elec- 
trical phenomena, experiments, and apparatus. The 
student who desires to read all that is known on these 
subjects will find great assistance from the Traits 
d'JElectricitS of Professor A. de la Rive, and from several 
German treatises, such as Wiedemann's Galvanismusj 
Riess' ReihungselektricitaU Beer's Einleitung in die Elek- 
trostatikj &c. 

I have confined myself almost entirely to the ma- 
thematical treatment of the subject, but I would 
recommend the student, after he has learned, experi- 
mentally if possible, what are the phenomena to be 
observed, to read carefully Faraday's Experimental 
Researches in Electricity. He will there find a strictly 
contemporary historical account of some of the greatest 
electrical discoveries and investigations, carried on in 
an order and succession which could hardly have been 
improved if the results had been known from the 
first, and expressed in the language of a man who 
devoted much of his attention to the methods of ac- 
curately describing scientific operations and their re- 
sults *. 

It is of great advantage to the student of any 
subject to read the original memoirs on that subject, 
for science is always most completely assimilated when 

♦ Life and Letters of Faraday, vol. i. p. 395. 
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it is in the nascent state, and in the case of Faraday's 
Researches this is comparatively easy, as they are 
published in a separate form, and may be read con- 
secutively. If by anything I have here written I 
may assist any student in understanding Faraday's 
modes of thought and expression, I shall regard it as 
the accomplishment of one of my principal aims — to 
communicate to others the same delight which I have 
found myself in reading Faraday's Researches. 

The description of the phenomena, and the ele- 
mentary parts of the theory of each subject, will be 
found in the earlier chapters of each of the four Parts 
into which this treatise is divided. The student will 
find in these chapters enough to give him an elementary 
acquaintance with the whole science. 

The remaining chapters of each Part are occupied 
with the higher parts of the theory, the processes of 
numerical calculation, and the instruments and methods 
of experimental research. 

The relations between electromagnetic phenomena 
and those of radiation, the theory of molecular electric 
ciurents, and the results of speculation on the nature 
of action at a distance, are treated of in the last four 
chapters of the second volume. 



Feb, 1, 1873. 
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ELECTEICITY AND MAGNETISM. 



PRELIMINARY. 

ON THE MEASUREMENT OP QUANTITIES. 

1.] Every expression of a Quantity consists of two fiMstors or 
components. One of these is the name of a certain known quan- 
tity of the same kind as the quantity to be expressed, which is 
taken as a standard of reference. The other component is the 
number of times the standard is to be taken in order to make up 
the required quantity. The standard quantity is technically called 
the Unit, and the number is called the Numerical Value of the 
quantity. 

There must be as many different units as there are different 
kinds of quantities to be measured, but in all dynamical sciences 
it is possible to define these units in terms of the three funda- 
mental units of Length, Time, and Mass. Thus the units of area 
and of volume are defined respectively as the square and the cube 
whose sides are the unit of length. 

Sometimes, however, we find several units of the same kind 
founded on independent considerations. Thus the gallon, or the 
volume of ten pounds of water, is used as a unit of capacity as well 
as the cubic foot. The gallon may be a convenient measure in 
some cases, but it is not a systematic one, since its numerical re- 
lation to the cubic foot is not a round integral number. 

2.] In framing a mathematical system we suppose the funda- 
mental units of length, time, and mass to be given, and deduce 
all the derivative units from these by the simplest attainable de- 
finitions. 

The formulae at which we arrive must be such that a person 
V B 
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of any nation, by sabstituting for the different symbols the nn- 
merieal value of the quantities as measured by his own national 
units^ would arrive at a true result. 

Hence, in all scientific studies it is of the greatest importance 
to employ units belonging to a properly defined system, and to 
know the relations of these units to the fundamental units, so that 
we may be able at once to transform our results from one system to 
another. 

This is most conveniently done by ascertaining the dimensiom 
of every unit in terms of the three fundamental units. When a 
given unit varies as the nth power of one of these units, it is said 
to be of n dimensions as regards that unit. 

For instance, the scientific unit of volume is always the cube 
whose side is the unit of length. If the unit of length varies, 
the unit of volume will vaiy as its third power, and the unit of 
volume is said to be of three dimensions with respect to the unit of 
length. 

A knowledge of the dimensions of units furnishes a test which 
ought to be applied to the equations resulting fi*om any lengthened 
investigation. The dimensions of every term of such an equa- 
tion, with respect to each of the three frmdamental units, must 
be the same. If not, the equation is absurd, and contains some 
error, as its interpretation would be different according to the arbi- 
trary system of units which we adopt *. 

The Tkree Fundamental Units, 

8.] (1) Length, The standard of length for scientific purposes 
in this country is one foot, which is the third part of the standard 
yard preserved in the Exchequer Chambers. 

In France^ and other countries which have adopted the metric 
system^ it is the metre. The m^tre is theoretically the ten mil- 
lionth part of the length of a meridian of the earth measured 
from the pole to the equator ; but practically it is the length of 
a standard preserved in Paris, which was constructed by Borda 
to correspond, when at the temperature of melting ice, with the 
value of the preceding length as measured by Delambre. The m^tre 
has not been altered to correspond with new and more accurate 
measurements of the earth, but the arc of the meridian is estimated 
in terms of the original m^tre. 

* Tbe theoiy of dimeiuiona wm fint stated by Fourier, TkiorU de Ckaleur, $ 160. 
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In astronomy the mean distance of the earth from the sun is 
sometimes taken as a unit of length. 

In the present state of science the most universal standard of 
length which we could assume would be the wave length in vacuum 
of a particular kind of light, emitted by some widely diffused sub- 
stance such as sodium^ which has well-defined lines in its spectrum. 
Such a standard would be independent of any changes in the di- 
mensions of the earth, and should be adopted by those who expect 
their writings to be more permanent than that body. 

In treating of the dimensions of units we shall call the unit of 
length [Z]. If / is the numerical value of a length, it is under- 
stood to be expressed in terms of the concrete unit [li], so that 
the actual length would be fully expressed by I [£]. 

4.] (2) Time. The standard unit of time in all civilized coun- 
tries is deduced from the time of rotation of the earth about its 
axis. The sidereal day, or the true period of rotation of the earthy 
can be ascertained with great exactness by the ordinary observa- 
tions of astronomers ; and the mean solar day can be deduced 
from this by our knowledge of the length of the year. 

The unit of time adopted in all physical researches is one second 
of mean solar time. 

In astronomy a year is sometimes used as a unit of time. A 
more universal unit of time might be found by taking the periodic 
time of vibration of the particular kind of light whose wave length 
is the unit of length. 

We shall call the concrete unit of time [7^^ and the numerical 
measure of time t 

6.] (3) Mass, The standard unit of mass is in this country the 
avoirdupois pound preserved in the Exchequer Chambers. The 
grain^ which is often used as a unit, is defined to be the 7000th 
part of this pound. 

In the metrical system it is the gramme, which is theoretically 
the mass of a cubic centimetre of distill^ water at standard tem- 
perature and pressure, but practically it is the thousandth part 
of a standard kilogramme preserved in Paris. 

The accuracy with which the masses of bodies can be com- 
pared by weighing is far greater than that hitherto attained in 
the measurement of lengths, so that all masses ought, if possible, 
to be compared directly with the standard, and not deduced from 
experiments on water. 

In descriptive astronomy the mass of the sun or that of the 

B 2 
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earth is sometimes taken as a unit, but in the dynamical theory 
of astronomy the unit of mass is deduced from the units of time 
and length, combined with the feet of universal gravitation. T5ie 
astronomical unit of mass is that mass which attracts another 
body placed at the unit of distance so as to produce in that body 
the unit of acceleration. 

In framing a universal system of units we may either deface 
the unit of mass in this way irom those of length and time 
already defined, and this we can do to a rough approximation in 
the present state of science ; or, if we expect * soon to be able to 
determine the mass of a single molecule of a standard substancej 
we may wait for this determination before fixing a universal 
standard of mass. 

We shall denote the concrete unit of mass by the symbol [If] 
in treating of the dimensions of other units. The unit of maas 
will be taken as one of the three ftmdamental units. Whenj as 
in the French system, a particular substance^ water^ is taken as 
a standard' of density^ then the unit of mass is no longer inde- 
pendent, but varies as the unit of volume, or as [X^]. 

If^ as in the astronomical system^ the unit of mass is defined 
with respect to its attractive power, the dimensions of [IT] are 

For the acceleration due to the attraction of a mass m at a 

distance r is by the Newtonian Law -j . Suppose this attraction 

to act for a very small time ^ on a body originally at rest, and to 
cause it to describe a space s, then by the formula of Gralileo, 

f^ 8 

whence w = 2 — . Since r and * are both lengths, and ^ is a 

time, this equation cannot be true unless the dimensions of m are 
[i^T"^]. The same can be shewn from any astronomical equa- 
tion in which the mass of a body appears in some but not in all 
of the terms f. 

• See Prof. J. Loschmidt, * Zur GroRse der Luflmolecule,' Academy of Vienna^ 
Oct. 12, 1865; G. J. Stoney on 'The Internal Motions of Gases/ Vhil. Mag., Aug. 
1868 ; and Sir W. Thomson on ' The Size of Atoms/ Nature, March 31, 1870. 

t If a foot and a second are taken sm unit», the astronomical unit of moss would 
be about 932,000,000 pounds. 
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Derived Unite, 

6.] The unit of Velocity is that velocity in which unit of length 
is described in unit of time. Its dimensions are [£T~^]. 

If we adopt the units of length and time derived from the 
vibrations of light, then the unit of velocity is the velocity of 
light. 

The unit of Acceleration is that acceleration in which the velo- 
city increases by unity in unit of time. Its dimensions are [ZT'^], 

The unit of Density is the density of a substance which contaLos 
unit of mass in unit of volume. Its dimensions are [JfZ"^]. 

The unit of Momentum is the momentum of unit of mass moving 
with unit of velocity. Its dimensions are [JfiT"^]. 

The unit of Force is the force which produces unit of momentum 
in unit of time. Its dimensions are [JfiT"*]. 

This is the absolute unit of force, and this definition of it is 
implied in every equation in Dynamics. Nevertheless, in many 
text books in which these equatiops are given, a different unit of 
force is adopted, namely, the^F^i^^of the national unit of mass; 
and then, in order to satisfy the equations, the national unit of mass 
is itself abandoned, and an artificial unit is adopted as the dynamical 
unit, equal to the national unit divided by the numerical value of 
the force of gravity at the place. In this way both the unit of force 
and the unit of mass are made to depend on the value of the 
force of gravity, which varies from place to place, so that state- 
ments involving these quantities are not complete without a know- 
ledge of the force of gravity in the places where these statements 
were found to be true. 

The abolition, for all scientific purposes, of this method of mea- 
suring forces is mainly due to the introduction of a general system 
of making observations of magnetic force in countries in which 
the force of gravity is different. All such forces are now measured 
according to the strictly dynamical method deduced from our 
definitions, and the numerical results are the same in whatever 
countiy the experiments are made. 

The unit of Work is the work done by the unit of force acting 
through the unit of length measured in its own direction. Its 
dimensions are [Jfi^T"*]. 

The Energy of a system, being its capacity of performing work, 
is measured by the work which the system is capable of performing 
by the expenditure of its whole energy. 
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The definitions of other qoantities, and of the units to which 
they are referred, will be given when we require them. 

In transforming the values of physical quantities determined in 
terms of one unit, so as to express them in terms of any other unit 
of the same kind, we have only to remember that every expres- 
sion for the quantity consists of two factors, the unit and the nu- 
merical part which expresses how often the unit is to be taken. 
Hence the numerical part of the expression varies inversely aJs the 
magnitude of the unit, that is, inversely as the various powers of 
the fundamental units which are indicated by the dimensions of the 
derived unit. 

On Physical Continuity and Discontinuity. 

7.] A quantity is said to vary continuously when, if it passes 
from one value to another, it assumes all the intermediate values. 

We may obtain the conception of continuity from a consideration 
of the continuous existence of a particle of matter in time and space. 
Such a particle cannot pass from one position to another without 
describing a continuous line in space, and the coordinates of its 
position must be continuous functions of the time. 

In the so-called ' equation of continuity,' as given in treatises 
on Hydrodynamics, the fact expressed is that matter cannot appear 
in or disappear from an element of volume without passing in or out 
through the sides of that element. 

A quantity is said to be a continuous function of its variables 
when, if the variables alter continuously, the quantity itself alters 
continuously. 

Thus, if f^ is a fimction of x, and if, while x passes continuously 
from Xq to Xii u passes continuously from v^ to u^, but when of 
passes from ^^ to ^2) ^ passes from u{ to u^, u{ being different from 
«i, then u is said to have a discontinuity in its variation with 
respect to x for the value x r=^ Xi, because it passes abruptly from u^ 
to «/ while X passes continuously through Xy 

K we consider the differential coeflScient of u with' respect to x for 
the value a; = ^^ as the limit of the fraction 

^2 — % 

when x^ and Xq are both made to approach x^ without limit, then, 
M Xq and x^ are always on opposite sides of a?i, the ultimate value of 
the numerator will be w/— Wj, and that of the denominator will 
be zero. If « is a quantity physically continuous, the discontinuity 
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can exist only with respect to the particular variable or. We must 
in this case admit that it has an infinite difiPerential ooefficiept 
when w = x^. If « is not physically continuous^ it cannot be dif- 
ferentiated at alL 

It is possible in physical questions to get rid of the idei^ of 
discontinuity without sensibly altering the conditions of the case. 
I{wQia a very little less than x^ and x^ a veiy little greater than 
a?i, then u^ will be very nearly equal to «j and f^ to u{. We 
may now suppose u to vary in any arbitrary but continuous manner 
from Uq to «2 between the limits Xq and x^. In many physical 
questions we may begin with a hypothesis of this kind^ and then 
investigate the result when the values of Xq and X2 are made to 
approach that of x^ and ultimately to reach it. The result will 
in most cases be independent of the arbitrary manner in which we 
have supposed u to vary between the limits. 

Discontinuity of a Function of more than One Variable. 

8.] If we suppose the values of all the variables except ar to be 
constant^ the discontinuity of the function will occur for particular 
values of x^ and these will be connected with the values of the 
other variables by an equation which we may write 

The discontinuify will occur when ^ = 0. When ^ is positive the 
function will have the form F^ (x, y, z, &c.). When <t> is negative 
it will have the form Fi {x, y, Zy &c.). There need be no necessary 
relation between the forms F^ and F<^, 

To express this discontinuity in a mathematical form^ let one of 
the variables, say x^ be expreteed as a function of ^ and the other 
variables, and let i\ and F^ be expressed as functions of <t>, y, z, &c. 
We may now express the general form of the function by any 
formula which is sensibly equal to F^ when <^ is positive, and to 
Fi when (j> is negative. Such a formida is the following^ 

As long as n is a finite quantity, however great, F will be a 
continuous function, but if we make n infinite F will be equal to 
Fg when <^ is positive, and equal to F^ when <f> is negative. 

Discontinuity of the Derivatives of a Continuous Function. 
The first derivatives of a continuous function may be discon- 
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tinnous. Let the values of the variables for which the disoon- 
tinnity of the derivatives occars be connected by the equation 

and let Pi and F^ be expressed in terms of ^ and «— 1 other 
variables, say {y^z ,, .). 

Then^ when ^ is negative, ^ is to be taken^ and when ^ is 
positive ^ is to be taken, and^ since F is itself continuous^ when 
<l> is zero, Fi = J^. 

Hence, when <^ is zero, the derivatives -j-^ and -j-^ may be 

dip a<p 

different, but the derivatives with respect to any of the other 

variables, such as -^ and — =-^ , must be the same. The discon- 

dy dy 

tinuity is therefore confined to the derivative with respect to ^, all 

the other derivatives being continuous. 

Periodic and Multiple Puuciiom, 

9.] If « is a fxmction of x such that its value is the same for 
(T, ;r+a, x-\-nay and all values of x differing by a, u is called a 
periodic function of ^, and a is called its period. 

If A^ is considered as a function of u, then, for a given value of 
Uy there must be an infinite series of values of x differing by 
multiples of a. In this case x is called a multiple function of u^ 
and a is called its cyclic constant. 

The differential coefficient t- has only a finite number of values 

du ^ 

corresponding to a given value of u. 

On the Relation of Physical Quantities to Directions in Space. 

10.] In distinguishing the kinds of physical quantities, it is of 
great importance to know how they are related to the directions 
of those coordinate axes which we usually employ in defining the 
positions of things. The introduction of coordinate axes into geo- 
metry by Des Cartes was one of the greatest steps in mathematical 
progress, for it reduced the methods of geometry to calculations 
performed on numerical quantities. The position of a point is made 
to depend on the length of three lines which are always drawn in 
determinate directions, and the line joining two points is in like 
manner considered as the resultant of three lines. 

But foi' many purposes in physical reasoning, as distinguished 
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from calculation, it is desirable to avoid explicitly introducing the 
Cartesian coordinates^ and to fix the mind at once on a point of 
space instead of its three coordinates, and on the magnitude and 
direction of a force instead of its three components. This mode 
of contemplating geometrical and physical quantities is more prim- 
itive and more natural than the other, although the ideas connected 
with it did not receive their full development till Hamilton made 
the next great step in dealing with space, by the invention of his 
Calculus of Quaternions. 

As the methods of Des Cartes are still the most &miliar to 
students of science, and as they are really the most useful for 
purposes of calculation^ we shall express all our results in the 
Cartesian form. I am convinced, however, that the introduction 
of the ideas, as distinguished from the operations and .methods of 
Quaternions, will be of great use to us in the study of all parts 
of our subject, and especially in electrodynamics, where we have to 
deal with a number of physical quantities, the relations of which 
to each other can he expressed far more simply by a few words of 
Hamilton's, than by the ordinary equations. 

11.] One of the most important features of Hamilton's method is 
the division of quantities into Scalars and Vectors. 

A Scalar quantity is capable of being completely defined by a 
single numerical specification. Its numerical value does not in 
any way depend on the directions we assume for the coordinate 
axes. 

A Vector, or Directed quantity, requires for its definition three 
numerical specifications, and these may most simply be understood 
as having reference to the directions of the coordinate axes. 

Scalar quantities do not involve direction. The volume of a 
geometrical figure, the mass and the energy of a material body, 
the hydrostatical pressure at a point in a fluid, and the potential 
at a point in space, are examples of scalar quantities. 

A vector quantity has direction as well as magnitude, and is 
such that a reversal of its direction reverses its sign. The dis- 
placement of a point, represented by a straight line drawn from 
its original to its final position, may be taken as the typical 
vector quantity, from which indeed the name of Vector is derived. 

The velocity of a body, its momentum, the force acting on it, 
an electric current, the magnetization of a particle of iron, are 
instances of vector quantities. 

There are physical quantities of another kind which are related 
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to directioDS in space, but which are not vectors. StresBes and 
strains in solid bodies are examples of these, and the properties 
of bodies considered in the theory of elasticify and in the tiieoiy 
of double refraction. Quantities of this class require for their 
definition nine numerical specifications. They are expressed in the 
language of Quaternions by linear and vector functions of a vector. 

The addition of one vector quantity to another of the same kind 
is performed according to the rule given in Statics for the com- 
position of forces. In fact^ the proof which Poisson gives of the 
* parallelogram of forces' is applicable to the composition of any 
quantities such that a reversal of their sign is equivalent to turning 
them end for end. 

When we wish to denote a vector quantity by a single symbol, 
and to call attention to the fact that it is a vector, so that we must 
consider its direction as well as its magnitude^ we shall denote 
it by a Crerman capital letter, as % 9, &c. 

In the calculus of Quaternions, the position of a point in space 
is defined by the vector drawn from a fixed point, called ihe origiuj 
to that point. If at that point of space we have to consider any 
physical quantity whose value depends on the position of the pointj 
that quantity is treated as a function of the vector drawn from 
the origin. The function may be itself either scalar or vector. 
The density of a body, its temperature, its hydrostatic pressure^ 
the potential at a point, are examples of scalar functions. The 
resultant force at the pointy the velocity of a fluid at that point, 
the velocity of rotation of an element of the fluid, and the couple 
producing rotation^ are examples of vector functions. 

12.] Physical vector quantities may be divided into two classes^ 
in one of which the quantity is defined with reference to a line, 
while in the other the quantity is defined with reference to an 
area. 

For instance, the resultant of an attractive force in any direction 
may be measured by finding the work which it would do on a 
body if the body were moved a short distance in that direction 
and dividing it by that short distance. Here the attractive force 
is defined with reference to a line. 

On the other hand, the flux of heat in any direction at any 
point of a solid body may be defined as the quantity of heat which 
crosses a small area drawn perpendicular to that direction divided 
by that area and by the time. Here the flux is defined with 
reference to an area. 



J 3*] POECES AND FLUXES. 11 

There are certain cases in which a quantity may be measured 
with reference to a line as well as with reference to an area. 

Thus, in treating of the displacements of elastic solidsj we may 
direct our attention either to the original and the actual position 
of a particle, in which case the displacement of the particle is 
measured by the line drawn from the first position to the second^ 
or we may consider a small area fixed in space^ and determine 
what quantity of the solid passes across that area during the dis- 
placement. 

In the same way the velocity of a fluid may be investigated 
either with respect to the actual velocity of the individual parti- 
cles, or with respect to the quantity of the fluid which flows through 
any fixed area. 

But in these cases we require to know separately the density of 
the body as well as the displacement or velocity, in order to apply 
the first method^ and whenever we attempt to form a molecular 
theoiy we have to use the second method. 

In the case of the flow of electricity we do not know anything 
of its density or its velocity in the conductor^ we only know the 
value of what^ on the fluid theory^ would correspond to the product 
of the density and the velocity. Hence in all such cases we must 
apply the more general method of measurement of the flux across 
an area. 

In electrical science^ electromotive force and magnetic force 
belong to the first dass^ being defined with reference to lines. 
When we wish to indicate this fact^ we may refer to them as 
Forces. 

On the other hand, electric and magnetic induction, and electric 
currents, belong to the second class^ being defined with reference 
to areas. When we wish to indicate this fiict, we shall refer to them 
as Fluxes. 

Each of these forces may be considered as producing^ or tending 
to produce^ its corresponding flux. Thus^ electromotive force pro- 
duces electric currents in conductors, and tends to produce them 
in dielectrics. It produces electric induction in dielectrics, and pro- 
bably in conductors also. In the same sense^ magnetic force pro- 
duces magnetic induction. 

18.] In some cases the flux is simply proportional to the force 
and in the same direction, but in other cases we can only affirm 
that the direction and magnitude of the flux are fimctions of the 
direction and magnitude of the force. 
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The case in whicb the components of the flux are linear functions 
of those of the force is discussed in the chapter on the Equations 
of Conduction, Art. 296. There are in general nine coefficients 
which determine the relation between the force and the flux. In 
certain oases we have reason to believe that six of these coefficients 
form three pairs of equal quantities. In such cases the relation be^ 
tween the line of direction of the force and the normal plane of the 
flux is of the same kind as that between a diameter of an ellipsoid 
and its conjugate diametral plane. In Quaternion language^ the 
one vector is said to be a linear and vector function of the other, and 
when there are three pairs of equal coefficients the function is said 
to be self-conjugate. 

In the case of magnetic induction in iron, the flux, (the mag* 
netization of the iron^) is not a linear function of the magnetizing 
force. In all cases, however, the product of the force and the 
flux resolved in its direction, gives a result of scientific import- 
ance^ and this is always a scalar quantity. 

14.] There are two mathematical operations of frequent occur- 
rence which are appropriate to these two classes of vectors, or 
directed quantities. 

In the case of forces^ we have to take the integral along a line 
of the product of an element of the line^ and the resolved part of 
the force along that element. The result of this operation is 
called the Line-integral of the force. It represents the work 
done on a body carried along the line. In certain cases in which 
the line-integral does not depend on the form of the line^ but 
only on the position of its extremities^ the line-integral is called 
the Potential. 

In the case of fluxes, we have to take the integral, over a sur&ce, 
of the flux through every element of the surface. The result of 
this operation is called the Surface-integral of the flux. It repre- 
sents the quantity which passes through the surface^ 

There are certain surfaces across which there is no flux. If 
two of these sur&ces intersect^ their lino of intersection is a line 
of flux. In those cases in which the flux is in the same direction 
as the force, lines of this kind are often called Lines of Force. It 
would be more correct, however, to speak of them in electrostatics 
and magnetics as Lines of Induction, and in electrokinematics as 
Lines of Flow. 

15.] There is another distinction between difierent kinds of 
directed quantities, which, though very important in a physical 
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point of view, is not so necessary to be observed for the sake of 
the mathematical methods. This is the distinction between longi-> 
tudinal and rotational properties. 

The direction and magnitude of a quantity may depend upon 
some action or effect which takes place entirely along a certain 
line, or it may depend upon something of the nature of rota- 
tion about that line as an axis. The laws of combination of 
directed quantities are the same whether they are longitudinal or 
rotational, so that there is no difference in the mathematical treat- 
ment of the two classes, but there may be physical circumstances 
^hich indicate to which class we must refer a particular pheno- 
menon. Thus, electrolysis consists of the transfer of certain sub- 
stances along a line in one direction, and of certain other sub- 
stances in the opposite direction, which is evidently a longitudinal 
phenomenon, and there is no evidence of any rotational effect 
about the direction of the force. Hence we infer that the electric 
current which causes or accompanies electrolysis is a longitudinal^ 
and not a rotational phenomenon. 

On the other hand, the north and south poles of a magnet do 
not differ as oxygen and hydrogen do, which appear at opposite 
places during electrolysis, so that we have no evidence that mag- 
netism is a longitudinal phenomenon, while the effect of magnetism 
in rotating the plane of polarized light distinctly shews that mag- 
netism is a rotational phenomenon. 

On Line^integrah, 

16.] The operation of integration of the resolved part of a vector 
quantity along a line is important in physical science generally, 
and should be clearly understood. 

Let Xyjf^z be the coordinates of a point P on a line whose 
length, measured from a certain point J, is 9, These coordinates 
will be functions of a single variable s. 

Let R be the value of the vector quantity at P, and let the 

tangent to the curve at P make with the direction of R the angle €, 

then 72 cos € is the resolved part of R along the line, and the 

integral /•# 

L = I R cos € ds 

Jo 

is called the line-integral of R along the line s. 
We may write this expression 
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where X, T,ZBie the components of B parallel U) w^y^z respect- 
ively. 

This quantity is, in general, different for different lines drawn 
between A and P. When, however, within a certain region, the 

quantity 

Xrf»+ Ydy-^Zdz = -^1^% 

that is, is an exact differential within that region, the value of L 
becomes X = ^^— ^p, 

and is the same for any two forms of the path between A and P, 
provided the one form can be changed into the other by con- 
tinuous motion without passing out of this region* * 

On Potentials. 

The quantity ^ is a scalar function of the position of the point, 
and is therefore independent of the directions of reference. It is 
called the Potential Function, and the vector quantity whose com- 
ponents are X, T^ Z\s said to have a potential ^, if 

^-O' '-§)• '-0- 

When a potential function exists, surfisu^es for which tJie po- 
tential is constant are called Equipotential sur&ces. The direction 
of R at any point of such a surface coincides with the normal to 

the surface, and if 9» be a normal at the point P, then 72 = — — • 

The method of considering the components of a vector as the 
first derivatives of a certain Unction of the coordinates with re- 
spect to these coordinates was invented by Laplace "^ in his treat- 
ment of the theory of attractions. The name of Potential was first 
given to this function by Green t, who made it the basis of his 
treatment of electricity. Green's essay was neglected by mathe- 
maticians till 1846^ and before that time most of its important 
theorems had been rediscovered by Gauss, Chasles, Sturm, and 
Thomson J. 

In the theory of gravitation the potential is taken with the 
opposite sign to that which is here used^ and the resultant force 
in any direction is then measured by the rate of increase of the 

• M^c. Create, liv. iii. 

t Essay on the Application of Mathematical Analysis to the Theories of Electricity 
and Magnetism, Nottingham, 1828. Keprinted in CrtJU€% Journal, and in Mr. Ferrer's 
edition of Green's Works. 

X Thomson and Tait, Natural Pbilosopby, § 488. 
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potential function in that direction. In electrical and magnetic 
investigations the potential is defined so that the ^resultant force 
in any direction is measured by the decrease of the potential in 
that direction. This method of using the expression makes it 
correspond in sign with potential eneigy, which always decreases 
when the bodies are moved in the direction of the forces acting 
on them. 

17.] The geometrical nature of the relation between the poten- 
tial and the vector thus derived from it receives great light from 
Hamilton's discovery of the form of the operator by which the vector 
is derived from the potential. 

The resolved part of the vector in any direction is, as we have 
seen, the first derivative of the potential with respect to a co- 
ordinate drawn in that direction, the sign being reversed. 

Now if I, y, Jk are three unit vectors at right angles to each 
other, and if X^ T, Z are the components of tiie vector $ resolved 
parallel to these vectors^ then 

9 = ix+jr+iZi (1) 

and by what we have said above, if ^ is the potential, 

K we now write V for the operator, 

, d , d yd /o\ 

5 = -^*. (4) 

The symbol of operation V may be interpreted as directing us 
to measure, in each of three rectangular directions, the rate of 
increase of 4^, and then, considering the quantities thus found as 
vectors, to compound them into one. This is what we are directed 
to do by the expression (3). But we may also consider it as directing 
us first to find out in what direction 4^ increases fastest, and then 
to lay off in that direction a vector representing this rate, of 
increase. 

M. Lam^, in his Traits des Ponetions Inverses, uses the term 
Differential Parameter to express the magnitude of this greatest 
rate of increase, but neither the term itself, nor the mode in which 
Lam^ uses it, indicates that the quantity referred to has direction 
as well as magnitude. On those rare occasions in which I shall have 
to refer to this relation as a purely geometrical one, I shall call the 
vector 9 the Slope of the scalar function % using the word Slope 
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to indicate the direction, as well as the magnitude, of the most 
rapid decrease of ^. 

18.] There are cases^ however, in which the conditions 

— -^-0 —-— = and —-^=0 
dy dz " '* dz dx" * dx rfy "" ' 

which are those of Xda-^Ydy-j-Zdz being a complete differential, 
are fulfilled throughout a certain region of space, and yet the line-" 
integral from ^ to P may be different for two lines, each of 
which lies wholly within that region. This may be the case if 
the region is in the form of a ring, and if the two lines from A 
to P pass through opposite segments of the ring. In this case, 
the one path cannot be transformed into the other by continuous 
motion without passing out of the region. 

We are here led to considerations belonging to the GFeometry 
of Position, a subject which, though its importance was pointed 
out by Leibnitz and illustrated by Gauss, has been little studied. 
The most complete treatment of this subject has been given by 
J. B. Listing*. 

Let there be p points in space, and let I lines of any form be 
drawn joining these points so that no two lines intersect each 
other, and no point is left isolated. We shall call a figure com- 
posed of lines in this way a Diagram. Of these lines, p — l are 
sufficient to join the p points so as to form a connected system. 
Every new line completes a loop or closed path, or, as we shall 
call it, a Cycle. The number of independent cycles in the diagram 
is therefore k = l—p-k- 1. 

Any closed path drawn along the lines of the diagram is com- 
posed of these independent cycles, each being taken any number of 
times and in either direction. 

The existence of cycles is called Cyclosis, and the number of 
cycles in a diagram is called its Cyelomatic number. 

Cyclosia in Surfaces and Begiona, 

Surfaces are either complete or bounded. Complete surfiEices are 
either infinite or closed. Bounded surfaces are limited by one or 
more closed lines^ which may in the limiting cases become finite 
lines or points. 

A finite region of space is bounded by one or more closed 
surfaces. Of these one is the external surface, the others are 

* Der CeMut RaUmlicker Complexe, Gott. Abh., Bd. z. S. 97 (1861). 
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included in it and exclude each other, and are called internal 
sur&ces. 

If the region has one bounding sur&ce, we may suppose that 
surface to contract inwards without breaking its continuity or 
cutting itself. If the region is one of simple continuity^ such as 
a sphere, this process may be continued till it is reduced to a 
point ; but if the region is like a ring, the result will be a closed 
curve ; and if the region has multiple connexions, the result will 
be a diagram of lines, and the cyclomatic number of the diagram 
will be that of the region. The space outside the region has the 
same cyclomatic number as the region itself. Hence, if the region 
is bounded by internal as well as external sur&ces^ its cyclomatic 
number is the sum of those due to all the surfaces. 

When a region encloses within itself other regions^ it is called a 
Periphractic region. 

The number of internal bounding surfaces of a region is called 
its periphractic number. A closed surface is also periphractic, its 
number being unity. 

The cyclomatic number of a closed surfiu^ is twice that of the 
region which it bounds. To find the cyclomatic number of a 
bounded sur&ce, suppose all the boundaries to contract inwards, 
without breaking continuity, till they meet. The surface will then 
be reduced to a point in the case of an acyclic surface, or to a linear 
diagram in the case of cyclic surfaces. The cyclomatic number of 
the diagram is that of the surface. 

19.] Theorem I. If throughout any acyclic region 

X(&+ Ydy-\'Zdz = ^L^, 
the value of the line-integral from a point A to a point P taken 
along any path within the region will be the same. 

We shall first shew that the line-integral taken round any closed 
path within the region is zero. 

Suppose the e^uipotential surfaces drawn. They are all either 
closed surfaces or are bounded entirely by the surface of the region, 
so that a closed line within the region^ if it cuts any of the sur- 
&ceB at one part of its path, must cut the same surface in the 
opposite direction at some other part of its path, and the corre- 
sponding portions of the line-integral being equal and opposite, 
the total value is zero. 

Hence \i AQP and AQ^P are two paths from A to P, the line- 
integral for AQ^P is the sum of that for ^QP and the closed path 

VOL. I. c 
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AQ^PQA. But the line-integral of the doeed psth is zero, there- 
fore those of the two paths are equal. 

Henoe if the potential is given at any one point of such a 
region, that at any other point is determinate. 

20.] Theorem II. In a cyclic region in wiich the equation 

is everjffohere fulfilled, the line-'integral from A to P, aUmg a 
line drawn within the region, will not in general be determinate 
unless the channel of communication between A and P be speeded. 

Let K be the cycloniatie number of the region, then K sections 
of the region may be made by surfaces which we may call Dia- 
phragms, so as to close up K of the channels of communication, 
and reduce the region to an acyclic condition without destroying 
its continuity. 

The line-integral from A to any point P taken along a line 
which does not cut any of these diaphragms will be, by the last 
theorem, determinate in value. 

Now let A and P be taken indefinitely near to each other, but 
on opposite sides of a diaphragm, and let K be the line-integral 
from A to P. 

Let A^ and P^ be two other points on opposite sides of the same 
diaphragm and indefinitely near to each other, and let K^ be the 
line-integral from A' to P'. Then K'=z K, 

For if we draw AA' and PP^, nearly coincident, but on opposite 
sides of the diaphragm, the line-integrals along these lines will be 
equal. Suppose each equal to L, then the line-integral oi AlP' is 
equal to that oi A'A^AP-^-PP'-'-L^-K-^L = if = that of ^IP. 

Hence the line-integral round a closed curve which passes through 
one diaphragm of the system in a given direction is a constant 
quantity K. This quantity is called the Cyclic constant corre- 
sponding to the given cycle. 

Let any closed curve be drawn within the region, and let it cut 
the diaphragm of the first cycle p times in the positive direction 
and jf times in the negative direction, and let p^p'^n^. Then 
the line-integral of the closed curve will be Wj K^. 

Similarly the line-integ^l of any closed curve will be 

n^K^^n^K^'^,.,'\-nKKK\ 
where uk represents the excess of the number of positive passages 
of the curve through the diaphragm of the cycle K over the 
number of negative passages. 
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1£ two carves are such that one of them may be transformed 
into the other by continuons motion without at any time passing 
through any part of space for which the condition of having a 
potential is not fulfilled^ these two curves are called Beconcileable 
curves. Curves for which this transformation cannot be effected 
are called Irreconcileable curves *. 

The condition that Xdx+Ydy-^-Zdz is a complete differential 
of some fonction ^ for all points within a certain region^ occurs in 
several phyrical investigationfl in which the directed quantity and 
the potential have different physical interpretations. 

In pure kinematics we may suppose X, Y, Z to be the com- 
ponents of the displacement of a point of a continuous body whose 
original coordinates are aB,y,z, then the condition expresses that 
these displacements constitute a non^rotational strain f. 

li X^ T^ Z represent the components of the velocity of a fluid at 
the point a, y, r, then the condition expresses that the motion of the 
fluid is irrotational. 

If X, Y, Z represent the components of the force at the point 
^9 1/) ^i then the condition expresses that the work done on a 
particle passing from one point to another is the difference of the 
potentials at these points, and the value of this difference is the 
same for all reconcileable paths between the two points. 

On Surface-Integrah. 

21.] Let d8 be the element of a surfistce, and c the angle which 
a normal to the surface drawn towards the positive side of the 
surfiu^e makes with the direction of the vector quantity R, then 

R cos €d8 i% called the surface^integral of R over the surface 8. 



fi 



Thboebm m. l%e sufface^integral of the flux through a closed 

surface may be expressed as the volume-integral of its convergence 

taken within the surface. (See Art. 25.) 

Let XyY^Z \iQ the components of R^ and let 4 ^^ ^ be the 

direction-cosines of the normal to 8 measured outwards. Then the 

surface-integral of R over 8 is 

\\r cob €d8 ^jjxid8-\'jJYmd8-\-jjZnd8 

^jjxdydz-\-jJYdzdx+jjzdxdy', (1) 

* See Sir W. Ilkomson « On Vortex Motion/ Tram, R. 8. EcUn,, 1869. 
t See Thomson and Taif ■ Natural PhUwophy, $ 190 (i). 

C 3 
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the values of X, T, Z being those at a point in the snrfiioe, and 
the integrations being extended over the whole surfiEU^e. 

K the sui&ce is a closed one^ then, when y and z are given, 
the coordinate x must have an even number of values^ since a line 
parallel to a must enter and leave the enclosed space an equal 
number of times provided it meets the surfisu^ at all. 

Let a point travelling from « = — 00 to a? = +00 first enter 
the space when 00 = x^^ then leave it when x = fl?2> '^^ ^ ^^> 
and let the values of X at these points be X^, ^, &c.^ then 

ffxdydz^ff{{X^^X^ + (Z,-X3) +&C. + (j;,- j;,_0} dydz. (2) 

If X is a quantity which is continuous, and has no infinite values 
between x^ and x^, then 

where the integration is extended from the first to the second 
intersection, that is, along the first segment of x which is within 
the closed surface. Taking into account all the segments which lie 
within the closed sur&ce, we find 

jjxdydz^fff^-^d.d,d., (4) 

the double integration being confined to the closed surface^ but 
the triple integ^tion being extended to the whole enclosed space. 
Hence^ if X, F, Z are continuous and finite within a closed surface 
8y the total surface-integral of R over that sur&ce will be 

//i2cose.^=///(g-f-^+f)^^y^.. (5) 

the triple integration being extended over the whole space within 8, 
Let us next suppose that X, Y, Z are not continuous within the 

closed surface, but that at a certain surface F{x, y^ z) =z the 

values of X, Y, Z alter abruptly from X, Y, Z on the negative side 

of the surface to X\ Y\ Z' on the positive side. 

If this discontinuity occurs, say, between a?| and x^^ the value 

of Xg— Xi will be 

r ^e& + (X'-Z). (6) 

where in the expression under the integral sign only the finite 
values of the derivative of X are to be considered. 

In this case therefore the total surface-integral of R over the 
closed surface will be expressed by 
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J f Boos .d8 =fff('^+ ^+ §)d.dydz +ffir-Ddydz 

+fjir-r)dzdx + ff{Z'-Z)dxdy; (7) 

or, if F, m', »' are the direction-cosines of the normal to the sor&ce 
of discontinuity, and dS' an element of that surface. 



/A— ^*=///(f+f+S)**^ 



+ff{l\r-X)+m\r-T)+n\Z'-Z)}dSr, (8) 

where the integration of the last term is to be extended over the 
surface of discontinuity. 

If at every point where KfT,Z are continuous 

dX dT dZ „ 

^ + ^+^ = ^' («> 

and at every surface where they are discontinaous 

PX'^-m'r-\^n'Z' = rX+m'r+«'^, (10) 

then the surface-integral over every closed surface is zero, and the 
distribution of the vector quantity is said to be Solenoidal. 

We shall refer to equation (9) as the General solenoidal con- 
dition, and to equation (10) as the Superficial solenoidal condition. 

22.] Let us now consider the case in which at every point 
within the sur&ce 8 the equation 

dX dy dZ^^ 

dx dy dz" ' 

is AilfiUed. We have as a consequence of this the surface-integral 
over the closed surface equal to zero. 

Now let the closed surface 8 consist of three parts 8^, 8^, and 
8^. Let iS| be a sur&ce of any form bounded by a closed line i/^. 
Let 8q be formed by drawing lines from every point of L^ always 
coinciding with the direction of R. If I, m, n are the direction- 
cosines of the normal at any point of the surface S^, we have 

iZcosc = XlJtYm^Zn = 0. (12) 

Hence this part of the surface contributes nothing towards the 
value of the surface-integral. 

Let iSg ^ another surface of any form bounded by the closed 
curve L2 in which it meets the surface 8^. 

-^^ Qi> Qo' Q2 ^ ^^ surface-integrals of the surfaces 8^, 8q, 8^, 
and let Q be the surface-integral of the closed surfiice 8. Then 

Q = Gi+Qo+Q2 = 0; (13) 
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and we know that Q^ = ; (14) 

therefore Q2 = " Gi '» (^ ^) 

or, in other words, the sur&ce-integral over the sur&ce S^ is equal 
and opposite to that over 8^ whatever be the form and position 
of 82, provided that the intermediate surfeu^ 8^ is one for which S 
is always tangential. 

If we suppose Li a closed curve of small area^ 8q will be a 
tubular surfeu^ having the property that the surface-integral over 
every complete section of the tube is the same. 

Since the whole space can be divided into tubes of this kind 
provided dX dT dZ ^ „^, 

^ + -55^+^=^' ^'^> 

a distribution of a vector quantity consistent with this equation is 
called a Solenoidal Distribution. 

On Tubes and Lines of Flow. 

If the space is so divided into tubes that tiie surface-integral 
for every tube is unity, the tubes are called Unit tubes, and the 
surface-integ^ over any finite sur&ce 8 bounded by a closed 
curve L is equal to the number of such tubes which pass through 
8 in the positive direction, or, what is the same thing, the number 
which pass through the closed curve L. 

Hence the sur&ce-integral of 8 depends only on the form of 
its boundary L, and not on the form of the surface within its 
boundary. 

On Periphractic Regions. 

IS, throughout the whole region bounded externally by the single 
closed surface 8^y the solenoidal condition 

dX dT dZ^_ 
dx dy dz "^ 
is fulfilled^ then the surface-integral taken over any closed surface 
drawn within this regpion will be zero, and the surface-integral 
taken over a bounded surface within the region will depend only 
on the form of the closed curve which forms its boundary. 

It is not, however, generally true that the same results follow 
if the region within which the solenoidal condition is fulfilled is 
bounded otherwise than by a single surface. 

For if it is bounded by more than one continuous surface, one of 
these is the external surface and the others are internal surfaces^ 



22.] PlBIPHBACnO BEOIONS. 28 

and the region 8 ie b. periphractic region, having within it other 
regions which it completely encloses. 

If within any of these enclosed regions, i^, the solenoidal con- 
dition is not fulfilled, let 

Qi =1 JJ S COB € dSj^ 

be the surface-integral for the surfEice enclosing this region, and 
le^ Qs) Qs} &<^* be the corresponding quantities for the other en- 
closed regions. 

Then^ if a closed sur&ce 8^ is drawn within the region 8, the 
value of its surface-integral will be zero only when this surface 
8' does not include any of the enclosed regions 8^, 82, &c. If it 
includes any of these, the surface-integral is the sum of the surface- 
integrals of the different enclosed regions which lie within it. 

For the same reason^ the sur&ce-integral taken over a sur&ce 
bounded by a closed curve is the same for such surfaces only bounded 
by the closed curve as are reconcileable with the given surface by 
continuous motion of the surface within the region 8. 

When we have to deal with a periphractic region, the first thing 
to be done is to reduce it to an aperiphractic region by drawing 
lines joining the different bounding surfaces. Each of these lines, 
provided it joins surfaces which were not already in continuous 
connexion^ reduces the periphractic number by unity, so that the 
whole number of lines to be drawn to remove the periphraxy is 
equal to the periphractic number, or the number of internal sur- 
tacea. When these lines have been drawn we may assert that if 
the solenoidal condition is fulfilled in the region 8, any closed surface 
drawn entirely within 8, and not cutting any of the lines^ has its 
surface-integral zero. 

In drawing these lines we must remember that any line joining 
Bwchces which are already connected does not diminish the peri- 
phraxy, but introduces cyclosis. 

The most &miliar example of a periphractic region within which 
the solenoidal condition is Ailfilled is the region surrounding a mass 
attracting or repelling inversely as the square of the distance. 

In this case we have 

XT ^ V y // ^ 

r» r* r* 

where m is the mass supposed to be at the origin of coordinates. 

At any point where r is finite 

dX dT dZ _ 

dx'^ dy'^ dz^ ' 
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but at the origin these quantities become infinite. For any closed 
ewrtBLce not including the origin, the surfiEu^e-integral is zero. If 
a closed Bui&^ce includes the origin, its sur&ce»integral is 4irsi. 

If, for any reason, we wish to treat the region round st as if it 
were not periphractic, we must draw a line from sit to an infinite 
dirtance, and in taking surface-integrals we must remember to add 
^vm whenever this line crosses from the negative to the positive 
side of the surfiice. 

On Right-handed and Left-handed Relations in Space. 

28.] In this treatise the motions of translation along any axis 
and of rotation about that axis, will be assumed to be of the same 
sign when their directions correspond to. those of the translation 
and rotation of an ordinary or right-handed screw ^. 

For instance, if the actual rotation of the earth from west to east 
is taken positive, the direction of the earth's axis from south to 
north will be taken positive, and if a man walks forward in the 
positive direction, the positive rotation is in the order, head, right- 
hand, feet, left-hand. 

If we place ourselves on the positive side of a surface, the positive 
direction along its bounding curve will be opposite to the motion 
of the hands of a watch with its &ce towards us. 

This is the right-handed system which is adopted in Thomson 
and Tait's Natural Philosophy, § 243. The opposite, or left-handed 
system, is adopted in Hamilton's and Tait's Quaternions. The 
operation of passing from the one system to the other is called, by 
Listing, Perversion, 

The reflexion of an object in a mirror is a perverted image of the 
object. 

When we use the Cartesian axes of x, y^ z^ we shall draw them 

* The combined action of the muscles of the arm when we turn the upper side of 
the right-hand outwards, and at the same time thrust the hand forwards, wiU 
impress the right-handed screw motion on the memory more firmly than any verbal 
definition. A common corkscrew may be used as a material symbol of the same 
relation. 

Professor W. H. Miller has suggested to me that as the tendrils of the vine are 
right-haDded screws and those of the hop left-handed, the two systems of relations in 
space might be called those of the vine and the hop respectively. 

The system of the vine, which we adopt, is that of Linnseus, and of screw-makers 
in all civilized countries except Japan. De Candolle was the first who called tiie 
hop-tendril right-handed, and in this he is followed by Listing, and by most writers 
on the rotatory polarization of light. Screws like the hop-tendril are made for the 
couplings of nulway-carriages, and for the fittings of wheels on the left side of ordinary 
carriages, but they are always called left-hand^ screws by those who use tiiem. 
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so that the ordinary conventions about the cyclic order of the 
symbols lead to a righi>-handed system of directions in space. Thus, 
if 0? is drawn eastward and y northward, z must be drawn upward. 

The areas of sur&ces will be taken positive when the order of 
integration coincides with the cyclic order of the symbols. Thus, 
the area of a closed curve in the plane of xy may be written either 



\ xdy or ^ I ydx ; 



the order of integration being Wj y in the first expression, and y, x 
in the second. 

This relation between the two products dxdy and dydx may 
be compared with that between the products of two perpendicular 
vectors in the doctrine of Quaternions^ the sign of which depends 
on the order of multiplication^ and with the reversal of the sign 
of a determinant when the adjoining rows or columns are ex- 
changed. 

For similar reasons a volume-integral is to be taken positive when 
the order of integration is in the cyclic order of the variables x^y^ z^ 
and negative when the cyclic order is reversed. 

We now proceed to prove a theorem which is useful as esta- 
blishing a connexion between the surface-integral taken over a 
finite surface and a line-integral taken round its boundary. 

24.] Theobsm rV. A line-iniegfal taken round a closed curve 
may be expressed in terms of a surface-integral taken over a 
surface bounded by the curve. 

Let X^TyZhe the components of a vector quantity 91 whose line- 
integral is to be taken round a closed curve s. 

Let 8 be any continuous finite surface bounded entirely by the 
closed curve s, and let £, 17, C be the components of another vector 
quantity Sd, related to X, T, Z by the equations 

rfZ^rfT _dX_dZ f^^_^ 

dy dz' dz dx* " dx dy ^ ' 

Then the surface-integral of 93 taken over the surface 8 is equal to 
the line-integral of tt taken round the curve s. It is manifest that 
ii ^y C ^Ifil of themselves the solenoidal condition 

Hx dy dz 
Let IfM^n he the direction-cosines of the normal to an element 
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of the sarfkce dSy reckoned in the podtive diiectk>n« lliea the 
▼aloe of the snribee-int^gnl of S3 may be written 

//(li+f^fl-^nOdS. (2) 

In order to form a definite idea of the meaning of the element 
dS, we ahaU suppose that the values of the coordinates w,y, z for 
every point of the sur&ce are given as functions of two inde- 
pendent variables a and /3. If /3 is constant and a varies^ the point 
(^1 y> ^) ^^ describe a curve on the surface, and if a series of values 
is g^ven to j9^ a series of such curves will be traced, all lying on 
the Bui&ce 8. In the same way^ by giving a series of oonstant 
values to a, a second series of curves may be traced, cutting the 
first series, and dividing the whole surfiu^ into dementary portions, 
any one of which may be taken as the element d8. 

The projection of this element on the plane <i{ y^ z is, by the 
ordinary formula. 

The expressions for mdS and ndS are obtained fix>m this by sub- 
stituting Xfj/^zm cyclic order. 

The surfiM^e-integral which we have to find is 



//' 



or, substituting the values of £,77, ^m terms of X, F, Z, 



m 



dX dX dY JY dZ dZ. 
dz ay aa az dy dtB^ ^ ' 

The part of this which depends on X may be written 

r CcdX ^dz dx ^ dzdxK^dX fdx dy ^^\\^Qjf 
adding and subtracting 'jz; T "Ja^ ^^^^ becomes 



da fdXdx dXdy dX dz^ 
dfi ^dx da dy da dz da^ 



III 

dx ydX dx dX dy dXdz>.)j^. 

-Ta^d^dfi^-^dfi + i^r^r^'^''' ^'> 

C C /dX dx dX dx\ , 

As we have made no assumption as to the form of the functions 
a and fi, we may assume that a is a function of Z, or, in other 
words, that the curves for which a is constant are those for which 



/^ 
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dX 

X is constant. In this case ^ = 0^ and the expression becomes 
by integration with respect to a, 

where the integration is now to be performed loond the closed 

curve. Since all the quantities are now expressed in terms of one 

variable j9, we may make «, the length of the bomiding curve, the 

independent variable^ and the expression may then be written 

" dx 

X^ds, (10) 

where the integmtion is to be performed roond the corre ». We 
may treat in the same way the parts of the surface-integral which 
depend npon Zand Z, so that we get finally, 

where the first integral is extended over the surface 8y and the 
second round the bounding curve * * 

On the effect of the operator V on a vector function, 

25.] We have seen that the operation denoted by V is that by 
which a vector quantity is deduced from its potential. The same 
operation, however^ when applied to a vector function^ produces 
results which enter into the two theorems we have just proved 
(III and IV). The extension of this operator to vector displacements^ 
and most of its fiirther development, is due to Professor Tait f. 

Let o- be a vector function of p, the vector of a variable point. 
Let us suppose, as usual^ that 

and <r s= i X+j r+ kZ'y 

where X, T^ Z 9xe the components of o* in the directions of the 
axes. 

We have to perform on o- the operation 

, W . d m d 

da dy dz 
Performing this operation, and remembering the rules for the 

* This theorem was given by Professor Stokes, Smith's Prize Bxaminaiicn, 1854, 
question 8. It is proved in Thomson and Tait*s Natural Phihiophy, $ 190 (J), 

t See Proc, JR. 8, Ed4n., April 28, 1862. * On Green's and other allied Theorems/ 
Trans. R. 8, Edin., 1869-70, a very valuable paper ; and < On some Quaternion 
Integrals,' Proc. R. 8. Edin^ 1870-71. 
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multiplication of ifj^ k, we find that V<r consists of two parts, 
one scalar and the other vector. 
The scalar part is 

^^' = - (^ + ^ + ^)' ««« Theorem III, 

and the vector part is 

„ .,dZ dT. .,dX dZ\ , ,dT dX. 

If the relation between X, Y, Z and (iti,C^ that given by 
equation (1) of the last theorem^ we may write 

FVcr = ii-^-jrj+kC See Theorem IV. 

It appears therefore that the functions of X, F, Z which occur 
in the two theorems are both obtained by the operation V on. the 
vector whose components are X, F, Z. The theorems themselves 
may be written 

fJJsVads=fJs.<TUpds, (IH) 

and Jsadp = fj S.VaUvds; (IV) 

where ds is an element of a volume, ds of a sur&ce^ dp of a curve, 
and Uv a unit-vector in the direction of the normal. 

To understand the meaning of these functions of a vector, let us 
suppose that ctq is the value of or at a point P, and let us examine 

the value o( it—ctq in the neighbourhood of P. 

Ilf we draw a closed surface round P, then^ if the 
^ y^ surface-integral of cr over this surface is directed 

inwards, SV cr will be positive, and the vector 
^ f^—^o Diear the point P will be on the whole 

/^ k \^ directed towards P, as in the figure (1). 

I I propose therefore to call the scalar part of 

Fig. 1. V <r the convergence of <r at the point P. 

To interpret the vector part of V<r, let us 
suppose ourselves to be looking in the direction of the vector 

whose components are f, 17, C ^^^ le^ ^^ examine 

'^ the vector (r—aQ near the point P. It will appear 

I . I as in the figure (2), this vector being arranged on 

^ the whole tangentially in the direction opposite to 

_. ^ the hands of a watch. 

Fig. 2. 

I propose (with great diffidence) to call the vector 
part of V or the curly or the version of <r at the point P. 
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At Fig. 3 we have an illustration of carl combined with con- 
vergence. 

Let us now consider the meaning of the equation . 

rv<r =0. V A 

This implies that V cr is a scalar, or that the vector V 

o- is the slope of some scalar function ^. These /^ 

applications of the operator V are due to Professor p. ^ 

Tait*. A more complete development of the theory 
is given in his paper ' On Oreen's and other allied Theorems f/ 
to which I refer the reader for the purely Quaternion investigation 
of the properties of the operator V. 

26.] One of the most remarkable properties of the operator V is 
that when repeated it becomes 

an operator occurring in all parts of Physics, which we may refer to 
as Laplace's Operator. 

This operator is itself essentially scalar. When it acts on a 
scalar function the result is scalar, when it acts on a vector Amotion 
the result is a vector. 

If, with any point P as centre, we draw a small sphere whose 
radius is r, then if ^q is the value of q at the centre, ^nd q the 
mean value of q for all points within the sphere, 

so that the value at the centre exceeds or falls short of the mean 
value according as V^; is positive or negative. 

I propose therefore to call V^q the concentration of q at the 
point P, because it indicates the excess of the value of q at that 
point over its mean value in the neighbourhood of the point. 

K ; is a scalar function, the method of finding its mean value is 
well known. If it is a vector function^ we must find its mean 
value by the rules for integrating vector functions. The result 
of course is a vector. 

• Proceedings R. 8. Bdin., 1862. f Tram. B. 8. Bdin., 1869-70. 
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ELECTROSTATICS. 



CHAPTEB I. 

DESCBIPnON OF FHSKOICENA. 

EUciHficatUm by Friction. 

27«] ExrsuifXVT I''*'. Let a piece of glass and a piece of lesiiiy 
neither of which exhibits any electrical properties, be nibbed to- 
gether and left with the rubbed snr&oes in contact. They will 
still exhibit no electrical properties. Let them be separated. They 
will now attract each other. 

If a second piece of glass be rubbed with a second piece of 
resin, and if the pieces be then separated and suspended in the 
neighbourhood of the former pieces of glass and resin, it may be 
observed — 

(1) That the two pieces of glass repel each other. 

(2) That each piece of glass attracts each piece of resin. 

(3) That the two pieces of resin repel each other. 

These phenomena of attraction and repulsion are called Elec- 
trical phenomena, and the bodies which exhibit them are said to 
be electrified, or to be charged with electricity. 

Bodies may be electrified in many other ways, as well as by 
friction. 

The electrical properties of the two pieces of glass are similar 
to each other but opposite to those of the two pieces of resin, 
the glass attracts what the resin repels and repels what the resin 
attracts. 

« See Sir W. Thomion ' On the Mathematical Theory of Electricity/ Cambridffe 
ofid DtMn MathenMtieal Journal^ March, 1848. 
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If a body electrified in any manner whatever behaves as the 
glass does, that is^ if it repels the glass and attracts the resin^ the 
body is said to be vitreously electrified, and if it attracts the glass 
and repels the resin it is said to be rennously electrified. All 
electrified bodies are found to be either vitreously or resinously 
electrified. 

. It is the established practice of men of science to caP the vitreous 
electrification positive^ and the resinous electrification n^;ative. 
The exactly opposite properties of the two kinds of electrification 
justify us in indicating them by opposite signs, but the applica- 
tion of the positive sign to one rather than to the other kind must 
be considered as a matter of arbitrary convention, just as it is a 
matter of convention in mathematical diagrams to reckon positive 
distances towards the right hand. 

No force^ either of attraction or of repulsion^ can be observed 
between an electrified body and a body not electrified. When, in 
.ny ««, bodie. «,t ^, .I^triL «. ,b«™d to be .*d 
on by an electrified body> it is because they have become electrified 
by induction. 

Electrification by Induction, 

28.] Experiment II *. Let a hollow vessel of metal be hung 
up by white silk threads^ and let a similar thread 
be attached to the lid of the vessel so that the vessel 
may be opened or closed without touching it. 

Let the pieces of glass and resin be similarly sus- 
pended and electrified as before. 

Let the vessel be originally uneledarified^ then if 
an electrified piece of glass is hung up within it by 
its thread without touching the vessel^ and the lid 
closed^ the outside of the vessel will be found to 
be vitreously electrified, and it may be shewn that 
the electrification outside of the vessel is exactly the 
same in whatever part of the interior space the glass 
is suspended. 

If the glass is now taken out of the vessel without touching it^ 
the dectrification of the glass will be the same as before it was 
put in^ and that of the vessel will have disappeared. 

This electrification of the vessel^ which depends on the glass 

* Thii, and several experiments which foUow, are due to Faraday, ' On Static 
Eleetrical Inductive Action,* Phil Mag., 1848, or Exp. JU$., voL ii. p. 279. 
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being within it^ and which vanishes when the gliflB is lemoved, is 
called Electrification by induction. 

Similar effects wotdd be produced if the glass were suspended 
near the vessel on the outside, but in that case we should find 
an electrification vitreous in one part of the outside of the vessd 
and resinous in another. When the glass is inside the vessd 
the whole of the outside is vitreously and the whole of the inside 
resinously electrified. 

Elecirificatum by Qmduction. 

29.] Experiment III. Let the metal vessel be electrified by 
induction, as in the last experiment, let a second metallic body 
be suspended by white silk threads near it^ and let a metal wire, 
similarly suspended, be brought ^ as to touch simultaneously the 
electrified vessel and the second body. 

The second body will now be found to be vitreously electrified, 
and the vitreous electrification of the vessel will have diminished. 

The electrical condition has been transferred from the vessel to 
the second body by means of the wire. The wire is called a con^ 
ductor of electricity, and the second body is said to be electrified 
by conduction. 

Conductors and Insulators. 

Experiment IV. If a glass rod, a stick of resin or gutta-percha, 
or a white silk thread, had been used instead of the metal wire, no 
transfer of electricity would have taken place. Hence these latter 
substances are called Non-conductors of electricity. Non-conduc- 
tors are used in electrical experiments to support electrified bodies 
without carrying off their electricity. They are then called In- 
sulators. 

The metals are good conductors ; air, glass, resins, gutta-percha, 
vuUuinite, paraffin, &c. are good insulators; but, as we shall see 
aflerwards, all substances resist the passage of electricity, and all 
HubHtancoH allow it to pass, though in exceedingly different degrees. 
This subject will be considered when we come to treat of the 
Motion of electricity. For the present we shall consider only two 
classes of bodies, good conductors, and good insulators. 

In Experiment II an electrified body produced electrification in 
the metal vihwoI while separated from it by air, a non-conducting 
medium. Suoh a medium, considered as transmitting these electrical 
«fibota without oonduotion, has been called by Faraday a Dielectric 
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medium, and the action which takes place through it is called 
Induction. 

In Experiment III the electrified vessel produced electrification 
in the second metallic body through the medium of the wire. Let 
us suppose the wire removed, and the electrified piece of glass taken 
out of the vessel without touching it, and removed to a sufficient 
distance. The second body will still exhibit vitreous electrifica- 
tion^ but the vessel, when the glass is removed, will have resinous 
electrification. If we now bring the wire into contact with both 
bodies, conduction will take place along the wire^ and all electri- 
fication will disappear from both bodies, shewing that the elec- 
trification of the two bodies was equal and opposite. 

80.] Experiment V. In Experiment II it was shewn that if 
a piece of glass^ electrified by rubbing it with resin^ is hung up in 
an insulated metal vessel, the electrification observed outside does 
not depend on the position of the glass. K we now introduce the 
piece of resin with which the glass was rubbed into the same vessel, 
without touching it or the vessel, it will be found that there is 
no electrification outside the vessel. From this we conclude that 
the electrification of the resin is exactly equal and opposite to that 
of the glass. By putting in any number of bodies^ electrified in 
any way, it may be shewn that the electrification of the outside of 
the vessel is that due to the algebraic sum of all the electrifica- 
tions^ those being reckoned negative which are resinous. We have 
thus a practical method of adding the electrical efiects of several 
bodies without altering the electrification of each. 

81.] Experiment VI. Let a second insulated metallic vessel, J?, 
be provided, and let the electrified piece of glass be put into the 
first vessel A, and the electrified piece of resin into the second vessel 
B. Let the two vessels be then put in communication by the metal 
wire, as in Experiment III. All sig^ of electrification will dis- 
appear. 

Next, let the wire be removed, and let the pieces of glass and of 
resin be taken out of the vessels without touching them. It will 
be found that A is electrified resinously and B vitreously. 

If now the glass and the vessel A be introduced together into a 
larger insulated vessel C> it will be found that there is no elec- 
trification outside C. This shews .that the electrification of ^ is 
exactly equal and opposite to that of the piece of glass, and that 
of B may be shewn in the same way to be equal and opposite to that 
of the piece of resin. 

VOL. I. D 
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We have thus obtained a method of ehaigiog a TesKl with a 
quantity of electricity exactly equal and opposite to that of an 
electrified body without altering the electrification of the latter, 
and we may in this way charge any number of vesads with ezact^ 
equal quantities of electricity of either kind, which we may take 
for provisional units. 

82.] Experiment ^TI. Let the vessel B^ chaiged with a quan- 
tity of positive electricity, which we shall call, for the present^ 
unity^ be introduced into the larger insulated vessel C without 
touching it. It will produce a positive electrification on the out- 
side of C, Now let B be made to touch the inside of C, No diange 
of the external electrification will be observed. If ^ is now taken 
out of C without touching it^ and removed to a su£Bcient distance, 
it will be found that B is completely discharged, and that C has 
become charged with a unit of positive electriciiy. 

We have thus a method of transferring the charge of ^ to C 

Let B be now recharged with a unit of electricity, introduced 
into C already charged, made to touch the inside of C, and re- 
moved. It will be found that B is again completely dischaiged^ 
so that the charge of C is doubled. 

If this process is repeated^ it will be found that however highly 
C is previously charged, and in whatever way B is charged, when 
B is first entirely enclosed in (7, then made to touch Cy and finidly 
removed without touching C, the charge of B is completely trans- 
ferred to C, and B is entirely free from electrification. 

This exi>erimout indicates a method of chaiging a body with 
any number of units of electricity. We shall find, when we come 
to the mathematical theory of electricity, that the result of this 
experiment affonls an accurate test of the truth of the theory. 

33.] Before wo proceed to the investigation of the law of 
electrical force, let us enumerate the facts we have already esta- 
blished. 

By placing any electrified system inside an insulated hollow con- 
ducting vessel^ and examining the resultant efiect on the outside 
of the vessel, we ascertain the character of the total electrification 
of the system placed inside^ without any communication of elec- 
tricitv between the different bodies of the svstem. 

The electrification of the outside of the vessel may be tested 
with great delicacy by putting it in communication with an elec- 
Iroioope. 

We may suppose the electroscope to consist of a strip of gold 
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leaf hanging between two bodies charged, one positively, and the 
other n^^tively. K the g^ld leaf becomes electrified it will incline 
towards the body whose electrification is opposite to its own. By 
increasing the electrification of the two bodies and the delicacy of 
the suspension, an exceedingly small electrification of the gold leaf 
may be detected. 

When we come to describe electrometers and multipliers we 
shall find that there are still more delicate methods of detecting 
electrification and of testing the accuracy of our theorems, but at 
present we shall suppose the testing to be made by connecting the 
hollow vessel with a gold leaf electroscope. 

This method was used by Faraday in his very admirable de- 
inonstration of the laws of electrical phenomena ^. 

84.] I. The total electrification of a body, or system of bodies^ 
remains always the same, except in so far as it receives electrifi- 
cation from or gives electrification to other bodies. 

In all electrical experiments the electrification of bodies is found 
to change, but it is always found that this change is due to want 
of perfect insulation, and that as the means of insulation are im- 
proved, the loss of electrification becomes less. We may therefore 
assert that the electrification of a body placed in a perfectly in- 
sulating medium would remain perfectly constant. 

II. When one body electrifies another by conduction, the total 
electrification of the two bodies remains the same, that is, the one 
loses as much positive or gains as much negative electrification as 
the other gains of positive or loses of negative electrification. 

For if the two bodies are enclosed in the hollow vessel, no change 
of the total electrification is observed. 

III. When electrification is produced by friction, or by any 
other known method, equal quantities of positive and negative elec- 
trification are produced. 

For the electrification of the whole system may be tested in 
the hollow vessel, or the process of electrification may be carried 
on within the vessel itself, and however intense the electrification of 
the parts of the system may be, the electrification of the whole, 
as indicated by the gold leaf electroscope, is invariably zero. 

The electrification of a body is therefore a physical quantity 
capable of measurement, and two or more electrifications can be 
combined experimentally with a result of the same kind as when 

* * On Static Eleotrioal Inductive Action,* Phil. Mag,, 1848, or Exp, Mea., vol. ii. 
p. 249. 

D 2 
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two quantities are added algebraically. We therefore are entitled 
to use language fitted to deal with electrification as a quantity as 
well as a quality, and to speak of any electrified body as * charged 
with a certain quantity of positive or negative electricity/ 

86.] While admitting electricity^ as we have now done, to the 
rank of a physical quantity, we must not too hastily assume that 
it IB, or is not^ a substance^ or that it is, or is not^ a form of 
energy, or that it belongs to any known category of physical 
quantities. All that we have hitherto proved is that it cannot 
be created or annihilated^ so that if the total quantity of elec- 
tricity within a closed surface is increased or diminished^ the in- 
crease or diminution must have passed in or out through the closed 
surface. 

This is true of matter, and is expressed by the equation known as 
the Equation of Continuity in Hydrodynamics. 

It is not true of heat, for heat may be increased or diminished 
within a closed surface^ without passing in or out through the 
surface^ by the transformation of some other form of energy into 
heat, or of heat into some other form of energy. 

It is not true even of energy in general if we admit the imme- 
diate action of bodies at a distance. For a body outside the closed 
surface may make an exchange of energy with a body within 
the surface. But if all apparent action at a distance is t^e 
result of the action between the parts of an intervening medium, 
and if the nature of this action of the parts of the medium is 
clearly understood, then it is conceivable that in all cases of the 
increase or diminution of the energy within a closed sur&ce we 
may be able to trace the passage of the energy in or out through 
that surface. 

There is, however, another reason which warrants us in asserting 
that electricity, as a physical quantity, synonymous with the total 
electrification of a body, is not, like heat, a form of energy. An 
electrified system has a certain amount of energy, and this energy 
can be calculated by multiplying the quantity of electricity in 
each of its parts by another physical quantity, called the Potential 
of that part, and taking half the sum of the products. The quan- 
tities * Electricity ' and * Potential,' when multiplied together, 
produce the quantity * Energy.' It is impossible, therefore, that 
electricity and energy should be quantities of the same category, for 
electricity is only one of the factors of energy, the other factor 
being * Potential.' 
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"Energy, which is the product of these factors, may also be con- 
sidered as the product of several other pairs of &ctors, such as 

A Force x A distance through which the force is to act. 

A Mass X Gravitation acting through a certain height. 

A Mass X Half the square of its velocity. 

A Pressure x A volume of fluid introduced into a vessel at 

that pressure. 
A Chemical Affinity x A chemical change^ measured by the number 

of electro-chemical equivalents which enter 

into combination. 

If we obtain distinct mechanical ideas of the nature of electric 
potential^ we may combine these with the idea of energy to 
determine the physical category in which * Electricity' is to be 
placed. 

36.] In most theories on the subject. Electricity is treated as 
a substance^ but inasmuch as there arc two kinds of electrification 
which^ being combined^ annul each other, and since we cannot 
conceive of two substances annulling each other^ a distinction has 
been drawn between Free Electricity and Combined Electricity. 

neory of Two Fluids. 

In the theory called that of Two Fluids, all bodies, in their 
unelectrified state, are supposed to be charged with equal quan- 
tities of positive and negative electricity. These quantities are 
supposed to be so great that no process of electrification has ever 
yet deprived a body of all the electricity of either kind. The pro- 
cess of electrification, according to this theory, consists in taking 
a certain quantity P of positive electricity from the body A and 
communicating it to ^, or in taking a quantity N of negative 
electricity from B and communicating it to ^, or in some com- 
bination of these processes. 

The result will be that A will have F-\-N units of negative 
electricity over and above its remaining positive electricity, which 
is supposed to be in a state of combination with an equal quantity 
of negative electricity. This quantity P-f iV is called the Free 
electricity, the rest is called the Combined, Latent, or Fixed elec- 
tricity. 

In most expositions of this theory the two electricities are called 
'Fluids,' because they are capable of being transferred from one 
body to another, and are, within conducting bodies, extremely 
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mobile. The other properties of fluids, such as tiieir inertia, 
weighty and elasticity^ are not attributed to them by those who 
have used the theory for merely mathematical purposes ; but the 
use of the word Fluid has been apt to mislead the vulgar, including 
many men of science who are not natural philosophers^ and who 
have seized on the word Fluid as the only term in the statement 
of the theory which seemed intelligible to them. 

We shall see that the mathematical treatment of the subject has 
been greatly developed by writers who express themselves in terms 
of the 'Two Fluids' theory. Their results, however, have been 
deduced entirely from data which can be proved by experiment, 
and which must therefore be true, whether we adopt the theory of 
two fluids or not. The experimental verification of the mathe- 
matical results therefore is no evidence for or against the peculiar 
doctrines of this theory. 

The introduction of two fluids permits us to consider the negative 
electrification of A and the positive electrification of ^ as the effect 
of any one of three different processes which would lead to the same 
result. We have already supposed it produced by the transfer of 
P units of positive electricity from A to B, together with the 
transfer of N units of negative electricity from B to A. But if 
P+iV units of positive electricity had been transferred from A 
to B, or if P-f JV units of negative electricity had been transferred 
from B to Ay the resulting ' free electricity ' on A and on B would 
have been the same as before, but the quantity of 'combined 
electricity' in A would have been less in the second case and greater 
in the third than it was in the first. 

It would appear therefore, according to this theory, that it is 
possible to alter not only the amount of free electricity in a body, 
but the amount of combined electricity. But no phenomena have 
ever been observed in electrified bodies which can be traced to the 
varying amount of their combined electricities. Hence either the 
combined electricities have no observable properties, or the amount 
of the combined electricities is incapable of variation. The first 
of these alternatives presents no difficulty to the mere mathema- 
tician, who attributes no properties to the fluids except those of 
attraction and repulsion, for in this point of view the two fluids 
simply annul one another, and their combination is a true mathe- 
matical zero. But to those who cannot use the word Fluid without 
thinking of a substance it is difficult to conceive that the com- 
bination of the two fluids shall have no properties at all, so that 
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the addition of more or less of the combination to a body shall not 
in any way affect it^ either by increasing its mass or its weight, or 
altering some of its other properties. Hence it has been supposed 
by some, that in every process of electrification exactly equal quan- 
tities of the two fluids are transferred in opposite directions, so 
that the total quantity of the two fluids in any body taken to- 
gether remains always the same. By this new law they ' contrive 
to save appearances^' forgetting that there would have been no need 
of the law except to reconcile the ^two fluids' theory with &cts, 
and to prevent it from predicting non-existent phenomena. 

TAeory of One Fluid. 

87.] In the theory of One Fluid everjrthing is the same as in 
the theory of Two Fluids except that, instead of supposing the two 
substances equal and opposite in all respects^ one of them^ gene- 
rally the negative one^ has been endowed with the properties and 
name of Ordinary Matter, while the other retains the name of The 
Electric Fluid. The particles of the fluid are supposed to repel 
one another according to the law of the inverse square of the 
distance, and to attract those of matter according to the same 
law. Those of matter are supposed to repel each other and attract 
those of electricity. The attraction, however, between units of the 
different substances at unit of distance is supposed to be a very little 
greater than the repulsion between units of the same kind, so that 
a unit of matter combined with a unit of electricity will exert a 
force of attraction on a similar combination at a distance, this 
force, however, being exceedingly small compared with the force 
between two uncombined units. 

This residual force is supposed to account for the attraction of 
gravitation. Unelectrified bodies are supposed to be charged with 
as many units of electricity as they contain of ordinary matter. 
When they contain more electricity or less, they are said to be 
positively or negatively electrified. 

This theory does not, like the Two-Fluid theory, explain too 
much. It requires us, however, to suppose the mass of the electric 
fluid so small that no attainable positive or negative electrification 
has yet perceptibly increased or diminished either the mass or the 
weight of a body, and it has not yet been able to assign sujfficient 
reasons why the vitreous rather than the resinous electrification 
should be supposed due to an excess of electricity. 

One objection has sometimes been urged against this theory by 
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men who ought to have reasoned better. It has been said that 
the doctrine that the particles of matter nncombined with elec- 
tricity repel one another, is in direct antagonism with the well- 
established fact that every particle of matter attraeU every other 
particle throughout the universe. If the theory of One Fluid were 
true we should have the heavenly bodies repelling one another. 

But it is manifest that the heavenly bodies^ according to this 
theory, if they consisted of matter nncombined with electricity, 
would be in the highest state of negative electrification, and would 
repel each other. We have no reason to believe that they are in 
such a highly electrified state, or could be maintained in that 
state. The earth and all the bodies whose attraction has been 
observed are rather in an unelectrified state, that is, they contain 
the normal charge of electricity, and the only action between them 
is the residual force lately mentioned. The artificial manner, how- 
ever, in which this residual force is introduced is a much more 
valid objection to the theory. 

In the present treatise I propose, at difierent stages of the in- 
vestigation, to test the different theories in the light of additional 
classes of phenomena. For my own part, I look for additional 
light on the nature of electricity from a study of what takes place 
in the space intervening between the electrified bodies. Such is the 
essential character of the mode of investigation pursued by Faraday 
in his Experimental Researches, and as we go on I intend to exhibit 
the results, as developed by Faraday, W. Thomson, &c., in a con- 
nected and mathematical form, so that we may perceive what 
phenomena are explained equally well by all the theories, and what 
phenomena indicate the peculiar difficulties of each theory. 

Measurement of the Force between Electrified Bodies. 

38.] Forces may be measured in various ways. For instance, 
one of the bodies may be suspended from one arm of a delicate 
balance, and weights suspended from the other arm, till the body, 
when unelectrified, is in equilibrium. The other body may then 
be placed at a known distance beneath the first, so that the 
attraction or repulsion of the bodies when electrified may increase 
or diminish the apparent weight of the first. The weight which 
must be added to or taken from the other arm, when expressed 
in dynamical measure, will measure the force between the bodies. 
This arrangement was used by Sir W. Snow Harris, and is that 
adopted in Sir W. Thomson's absolute electrometers. See Art. 217. 
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It is sometimes more eouvenient to use a torsion-balance in 
which a horizontal arm is suspended by a fine wire or fibre, so as 
to be capable of vibrating about the vertical wire as an axis, and 
the body is attached to one end of the arm and acted on by the 
force in the tangential direction, so as to turn the arm round the 
vertical axis^ and so twist the suspension wire through a certain 
angle. The torsional rigidity of the wire is found by observing 
the time of oscillation of the arm, the moment of inertia of the 
arm being otherwise known, and from the augle of torsion and 
the torsional rigidity the force of attraction or repulsion can be 
deduced. The torsion-balance was devised by Michell for the de- 
termination of the force of gravitation between small bodies, and 
was used by Cavendish for this purpose. Coulomb, working in- 
dependently of these philosophers, reinvented it, and successfully 
applied it to discover the laws of electric and magnetic forces; 
and the torsion-balance has ever since been used in all researches 
where small forces have to be measured. See Art. 215. 

39.] Let us suppose that by either of these methods we can 
measure the force between two electrified bodies. We shall suppose 
the dimensions of the bodies small compared with the distance 
between them, so that the result may not be much altered by 
any inequality of distribution of the electrification on either body, 
and we shall suppose that both bodies are so suspended in air as 
to be at a considerable distance from other bodies on which they 
might induce electrification. 

It is then found that if the bodies are placed at a fixed distance 
and charged respectively with e and ^ of our provisional units of 
electricity, they will repel each other with a force proportional 
to the product of e and ^. If either d or ^ is negative, that is, 
if one of the charges is vitreous and the other resinous, the force 
will be attractive, but if both e and ^ are negative the force is again 
repulsive. 

We may suppose the first body. Ay charged with m units of 
vitreous and n units of resinous electricity, which may be con- 
ceived separately placed within the body, as in Experiment V. 

Let the second body. By be charged with ml units of positive 
and fC units of negative electricity. 

Then each of the m positive units in A will repel each of the ni 
positive units in B with a certain force, say /*, making a total effect 
equal to mnif. 

Since the effect of negative electricity is exactly equal and 
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Opposite to that of pomtive electricity, each of the « podtiTe units 
in A will attract each of the n' negative nnita in B with the same 
bnxf^ making a total eflTect equal to mt^f. 

Similarly the n negative units in A will attract the wf positive 
units in B with a force nmf, and will repel the a' negative units 
in B with a force nny. 

The total repulsion will therefore be {mm'-k- nn')f\ and the total 
attraction will be (»«'+ »'«)/. 

The resultant repulsion will be 

{^ni '\'nn'—mn'—nwr)f or (»—*)(«'—«')/• 
Now m—n = d is the algebraical value of the charge on Ay and 
ni—ii^ ^ is that of the charge on B^ so that the resultant re- 
pulsion may be written e^f^ the quantities e and ^ being alwajrs 
understood to be taken with thbir proper signs. 

Variation of the Force with the IHftanee. 

40.] Having established the law of force at a fixed distance, 
we may measure the force between bodies charged in a constant 
manner and placed at different distances. It is found by direct 
measurement that the force, whether of attraction or repulsion^ 
varies inversely as the square of the distance, so that if /^ is the 
repulsion between two units at unit distance, the repulsion at dis- 
tance r will be/r"2, and the general expression for the repulsion 
between e units and / units at distance r will be 

fee'r-K 

Definition of the Electrostatic Unit of Electricity, 

41.] We have hitherto used a wholly arbitrary standard for our 
unit of electricity, namely, the electrification of a certain piece of 
glass as it happened to be electrified at the commencement of our 
experiments. We are now able to select a unit on a definite prin- 
ciple, and in order that this unit may belong to a general system 
we define it so thaty may be unity, or in other words — 

The electrostatic unit of electricity is that quantity of electricity 
which, when placed at unit of dist-ance from an equal quantity^ repels 
it with unit of force, 

Tliis unit is called the Electrostatic unit to distinguish it firom 
the Electromagnetic unit, to be afterwards defined. 

We may now write the general law of electrical action in the 
simple form jp - ^^;.-2 . ^^^ 
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The repulsion between two small bodies charged respectively with e and 
e' units of electricity is numerically equal to the product of the charges 
divided by the square of the distance. 

Bimenmns of the Electrostatic Unit of Quantity. 

42.] If [Q] is the concrete electrostatic unit of quantity itself^ 
and e, ^ the numerical values of particular quantities ; if [£] is 
the unit of lengthy and r the numerical value of the distance ; and 
if [jP] is the unit of force, and /'the numerical value of the force, 
then the equation becomes 

F\¥\^ee'r-^\^q^-\\L-''^y, 
whence [Q] = [ii^*] 

This unit is called the Electrostatic Unit of electricity. Other 
units may be employed for practical purposes, and in other depart- 
ments of electrical science, but in the equations of electrostatics 
quantities of electricity are understood to be estimated in electro- 
static units, just as in physical astronomy we employ a unit of 
mass which is founded on the phenomena of gravitation, and which 
differs from the units of mass in common use. 

Proof of the Law of Electrical Force, 

43.] The experiments of Coulomb with the torsion-balance may 
be considered to have established the law of force with a certain 
approximation to accuracy. Experiments of this kind, however, 
are rendered difficult, and in some degree uncertain, by several 
disturbing causes, which must be carefully traced and corrected for. 

In the first place, the two electrified bodies must be of sensible 
dimensions relative to the distance between them, in order to be 
capable of carrying charges sufficient to produce measurable forces. 
The action of each body will then produce an effect on the dis- 
tribution of electricity on the other, so that the charge cannot be 
considered as evenly distributed over the surface, or collected at 
the centre of gravity; but its effect must be calculated by an 
intricate investigation. This, however, has been done as regards 
two spheres by Poisson in an extremely able manner, and the 
investigation has been greatly simplified by Sir W. Thomson in 
his Theory of Electrical Images. See Arts. 172-174. 

Another difficulty arises from the action of the electricity 
induced on the sides of the case containing the instrument. By 
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nmlriiig the inside of the instrament accuntely cylindric, and 
making its inner sorfieu^ of metal, this effect can be Tendered 
definite and measurable. 

An independent difficulty arises from the imperfect insulation 
of the bodies, on account of which the charge continuallj de- 
creases. Coulomb investigated the law of dissipation, and made 
corrections for it in his experiments. 

The methods of insulating charged conductors, and of measuring 
electrical effects, have been greatly improved since the time of 
Coulomb, particularly by Sir W. Thomson; but the perfect ac- 
curacy of Coulomb's law of force is established, not by any direct 
experiments and measurements (which may be used as illustrations 
of the law), but by a mathematical consideration of the pheno- 
menon described as Experiment VII, namely, that an electrified 
conductor JB, if made to touch the inside of a hollow dosed con- 
ductor C and then withdrawn without touching C, is perfectly dis- 
charged, in whatever manner the outside of C may be electrified. 
By means of delicate electroscopes it is easy to shew that no 
electricity remains on 3 after the operation, and by the mathe- 
matical theory gfiven at Art. 74, this can only be the case if the 
force varies inversely as the square of the distance^ for if the law 
had been of any different form £ would have been electrified. 

Tke Electric Field. 

44.] The Electric Field is the portion of space in the neigh- 
bourhood of electrified bodies^ considered with reference to electric 
phenomena. It may be occupied by air or other bodies^ or it 
may be a so-called vacuum, from which we have withdrawn every 
substance which we can act upon with the means at our dis- 
posal. 

If an electrified body be placed at any part of the electric field 
it will be acted on by a force which will depend^ in general, on 
the shape of the body and on its charge, if the body is so highly 
charged as to produce a sensible disturbance in the previous elec- 
trification of the other bodies. 

But if the body is very small and its charge also very small, 
the electrification of the other bodies will not be sensibly disturbed, 
and we may consider the body as indicating by its centre of gravity 
a certain point of the field. The force acting on the body will 
then be proportional to its charge, and will be reversed when the 
charge is reversed. 



46.] BLECTEIC POTENTIAL. 45 

Let e be the charge of the body, and F the force acting on the 
body in a certain direction^ then when e is very small F is propor- 
tional to tf, or p ^ Jic 

where iZ is a quantity depending on the other bodies in the field. 
If the charge e could be made equal to unity without disturbing 
the electrification of other bodies we should have Fz= S. 

We shall call iZ the Resultant electric force at the gfiven point 
of the field. 

Electric Potential. 

45.] If the small body carr}ring the small charge e be moved 
from the gfiven point to an indefinite distance from the electrified 
bodies^ it will experience at each point of its course a force Be^ 
where iZ varies from point to point of the course. Let the whole 
work done on the body by these electrical forces be Fe, then F is 
the potential at the point of the field from which the body started. 
If the charge e could be made equal to unity without disturbing 
the electrification of other bodies, we might define the potential at 
any point as the work done on a body charged with unit of elec- 
tricity in moving from that point to an infinite distance. 

A body electrified positively tends to move from places of greater 
positive potential to places of smaller positive, or of negative 
potential, and a body negatively electrified tends to move in the 
opposite direction. 

In a conductor the electrification is distributed exactiy as if 
it were free to move in the conductor according to the same law. 
If therefore two parts of a conductor have different potentials, 
positive electricity will move from the part having greater potential 
to the part having less potential as long as that difference con- 
tinues. A conductor therefore cannot be in electrical equilibrium 
unless every point in it has the same potential. This potential is 
called the Potential of the Conductor. 

Equipotential Suffacea. 

46.] If a surface described or supposed to be described in the 
electric field is such that the electric potential is the same at every 
point of the surface it is called an Equipotential surface. 

An electrified point constrained to rest upon such a surface will 
have no tendency to move from one part of the surface to another, 
because the potential is the same at eveiy point. An equipotential 
sur&ce is therefore a surface of equilibrium or a level sur&ce. 
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The resultant force at any point of the snr&ee is in the direction 
of the normal to the surface^ and the magnitude of the force is such 
that the work done on an electrical unit in passing from the surface 
rto the surfece V is V- V\ 

No two equipotential sur&ces haying different potentials can 
meet one another, because the same point cannot have more than 
one potential, but one equipotential sur&ce may meet itself, and 
this takes place at all points and lines of equilibrium. 

The sur&ce of a conductor in electrical equilibrium is necessarily 
an equipotential sur&ce. If the electrification of the conductor is 
positive over the whole surface, then the potential will diminish as 
we move away from the sur&ce on every side^ and the conductor 
will be surrounded by a series of sur&ces of lower potential. 

But if (owing to the action of external electrified bodies) some 
regions of the conductor are electrified positively and others ne- 
gatively, the complete equipotential surface will consist of the 
surface of the conductor itself together with a system of other 
surfaces, meeting the sur&ce of the conductor in the lines which 
divide the positive from the negative regions. These lines will 
be lines of equilibrium, so that an electrified point placed on one 
of these lines will experience no force in any direction. 

When the surface of a conductor is electrified positively in some 
parts and negatively in others^ there must be some other electrified 
body in the field besides itself. For if we allow a positively 
electrified point, starting from a positively electrified part of the 
surface, to move always in the direction of the resultant force upon 
it, the potential at the point will continually diminish till the point 
reaches either a negatively electrified surface at a potential less than 
that of the first conductor, or moves off to an infinite distance. 
Since the potential at an infinite distance is zero, the latter case 
can only occur when the potential of the conductor is positive. 

In the same way a negatively electrified point, moving off from 
a negatively electrified part of the surface, must either reach a posi- 
tively electrified surface, or pass off to infinity, and the latter case 
can only happen when the potential of the conductor is negative. 

Therefore, if both positive and negative electrification exists on 
a conductor, there must be some other body in the field whose 
potential has the same sign as that of the conductor but a greater 
numerical value, and if a conductor of any form is alone in the 
field the electrification of every part is of the same sign as the 
potential of the conductor. 
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Lines of Force. 

47.] The line described by a point moving always in the direc- 
tion of the resultant force is called a Line of force. It cuts the 
equipotential surfaces at right angles. The properties of lines of 
force will be more Ailly explained afterwards, because Faraday has 
expressed many of the laws of electrical action in terms of hia 
conception of lines of force drawn in the electric fields and indicating 
both the direction and the magnitude of the force at every point. 

Electric Temion, 

48.] Since the sur&ce of a conductor is an equipotential surface, 
the resultant force is normal to the surfiice, and it will be shewn 
in Art. 78 that it is proportional to the superficial density of the 
electrification. Hence the electricity on any small area of the 
surface will be acted on by a force tendrng from the conductor 
and proportional to the product of the resultant force and the 
density^ that is^ proportional to the square of the resultant force. 

This force which acts outwards as a tension on every part of 
the conductor will be called electric Tension. It is measured like 
ordinary mechanical tension, by the force exerted on unit of area. 

The word Tension has been used by electricians in several vague 
senses, and it has been attempted to adopt it in mathematical 
language as a synonym for Potential ; but on examining the cases 
in which the word has been used, I think it will be more con- 
sistent with usage and with mechanical analogy to understand 
by tension a pulling force of so many pounds per square inch 
exerted on the sur&ce of a conductor or elsewhere. We shall find 
that the conception of Faraday, that this electric tension exists not 
only at the electrified surface but all along the lines of force, leads 
to a theory of electric action as a phenomenon of stress in a 
medium. 

Electromotive Force. 

49.] When two conductors at different potentials are connected 
by a thin conducting wire, the tendency of electricity to flow 
along the wire is measured by the difference of the potentials of 
the two bodies. The difference of potentials between two con- 
ductors or two points is therefore called the Electromotive force 
between them. 

Electromotive force may arise from other causes than difference 
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of potential, but these causes are not considered in treating of sta- 
tical electricity. We shall consider them when we come to chemical 
actions^ motions of magnets^ inequalities of temperature, &c. 

Capacity of a Conductor. 

50.] If one conductor is insulated while all the surrounding con- 
ductors are kept at the zero potential by being put in commu- 
nication with the earth, and if the conductor, when charged with 
a quantity E of electricity, has a potential Vy the ratio oi E to V 
is called the Capacity of the conductor. If the conductor is com- 
pletely enclosed within a ^conducting vessel without touching it, 
then the charge on the inner conductor will be equal and op- 
posite to the charge on the inner surface of the outer conductor, 
and will be equal to the capacity of the inner conductor multiplied 
by the difference of the potentials of the two conductors. 

Electric Accumulators, 

A system consisting of two conductors whose opposed surfaces 
are separated &om each other by a thin stratum of an insulating 
medium is called an electric Accumulator. Its capacity is directly 
proportional to the area of the opposed surfaces and inversely pro- 
portional to the thickness of the stratum between them. A Leyden 
jar is an accumulator in which glass is the insulating medium. 
Accumulators are sometimes called Condensers, but I prefer to 
restrict the term ^condenser' to an instrument which is used not to 
hold electricity but to increase its superficial density. 

PROPERTIES OP BODIES IN RELATION TO STATICAL ELECTRICITY. 

Resistance to the Passage of Electricity through a Body. 

51.] When a charge of electricity is communicated to any part 
of a mass of metal the electricity is rapidly transferred from places 
of high to places of low potential till the potential of the whole 
mass becomes the same. In the case of pieces of metal used in 
ordinary experiments this process is completed in a time too short 
to be observed, but in the case of very long and thin wires, such 
as those used in telegraphs, the potential does not become uniform 
till after a sensible time, on account of the resistance of the wire 
to the passage of electricity through it. 

, The resistance to the passage of electricity is exceedingly dif- 
ferent in different substances, as may be seen from the tables at 
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Arts. 362, 366^ and 369, which will be explained in treating of 
Electric Currents. 

All the metals are good conductors, though the resistance of 
lead is 12 times that of copper or silver, that of iron 6 times, 
and that of mercury 60 times that of copper. The resistance of aU 
metals increases as their temperature rises. 

Selenium in its crystalline state may also be regarded as a con- 
ductor, though its resistance is 3.7 x 10^^ times that of a piece 
of copper of the same dimensions. Its resistance increases as the 
temperature rises. Selenium in the amorphous form is a good 
insulator^ like sulphur. 

Many liquids conduct electricity by electrolysis. This mode of 
conduction will be considered in Part II. For the present, we may 
regard all liquids containing water and all damp bodies as con- 
ductors, &r inferior to the metals, but incapable of insulating a 
charge of electricity for a sufficient time to be observed. 

On the other hand, the gases at the atmospheric pressure, whether 
dry or moist, are insulators so nearly perfect when the electric tension 
is small that we have as yet obtained no evidence of electricity passing 
through them by ordinary conduction. The gradual loss of charge 
by electrified bodies may in every case be traced to imperfect insu- 
lation in the supports, the electricity either passing through the 
substance of the support or creeping over its surface. Hence, when 
two charged bodies are hung up near each other, they will preserve 
their charges longer if they are electrified in opposite ways, than if 
they are electrified in the same way. For though the electromotive 
force tending to make the electricity pass through the air between 
them is much greater when they are oppositely electrified, no per- 
ceptible loss occurs in this way. The actual loss takes place through 
the supports, and the electromotive force through the supports is 
greatest when the bodies are electrified in the same way. The result 
appears anomalous only when we expect the loss to occur by the 
passage of electricity through the air between the bodies. 

Certain kinds of glass when cold are marvelously perfect in- 
sulators, and Sir W. Thomson has preserved charges of electricity 
for years in bulbs hermetically sealed. The same glass, however, 
becomes a conductor at a temperature below that of boiling water. 

Gutta-percha, caoutchouc, vulcanite, paraffin, and resins are good 
insulators, the resistance of gutta-percha at 75° F. being about 
6 X 10^* times that of copper. 

Ice, crystals, and solidified electrolytes, are also insulators. 

VOL. I. R 
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Certain liquicUij such as naphtha, turpentine, and some oils^ are 
insulators^ but inferior to most of the solid insulators. 

The resistance of most substances^ except the metals^ and selenium 
and carbon, seems to diminish as the temperature rises. 

DIELECTRICS. 

Specific Inductive Capacity. 

52.] All bodies whose insulating power is such that when fhey 
are placed between two conductors at different potentials the elec- 
tromotive force acting on them does not immediately distribute 
their electricity so as to reduce the potential to a constant value^ are 
called by Faraday Dielectrics. 

Faraday discovered that the capacity of an accumulator depends 
on the nature of the insulating medium between the two conductors, 
as well as on the dimensions and relative position of the conductors 
themselves. By substituting other insulating media for air as the 
dielectric of the accumulator, without altering it in any other 
respect^ he found that when air and other gases were employed as 
the insulating medium the capacity of the accumulator remained the 
same^ but that when shell-lac, sulphur, glass, &o., were substituted 
for air, the capacity was increased in a ratio which was different 
for each substance. 

The ratio of the capacity of an accumulator formed of any di- 
electric medium to the capacity of an accumulator of the same form 
and dimensions filled with air^ was named by Faraday the Specific 
Inductive Capacity of the dielectric medium. It is equal to unity 
for air and other gases at all pressures, and probably at all tempe- 
ratures^ and it is greater than unity for all other liquid or solid 
dielectrics which have been examined. 

If the dielectric is not a good insulator, it is difficult to mea- 
sure its inductive capacity, because the accumulator will not hold a 
charge for a sufficient time to allow it to be measured ; but it is 
certain that inductive capacity is a property not confined to good 
insulators^ and it is probable that it exists in all bodies. 

Absorpihn of Electricity, 

53.] It is found that when an accumulator is formed of certain 
dielectrics, the following phenomena occur. 

When the accumulator has been for some time electrified and is 
then suddenly discharged and again insulated, it becomes recharged 
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in the same sense as at first, but to a smaller degree, so that it may 
be discharged again several times in snccession^ these discharges 
always diminishing. This phenomenon is called that of the Re- 
sidual Discharge. 

The instantaneous discharge appears always to be proportional 
to the difierence of potentials at the instant of discharge^ and the 
ratio of these quantities is the true capacity of the accumulator; 
but if the contact of the discharger is prolonged so as to include 
some of the residual discharge^ the apparent capacity of the accu- 
mulator, calculated from such a discharge, will be too great. 

The accumulator if charged and left insulated appears to lose its 
charge by couductionj but it is found that the proportionate rate 
of loss is much greater at first than it is afterwards, so that the 
measure of conductivity^ if dieduced from what takes place at first, 
would be too great. Thus, when the insulation of a submarine 
cable is tested^ the insulation appears to improve as the electrifi- 
cation continues. 

Thermal phenomena of a kind at first sight analogous take place 
in the case of the conduction of heat when the opposite sides of a 
body are kept at different temperatures. In the case of heat we 
know that they depend on the heat taken in and given out by the 
body itself. Hence, in the case of the electrical phenomena^ it 
has been supposed that electricity is absorbed and emitted by the 
parts of the body. We shall see, however, in Art. 329, that the 
phenomena can be explained without the h3rpothesi8 of absorption of 
electricity, by supposing the dielectric in some degree heterogeneous. 

That the phenomenon called Electric Absorption is not an 
actual absorption of electricity by the substance may be shewn by 
charging the substance in any manner with electricity while it is 
surrounded by a closed metallic insulated vessel. If, when the 
substance is charged and insulated^ the vessel be instantaneously 
discharged and then left insulated, no charge is ever communicated 
to the vessel by the gradual dissipation of the electrification of the 
charged substance within it. 

54.] This fact is expressed by the statement of Faraday that 
it is impossible to charge matter with an absolute and independent 
charge of one kind of electricity *. 

In fact it appears from the result of every experiment which 
has been tried that in whatever way electrical actions may take 

• Exp, Re8., vol. i. series zi. f ii. 'On the Absolute Charge of Matter/ and (1244). 
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place among a system of bodies surrounded by a metallic vessel, the 
charge on the outside of that vessel is not altered. 

Now if any portion of electricity could be forced into a body 
so as to be absorbed in it, or to become latent^ or in any way 
to exist in it^ without being connected with an equal portion of 
the opposite electricity by lines of induction, or if, after having 
being absorbed^ it could gradually emerge and return to its or- 
dinary mode of action, we should find some change of electrifica- 
tion in the surrounding vessel. 

As this is never found to be the case, Faraday concluded that 
it is impossible to communicate an absolute charge to matter^ and 
that no portion of matter can by any change of state evolve or 
render latent one kind of electricity or the other. He therefore 
regarded induction as 'the essential ftinction both in the first 
development and the consequent phenomena of electricity.' His 
'induction' is (1298) a polarized state of the particles of the 
dielectric, each particle being positive on one side and negative 
on the other^ the positive and the negative electrification of each 
particle being always exactly equal. 

Disruptive Diacharge*. 

55.] If the electromotive force acting at any point of a dielectric 
is gradually increased^ a limit is at length reached at which there 
is a sudden electrical discharge through the dielectric, generally 
accompanied with light and sound, and with a temporary or per- 
manent rupture of the dielectric. 

The intensity of the electromotive force when this takes place 
depends on the nature of the dielectric. It is greater, for instancCj 
in dense air than in rare air, and greater in glass than in air, but 
in every case, if the electromotive force be made great enough, 
the dielectric gives way and its insulating power is destroyed, so 
that a current of electricity takes place through it. It is for this 
reason that distributions of electricity for which the electric resultant 
force becomes anywhere infinite cannot exist in nature. 

The Electric Glow, 

Thus, when a conductor having a sharp point is electrified, 
the theory, based on the hypothesis that it retains its charge, 
leads to the conclusion that as we approach the point the super- 
ficial density of the electricity increases without limit, so that at 
the point itself the surface-density, and therefore the resultant 

• See FarmdAy, Exp, Ba,, vol. I, series xii. and xiii. 
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electrical force, would be infinite. If the air, or other enrrounding 
dielectric, had an invincible insulating power, this result would 
actually occur ; but the feet is, that as soon as the resultant force 
in the neighbourhot)d of the point has reached a certain limit, the 
insulating power of the air gives way, so that the air close to 
the point becomes a conductor. At a certain distance from the 
point the resultant force is not sufficient to break through the 
insulation of the air, so that the electric current is checked, and 
the electricity accumulates in the air round the point. 

The point is thus surrounded by particles of air charged with 
electricity of the same kind with its own. The effect of this charged 
air round the point is to relieve the air at the point itself from 
part of the enormous electromotive force which it would have ex- 
perienced if the conductor alone had been electrified. In fact the 
surface of the electrified body is no longer pointed, because the 
point is enveloped by a rounded mass of electrified air, the surface 
of which, rather than that of the solid conductor, may be regarded 
as the outer electrified surface. 

If this portion of electrified air could be kept still, the elec- 
trified body would retain its charge, if not on itself at least in its 
neighbourhood, but the charged particles of air being free to move 
under the action of electrical force, tend to move away from the elec^ 
trified body because it is charged with the same kind of electricity. 
The charged particles of air therefore tend to move off in the direc- 
tion of the lines of force and to approach those surrounding bodies 
which are oppositely electrified. When they are gone, other un- 
charged particles take their place round the point, and since these 
cannot shield those next the point itself from the excessive elec- 
tric tension, a new discharge takes place, after which the newly 
charged particles move off, and so on as long as the body remains 
electrified. 

In this way the following phenomena are produced : — ^At and 
close to the point there is a steady glow, arising from the con- 
stant discharges which are taking place between the point and the 
air very near it. 

The charged particles of air tend to move off in the same general 
direction, and thus produce a current of air from the point, con- 
sisting of the charged particles, and probably of others carried along 
by them. By artificially aiding this current we may increase the 
glow, and by checking the formation of the cun^ent we may pre- 
vent the continuance of the glow. 
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The electric wind in the neighbourhood of the point is sometimes 
▼ery rapid, but it soon loses its velocity, and the air with its charged 
particles is carried about with the general motions of the atmo- 
sphere, and constitutes an invisible electric cloud. When the diarged 
particles come near to any conducting sur&oe, such as a wall, they 
induce on that sur&ce an electrification opposite to their own^ and 
are then attracted towards the wall, but since the electromotive 
force is small they may remain for a long time near the wall 
without being drawn up to the sur&ce and discharged. They 
thus form an electrified atmosphere clinging to conductors, the pre- 
sence of which may sometimes be detected by the electrometer* 
The electrical forces^ however^ acting between charged portions 
of air and other bodies are exceedingly feeble compared with the 
forces which produce winds arising from inequalities of density 
due to differences of temperature, so that it is very improbable 
that any observable part of the motion of ordinary thunder clouds 
arises from electrical causes. 

The passage of electricity from one place to another by the 
motion of charged particles is called Electrical Convection or Con- 
vective Discharge. 

The electrical glow is therefore produced by the constant passage 
of electricity through a small portion of air in which the tension 
IB very high, so as to charge the surrounding particles of air which 
are contiDually swept off by the electric wind^ which is an essential 
part of the phenomenon. 

The glow is more easily formed in rare air than in dense air, 
and more easily when the point is positive than when it is negative. 
This and many other differences between positive and negative elec- 
trification must be studied by those who desire to discover some- 
thing alK)ut the nature of electricity. They have not, however, 
been satisfactorily brought to bear upon any existing theory. 

TAe Electric Brush, 

66."] The electric brush is a phenomenon which may be pro- 
duced by electrifying a blunt point or small ball so as to produce 
an electric field in which the tension diminishes, but in a less rapid 
manner, as we leave the surface. It consists of a succession of 
discharges, ramifying as they diverge from the ball into the air, 
and terminating either by charging portions of air or by reaching 
some other conductor. It is accompanied by a sound, the pitch of 
which depends on the interval between the successive discharges, 
and there is no current of air as in the case of the glow. 
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Tie Electric Spark, 

57.] When the tension in the space between two condactors is 
considerable all the way between them^ as in the case of two balls 
whose distance is not great compared with their radii, the discharge, 
when it occurs^ usually takes the form of a spark, by which nearly 
the whole electrification is discharged at once. 

In this case^ when any part of the dielectric has given way^ 
the parts on either side of it in the direction of the electric force 
are put into a state of greater tension so that they also give way^ 
and so the discharge proceeds right through the dielectric, just as 
when a little rent is made in the edge of a piece of paper a tension 
applied to the paper in the directipn of the edge causes the paper to 
be torn through, beginning at the rent, but diverging occasionally 
where there are weak places in the paper. The electric spark in 
the same way begins at the point where the electric tension first 
overcomes the insulation of the dielectric, and proceeds from that 
pointy in an apparently irregular path, so as to take in other weak 
points, such as particles of dust floating in air. 

On the Electric Force required to produce a Spark in Air, 

In the experiments of Sir W. Thomson * the electromotive force 
required to produce a spark across strata of air of various thick- 
nesses was measured by means of an electrometer. 

The sparks were made to pass between two surfaces, one of which 
was plane, and the other only sufficiently convex to make the sparks 
occur always at the same place. 

The difference of potential required to cause a spark to pass was 
found to increase with the distance^ but in a less rapid ratio^ so that 
the electric force at any point between the surfaces, which is the 
quotient of the difference of potential divided by the distance^ can 
be raised to a greater value without a discharge when the stratum 
of air is thin. 

When the stratum of air is very thin, say .00254 of a centimetre^ 
the resultant force required to produce a spark was found to be 
527,7, in terms of centimetres and grammes. This corresponds to 
an electric tension of 1 1.29 grammes weight per square centimetre. 

When the distance between the surfaces is about a millimetre 
the electric force is about 130, and the electric tension .68 grammes 
weight per square centimetre. It is probable that the value for 

* Proe. R. S.f I860 ; or, Reprint, chap. jdx. 
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greater distances is not much less than this. The ordinary pressure 
<^the atmosphere is about 1032 grammes per sqnare centimetre. 

It is difficult to explain why a thin stratum of air should require 
a greater force to produce a disruptive dischaige across it than a 
thicker stratum. Is it possible that the air yeiy near to the sur- 
fiice of dense bodies is condensed^ so as to become a better insu- 
lator ? or does the potential of an electrified conductor differ from 
that of the air in contact with it by a quantity having a maYimum 
value just before discharge, so that the observed difference of 
potential of the conductors is in every case greater than the dif- 
ference of potentials on the two sides of the stratum of air by a 
cxiOidant quantity equivalent to the addition of about .005 of an 
inch i/} the thickness of the stratum ? See Art. 370. 

Ail th/fse phenomena differ considerably in different gases^ and in 
Uui tmtmi gas at different densities. Some of the forms ol electrical 
dik^thnrifH through rare gases are exceedingly remarkable. In some 
iMmm iUitra iu a regular alternation of luminous and dark strata, so 
ihui if tlM^ ttU^^iriciiy, for example^ is passing along a tube contain- 
iug a v^iy kiimW quantity of gas, a number of luminous disks will 
t>e fe^eii urrun^tsil transversely at nearly equal intervals along the 
axij» of tlie tul>e and separated by dark strata. If the strength of 
the c'urreiit lje ini^retti^ed a new disk will start into existence, and 
it and ilie old diskn will arrange themselves in closer order. In 
a tube defi<!ribed by Mr. (iassiot* the light of each of the disks 
is bluitth on the negative and reddish on the positive side, and 
bright red in the central stratum. 

These, and many other phenomena of electrical discharge, are 
exceedingly important, and when they are better understood they 
will probably throw great light on the nature of electricity as well 
as on the nature of gases and of the medium pervading space. At 
present, however, they must be considered as outside the domain of 
the mathematical theory of electricity. 

Electric Phenomena of Tourmaline, 

68.] Certain crystals of tourmaline, and of other minerals, possess 
what may be called Electric Polarity. Suppose a crystal of tour- 
maline to be at a uniform temperature, and apparently free from 
electrification on its surface. Let its temperature be now raised, 
the crystal remaining insulated. One end will be found positively 

* Intellectual Observer, March, 1866. 
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and the other end negatively electrified. Let the surface be de- 
prived of this apparent electrification by means of a flame or other- 
wise, then if the crystal be made still hotter, electrification of the 
same kind as before will appear, but if the crystal be cooled the 
end which was positive when the crystal was heated will become 
negative. 

These electrifications are observed at the extremities of the crys- 
tallographic axis. Some crystals are terminated by a six-sided 
pyramid at one end and by a three-sided pyramid at the other. 
In these the end having the six-sided pyramid becomes positive 
when the crystal is heated. 

Sir W. Thomson supposes every portion of these and other hemi- 
hedral crystals to have a definite electric polarity, the intensity 
of which depends on the temperature. When the surface is passed 
through a flame, every part of the surface becomes electrified to 
such an extent as to exactly neutralize, for all external points, 
the efiect of the internal polarity. The crystal then has no ex- 
ternal electrical action^ nor any tendency to change its mode of 
electrification. But if it be heated or cooled the interior polariza- 
tion of each particle of the crystal is altered^ and can no longer 
be balanced by the superficial electrification, so that there is a 
resultant external action. 

Plan of thia Treatise. 

59.] In the following treatise I propose first to explain the ordinary 
theory of electrical action, which considers it as depending only 
on the electrified bodies and on their relative position, without 
taking account of any phenomena which may take place in the 
surrounding media. In this way we shall establish the law of the 
inverse square, the theory of the potential, and the equations of 
Laplace and Poisson. We shall next consider the charges and 
potentials of a system of electrified conductors as connected by 
a system of equations, the coefiicients of which may be supposed 
to be determined by experiment in those cases in which our present 
mathematical methods are not applicable^ and from these we shall 
determine the mechanical forces acting between the difierent elec- 
trified bodies. 

We shall then investigate certain general theorems by which 
Oreen^ Gauss, and Thomson have indicated the conditions of so- 
lution of problems in the distribution of electricity. One result 
of these theorems is^ that if Poisson's equation is satisfied by any 
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function^ and if at the surface of every conductor the function 
has the value of the potential of that conductor, then the func- 
tion expresses the actual potential of the system at every point. We 
also deduce a method of finding problems capable of exact solution. 

In Thomson's theorem^ the total energy of the system is ex- 
pressed in the form of the integ^ral of a certain quantity extended 
over the whole space between the electrified bodies, and also in 
the form of an integral extended over the electrified surfiEU^ee only. 
The equation between these two expressions may be thus inter- 
preted physically. We may conceive the relation into which the 
electrified bodies are thrown, either as the result of the state of 
the intervening medium, or as the result of a direct action between 
the electrified bodies at a distance. If we adopt the latter con- 
ception, we may determine the law of the action^ but we can go 
no further in speculating on its cause. If, on the other hand, 
we adopt the conception of action through a medium, we are led to 
enquire into the nature of that action in each part of the medium. 

It appears from the theorem^ that if we are to look for the seat 
of the electric energy in the different parts of the dielectric me- 
dium, the amount of energy in any small part must depend on 
the square of the intensity of the resultant electromotive force at 
that place multiplied by a coefficient called the specific inductive 
capacity of the medium. 

It is better, however, in considering the theory of dielectrics 
in the most general point of view, to distinguish between the elec- 
tromotive force at any point and the electric polarization of the 
medium at that point, since these directed quantities, though re- 
lated to one another, arc not, in some solid substances, in the same 
direction. The most general expression for the electric energy of 
the medium per unit of volume is half the product of the electro- 
motive force and the electric polarization multiplied by the cosine 
of the angle between their directions. 

In all fluid dielectrics the electromotive force and the electric 
polarization are in the same direction and in a constant ratio. 

If we calculate on this hypothesis the total energy residing 
in the medium, we shall find it equal to the energy due to the 
electrification of the conductors on the hypothesis of direct action 
at a distance. Hence the two hypotheses are mathematically equi- 
valent. 

If we now proceed to investigate the mechanical state of the 
medium on the hypothesis that the mechanical action observed 
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between electrified bodies is exerted through and by means of 
the medium, as in the familiar instances of the action of one body 
on another by means of the tension of a rope or the pressure of 
a rod, we find that the medium must be in a state of mechanical 
stress. 

The nature of this stress is^ as Faraday pointed ouf*^, a tension 
along the lines of force combined with an equal pressure in all 
directions at right angles to these lines. The magnitude of these 
stresses is proportional to the energy of the electrification^ or^ in 
other words^ to the square of the resultant electromotive force mul- 
tiplied by the specific inductive capacity of the medium. 

This distribution of stress is the only one consistent with the 
observed mechanical action on the electrified bodies^ and also with 
the observed equilibrium of the fluid dielectric which surrounds 
them. I have therefore thought it a warrantable step in scientific 
procedure to assume the actual existence of this state of stress, and 
to follow the assumption into its consequences. Finding the phrase 
electric tension used in several vague senses^ I have attempted to 
confine it to what I conceive to have been in the mind of some 
of those who have used it, namely, the state of stress in the 
dielectric medium which causes motion of the electrified bodies, 
and leads, when continually augmented, to disruptive discharge. 
Electric tension, in this sense, is a tension of exactly the same 
kind, and measured in the same way^ as the tension of a rope, 
and the dielectric medium^ which can support a certain tension 
and no more, may be said to have a certain strength in exactly 
the same sense as the rope is said to have a certain strength. 
Thus, for example, Thomson has found that air at the ordinary 
pressure and temperature can support an electric tension of 9600 
grains weight per square foot before a spark passes. 

60.] From the hypothesis that electric action is not a direct 
action between bodies at a distance^ but is exerted by means of 
the medium between the bodies^ we have deduced that this medium 
must be in a state of stress. We have also ascertained the cha- 
racter of the stress, and compared it with the stresses which may 
occur in solid bodies. Along the lines of force there is tension, 
and perpendicular to them there is pressure, the numerical mag- 
nitude of these forces being equal, and each proportional to the 
square of the resultant force at the point. Having established 
these results, we are prepared to take another step, and to form 

* Mxp. Bes., seriefl xi. 1297. 
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an idea of the nature of the electric poLurization of the didectrie 
medium. 

Ad elementary portion of a body may be said to be polarized 
when it acquires equal and opposite properties on two opposite 
sides. The idea of internal polarity may be studied to the greatest 
advantage as exemplified in permanent magnets, and it will be 
explained at greater length when we come to treat of magnetism. 

The electric polarization of an elementary portion of a dielectric 
is a forced state into which the medium is thrown by the action 
of electromotive force^ and which disappears when that force is 
removed. We may conceive it to consist in what we may call 
an electrical displacement, produced by the electromotive force. 
When the electromotive force acts on a conducting medium it 
produces a current through it, but if the medium is a non-con- 
ductor or dielectric, the current cannot flow through the medium, 
but the electricity is displaced within the medium in the direction 
of the electromotive force, the extent of this displacement de- 
pending on the magnitude of the electromotive force, so that if 
the electromotive force increases or diminishes the electric displace-' 
ment increases and diminishes in the same ratio. 

The amount of the displacement is measured by the quantity 
of electricity which crosses unit of area^ while the displacement 
increases from zero to its actual amount. This, therefore, is the 
measure of the electric polarization. 

The analogy between the action of electromotive force in pro- 
ducing electric displacement and of ordinary mechanical force in 
producing the displacement of an elastic body is so obvious that 
I have ventured to call the ratio of the electromotive force to the 
corresponding electric displacement the coefficient of electric elasticity 
of the medium. This coefiicient is different in different media, and 
varies inversely as the specific inductive capacity of each medium. 

The variations of electric displacement evidently constitute electric 
currents. These currents, however, can only exist during the 
variation of the displacement, and therefore, since the displace- 
ment cannot exceed a certain value without causing disruptive 
discharge, they cannot be continued indefinitely in the same direc- 
tion, like the currents through conductors. 

In tourmaline, and other pyro-electric crystals, it is probable that 
a state of electric polarization exists, which depends upon tem- 
perature, and does not require an external electromotive force to 
produce it If the interior of a body were in a state of permanent 
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electric polarization, the outside would gradually become charged 
in such a manner as to .neutralize the action of the internal elec- 
trification for all points outside the body. This external superficial 
charge could not be deted}ed by any of the ordinary tests, and 
oould not be removed by any of the ordinary methods for dis- 
charging superficial electrification. The internal polarization of 
the substance would therefore never be discovered unless by some 
means, such as change of temperature, the amount of the internal 
polarization could be increased or diminished. The external elec- 
trification would then be no longer capable of neutralizing the 
external efiect of the internal polarization, and an apparent elec- 
Irification would be observed, as in the case of tourmaline. 

If a charge e is uniformly distributed over the surface of a 
sphere^ the resultant force at any point of the medium surrounding 
the sphere is numerically equal to the charge e divided by the square 
of the distance from the centre of the sphere. This resultant force^ 
according to our theory, is accompanied by a displacement of elec- 
tricity in a direction outwards from the sphere. 

If we now draw a concentric spherical surface of radius r, the whole 
displacement, E, throagh this surface will be proportional to the 
resultant force multiplied by the area of the spherical surface. But 
the resultant force is directly as the charge e and inversely as the 
square of the radius, while the area of the surface is directly as the 
square of the radius. 

Hence the whole displacement, Ey is proportional to the charge tf, 
and is independent of the radius. 

To determine the ratio between the charge <?, and the quantity 
of electricity, E^ displaced outwards through the spherical sur&oe^ 
let us consider the work done upon the medium in the region 
between two concentric spherical surfaces, while the displacement 
is increased from E to E-^bE. If F^ and Fg denote the potentials 
at the inner and the outer of these surfaces respectively, the elec- 
tromotive force by which the additional displacement is produced 
is ^1— ^, so that the work spent in augmenting the displacement 

iB{r^-r^bE. 

If we now make the inner surface coincide with that of the 
electrified sphere, and make the radius of the other infinite, Vi 
becomes Fy the potential of the sphere, and F^ becomes zero, so 
that the whole work done in the surrounding medium is FbE, 

But by the ordinary theory, the work done in augmenting the 
charge ib Fbe^ and if this is spent^ as we suppose, in augmenting 
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the displacement^ b£ = be, and since £ and e vanish together, 
jE=e, or— 

TAe displacement outwards through any spherical surface eoncentrie 
with the sphere is equal to the charge on the sphere. 

To fix our ideas of electric displacement, let ns consider an accu- 
mulator formed of two conducting plates A and B, separated by a 
stratum of a dielectric C. Let W he a conducting wire joining 
A and B, and let ns suppose that by the action of an electromotive 
force a quantity Q of positive electricity is transferred along the 
wire from B to A, The positive electrification of A and the 
negative electrification of B will produce a certain electromotive 
force acting fix)m A towards B in the dielectric stratum, and this 
will produce an electric displacement firom A towards B within the 
dielectric. The amount of this displacement, as measured by the 
quantity of electricity forced across an imaginary section of the 
dielectric dividing it into two strata, will be^ according to our 
theory, exactly Q. See Arts. 75, 76, 111. 

It appears^ therefore, that at the same time that a quantity 
Q of electricity is being transferred along the wire by the electro- 
motive force from B towards u^, so as to cross every section of 
the wire, the same quantity of electricity crosses every section 
of the dielectric from A towards B by reason of the electric dis- 
placement. 

The reverse motions of electricity will take place during the 
discharge of the accumulator. In the wire the discharge will be 
Q from Ato B, and in the dielectric the displacement will subside^ 
and a quantity of electricity Q will cross every section from B 
towards A. 

Every case of electrification or discharge may therefore be con- 
sidered as a motion in a closed circuit, such that at every section 
of the circuit the same quantity of electricity crosses in the same 
time^ and this is the case, not only in the voltaic circuit where 
it has always been recognised, but in those cases in which elec- 
tricity has been generally supposed to be accumulated in certain 
places. 

61.] We are thus led to a very remarkable consequence of the 
theory which we are examining, namely^ that the motions of elec- 
tricity are like those of an incompressible fluid, so that the total 
quantity within an imaginary fixed closed sur&ce remains always 
the same. This result appears at first sight in direct contradiction 
to the fact that we can charge a conductor and then introduce 
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it into the closed space^ and so alter the quantity of eleotrieity 
within that space. But we must remember that the ordinary theory 
takes no account of the electric displacement in the substance of 
dielectrics which we have been investigating, but confines its 
attention to the electrification at the bounding surfaces of the 
conductors and dielectrics. In the case of the charged conductor 
let us suppose the charge to be positive, then if the surrounding 
dielectric extends on all sides beyond the closed sur&ce there will be 
electric polarization, accompanied with displacement from within 
outwards all over the closed surface, and the surface-integral of 
the displacement taken over the surface will be equal to the charge 
on the conductor within. 

Thus when the charged conductor is introduced into the closed 
space there is immediately a displacement of a quantity of elec- 
tricity equal to the charge through the surface from within out- 
wards, and the whole quantity within the surface remains the 
same. 

The theory of electric polarization will be discussed at greater 
length in Chapter V, and a mechanical illustration of it will be 
given in Art. 334, but its importance cannot be fully understood 
till we arrive at the study of electromagnetic phenomena. 

62.] The peculiar features of the theory as we have now de- 
veloped them are : — 

That the energy of electrification resides in the dielectric medium, 
whether that medium be solid, liquid, or gaseous, dense or rare, 
or even deprived of ordinary gross matter, provided it be still 
capable of transmitting electrical action. 

That the energy in any part of the medium is stored up in 
the form of a state of constraint called electric polarization, the 
amount of which depends on the resultant electromotive force at 
the place. 

That electromotive force acting on a dielectric produces what 
we have called electric displacement, the relation between the force 
and the displacement being in the most general case of a kind 
to be afterwards investigated in treating of conduction, but in 
the most important cases the force is in the same direction as 
the displacement, and is numerically equal to the displacement 
multiplied by a quantity which we have called the coefficient of 
electric elasticity of the dielectric. 

That the energy per unit of volume of the dielectric arising from 
the electric polarization is half the product of the electromotive 
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force and the electric displacement multiplied, if neoenuy, hj die 
divine of the angle between their directions. 

That in fluid dielectrics the electric polarization ia acoompanied 
hy a t<>nsion in the direction of the lines of force combined with 
an f;qual pressure in all directions at right angles to tbe lines 
of force, the amount of the tension or pressure per unit of area 
l;#;ing numerically equal to the energy per unit of volume st the 
«Mirn<; place. 

Tliat the surfaces of any elementary portion into which we may 
f'/fUt^^iyv. the volume of the dielectric divided must be oonoeived 
Vp U; <'l«!rrtrified, so that the surface-density at any point of the 
miftHi'A: JN equal in magnitude to the displacement through that 
\ftt\t%i of tlie surface reckoned inwarde^ so that if the displacement 
\n in i\ut iK)sitive direction^ the sur&ce of the element will be eleo- 
trifiwl negatively on the positive side and positively on the negative 
ftiji). TlicHo superficial electrifications will in general destroy one 
afMiMii*r wh<*n consecutive elements are considered, except where 
fin* dirlectric has an internal charge, or at the surfiu» of the 
iV\Ai*vXr\i\ 

That whatever electricity may be, and whatever we may nnder- 
Mand by the movement of electricity, the phenomenon which we 
havi* cuIKhI electric displacement is a movement of electricity in the 
NiniH* HcuKc as the transference of a definite quantity of electricity 
fhrnii^h a wire is a movement of electricity, the only difierenoe 
bi'in^ Uiat in the dielectric there is a force which we have caUed 
oh<c'iri(^ ehiHticity which acts against the electric displacement, and 
(orci'H tin* elect ricity back when the electromotive force is removed; 
whoHMiH in the conducting wire the electric elasticity is continually 
K'iviri^ way, so that a current of true conduction is set up, and 
<h<* rcHiKlanci^ depends, not on the total quantity of electricity dis- 
phu'(*d from its jM)8ition of equilibrium, but on the quantity which 
<T0HKt?8 a section of the conductor in a given time. 

That in every case the motion of electricity is subject to the 
same condition as that of an incompressible fluid, namely, that 
at every instant as much must flow out of any given closed space 
as flows into it. 

It follows from this that ever}' electric current must form a 
closed circuit. The importance of this result will be seen when we 
investigate the laws of electro-magnetism. 

Since, as we have seen, the theory of direct action at a distance 
is mathematically identifal with that of action by means of a 
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medium, the actual phenomena may be explained by the one 
theory as well as by the other, provided suitable hypotheses be 
introduced when any difficulty occurs. Thus, Mossotti has deduced 
the mathematical theory of dielectrics from the ordinary theory 
of attraction by merely giving an electric instead of a magnetic 
interpretation to the symbols in the investigation by which Poisson 
has deduced the theory of magnetic induction from the theory of 
magnetic fluids. He assumes the existence within the dielectric of 
small conducting elements, capable of having their opposite surfaces 
oppositely electrified by induction, but not capable of losing or 
gaining electricity on the whole, owing to their being insulated 
from each other by a non-conducting medium. This theory of 
dielectrics is consistent with the laws of electricity, and may be 
actually true. If it is true, the specific inductive capacity of a 
dielectric may be greater, but cannot be less, than that of air or 
vacuum. No instance has yet been found of a dielectric having 
an inductive capacity less than that of air, but if such should 
be discovered, Mossotti's theory must be abandoned, although his 
formulae would all remain exact, and would only require us to alter 
the sign of a coefficient. 

In the theory which I propose to develope, the mathematical 
methods are founded upon the smallest possible amount of hypo- 
thesis, and thus equations of the same form are found applicable to 
phenomena which are certainly of quite different natures, as, for 
instance, electric induction through dielectrics ; conduction through 
conductors, and magnetic induction. In all these cases the re- 
lation between the force and the effect produced is expressed by 
a set of equations of the same kind, so that when a problem in 
one of these subjects is solved, the problem and its solution may 
be translated into the language of the other subjects and the 
results in their new form will also be true. 
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CHAPTER II. 

ELEMENTARY MATHEMATICAL THEORY OF STATICAL 

ELECTRICITY. 

Definition of EUctriciiy as a Mathematical Qiuxntity. 

68.] We have seen that the actions of electrified bodies are such 
that the electrification of one body may be eqnal to that of another, 
or to the sum of the electrifications of two bodies^ and that when 
two bodies are equally and oppositely electrified they have no elec- 
trical effect on external bodies when placed together within a dosed 
insulated conducting vessel. We may express all these results in 
a concise and consistent manner by describing an electrified body as 
charged with a certain quantity of electricity^ which we may denote 
by e. When the electrification is positive, that is^ according to the 
usual convention, vitreous^ e will be a positive quantity. When the 
electrification is negative or resinous, e will be negative, and the 
quantity — « may be interpreted either as a negative quantity of 
vitreous electricity or as a positive quantity of resinous electricity. 

The effect of adding together two equal and opposite charges of 
electricity, +^ and — ^, is to produce a state of no electrification 
expressed by zero. We may therefore regard a body not electrified 
as virtually charged with equal and opposite charges of indefinite 
magnitude, and an electrified body as virtually charged with un- 
equal quantities of positive and negative electricity, the algebraic 
sum of these charges constituting the observed electrification. It is 
manifest, however, that this way of regarding an electrified body 
is entirely artificial, and may be compared to the conception of the 
velocity of a body as compounded of two or more different velo- 
cities, no one of which is the actual velocity of the body. When 
we speak therefore of a body being charged with a quantity e of 
electricity we mean simply that the body is electrified, and that 
the electrification is vitreous or resinous according as ^ is positive 
or negative. 
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ON ELECTRIC DENSITY. 

Distribution in Three Dimension9, 

64.] Definition. The electric volume-density at a given point 
in space is the limiting ratio of the quantity of electricity within 
a sphere whose centre is the given point to the volume of the 
sphere, when its radius is diminished without limit. 

We shall denote this ratio by the symbol p, which may be posi- 
tive or negative. 

Distribution on a Surface. 

It is a result alike of theory and of experiment, that, in certain 
cases, the electrification of a body is entirely on the surface. The 
density at a point on the surface, if defined according to the method 
given above, would be infinite. We therefore adopt a different 
method for the measurement of surface-density. 

Definition. The electric density at a given point on a sur£EU^ is 
the limiting ratio of the quantity of electricity within a sphere 
whose centre is the given point to the area of the surface contained 
within the sphere^ when its radius is diminished without limit. 

We shall denote the surface-density by the symbol a-. 

Those writers who supposed electricity to be a material fluid 
or a collection of particles, were obliged in this case to suppose 
the electricity distributed on the surface in the form of a stratum 
of a certain thickness 0, its density being p^, or that value of p 
which would result from the particles having the closest contact 
of which they are capable. It is manifest that on this theory 

PqO = a. 

When cr is negative^ according to this theory, a certain stratum 
of thickness is leilb entirely devoid of positive electricity, and 
filled entirely with negative electricity. 

There is, however, no experimental evidence either of the elec- 
tric stratum having any thickness, or of electricity being a fluid 
or a collection of particles. We therefore prefer to do without the 
sjnmbol for the thickness of the stratum, and to use a special symbol 
for surface-density. 

Distribution along a Line, 

It is sometimes convenient to suppose electricity distributed 
on a line^ that is, a long narrow body of which we neglect the 

If 2 
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thickness. In this case we may define the line-density at any point 
to be the limiting ratio of the electricity on an element of the 
line to the length of that element when the element is diminished 
without limit. 

If \ denotes the line-density, then the whole quantity of elec- 
tricity on a curve is e = / \ <fe, where da is the element of the curve. 

Similariy, if cr is the sur&ce-density, the whole quantity of elec- 
tricity on the surface is 

e=ff<rdS, 

where dS is the element of surface. 

If p is the volume-density at any point of space, then the whole 
electricity within a certain volume is 

€ = 111 pdxdydzy 

where dx dy dz is the element of volume. The limits of integration 
in each case are those of the curve, the surface, or the portion of 
space considered. 

It is manifest that ^, X, <r and p are quantities difiering in kind, 
each being one dimension in space lower than the preceding, so that 
if a be a line, the quantities e, aX, a^cr, and a^p will be all of the 
same kind, and if a be the unit of length, and X, cr, p each the 
unit of the difierent kinds of density, a A, a^o-, and a^p will each 
denote one unit of electricity. 

Definition of the Unit of Electricity, 

65.] Let A and B be two points the distance between which 
is the unit of length. Let two bodies, whose dimensions are small 
compared with the distance AB, be charged with equal quantities 
of positive electricity and placed at A and B respectively, and 
let the charges be such that the force with which they repel each 
other is the unit of force, measured as in Art. 6. Then the chai^ 
of either body is said to be the unit of electricity. If the charge of 
the body at B were a unit of negative electricity, then, since the 
action between the bodies would be reversed, we should have an 
attraction equal to the unit of force. 

If the charge of A were also negative, and equal to unity, the 
force woulrl be repulsive, and equal to unity. 

Since the action between any two portions of electricity is not 
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a£Fected by the presence of other portions, the repulsion between 
e units of electricity at A and / units at J9 is e^, the distance 
AJB being unity. See Art. 39. 

Zaia of Force between Electrified Bodies, 

66.] Coulomb shewed by experiment that the force between 
electrified bodies whose dimensions are small compared with the 
distance between them, varies inversely as the square of the dis- 
tance. Hence the actual repulsion between two such bodies charged 

with quantities e and / and placed at a distance r is 

ee^ 

We shall prove in Art. 74 that this law is the only one con- 
sistent with the observed fact that a conductor, placed in the inside 
of a closed hollow conductor and in contact with it, is deprived of 
all electrical charge. Our conviction of the accuracy of the law 
of the inverse square of the distance may be considered to rest 
on experiments of this kind, rather than on the direct measure- 
ments of Coulomb. 

Restdtant Force between Two Bodies, 

67.] In order to find the resultant force between two bodies 
we might divide each of them into its elements of volume^ and 
consider the repulsion between the electricity in each of the elements 
of the first body and the electricity in each of the elements of the 
second body. We should thus get a system of forces equal in 
number to the product of the numbers of the elements into which 
we have divided each body^ and we should have to combine the 
effects of these forces by the rules of Statics. Thus, to find the 
component in the direction of x we should have to find the value 
of the sextuple integral 

pp'ix-^aT) dx dy dz dx' dif dsf 
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where ^, y, z are the coordinates of a point in the first body at 
which the electrical density is p, and afy i/y /, and p are the 
corresponding quantities for the second body^ and the integration 
is extended first over the one body and then over the other. 

Resultant Force at a Point. 

68.] In order to simplify the mathematical process, it is con- 
venient to consider the action of an electrified body, not on another 
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body of any form, but on an indefinitely small body, charged with 
an indefinitely small amonnt of electricity, and placed at any point 
of the space to which the electrical action extends. By making 
the charge of this body indefinitely small we render insensible its 
disturbing action on the charge of the first body. 

Let e be the charge of this body, and let the force acting on 
it when placed at the point (or, jr, z)he Re^ and let the direction- 
cosines of the force be I, m, n, then we may call S the resultant 
force at the point (a?, y, z). 

In speaking of the resultant electrical force at a point, we do not 
necessarily imply that any force is actually exerted there^ but only 
that if an electrified body were placed there it would be acted on 
by a force Se, where e is the charge of the body. 

Befiniiion, The Resultant electrical force at any point is the 
force which would be exerted on a small body charged with the unit 
of positive electricity, if it were placed there without disturbing the 
actual distribution of electricity. 

This force not only tends to move an electrified body, but to 
move the electricity within the body, so that the positive electricity 
tends to move in the direction of R and the negative electricity 
in the opposite direction. Hence the force R is also called the 
Electromotive Force at the point {x, y, z). 

When we wish to express the fact that the resultant force is a 
vector, we shall denote it by the German letter @. If the body 
is a dielectric, then, according to the theory adopted in this 
treatise, the electricity is displaced within it, so that the quantity 
of electricity which is forced in the direction of @ across unit 
of area fixed perpendicular to @ is 

477 

where D is the displacement, @ the resultant force, and K the 
specific inductive capacity of the dielectric. For air, JT = 1. 

If the body is a conductor, the state of constraint is continually 
giving way, so that a current of conduction is produced and main- 
tained as long as the force @ acts on the medium. 

Components of the Resultant Force, 

If X, Yy Z denote the components of R, then 

X=:Rl, r=Rm, Z=Rn; 
where l,ni,n are the direction -cosines of R. 
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Line-Integral of Electric Farce, or Electromotive Force along 

an Arc of a Curve, 

69.] The Electromotive force along a given arc AP of a curve is 
numerically measured by tbe work which would be done on a imit 
of positive electricity carried along the curve from the beginning, 
A^ to P, the end of the arc. 

If * is the length of the arc, measured from A, and if the re- 
sultant force R at any point of the curve makes an angle e with 
the tangent drawn in the positive direction^ then the work done 
on unit of electricity in moving along the element of the curve 
* will be Rcos€ds, 

and the total electromotive force Fwill be 

F= / It COB €ds, 
Jq 

the integpration being extended from the beginning to the end 
of the arc. 

If we make use of the components of the force S, we find 

Jo ^ as as as^ 

If X, ¥y and Z are such that Xdx'\-Ydy+Zdz is a complete 
differential of a function of x, y, z, then 

r= l^{Xdx-{-Tdy + Zdz) = J^-^; 

where the integration is performed in any way from the point A 
to the point P, whether along the given curve or along any other 
line between A and P. 

In this case F is a scalar function of the position of a point in 
space, that is, when we know the coordinates of the point, the value 
of F is determinate, and this value is independent of the position 
and direction of the axes of reference. See Art. 16. 

On Functions of the Position of a Point, 

In what follows, when we describe a quantity as a function of 
the position of a point, we mean that for every position of the point 
the function has a determinate value. We do not imply that this 
value can always be expressed by the same formula for all points of 
space, for it may be expressed by one formula on one side of a 
given surface and by another formula on the other side. 
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On Potential Functions. 

70.] The quantity Xdx+Td^ + Zdz is an exact differential 
whenever the force arises from attractions or repulsions whose in- 
tensity is a function of the distance only from any number of 
points. For if r^ be the distance of one of the points from the point 
{w, y, z\ and if R^ be the repulsion, then 

with similar expressions for Y^ and Z^y so that 

X^dx-\-Yidy-\-Z^dz :=z R^dr^\ 

and since jS| is a function of r^ only, R^ dr^ is an exact differential 
of some function of r^, say Fj. 

Similarly for any other force R^^ acting from a centre at dis- 
tance Tg, 

X^dx^-Y^dy^Z^dz = R^dr^ = dV^. 

But X = Xj +^ + &c. and Y and Z are compounded in the same 
way, therefore 

Xdx+Ydy-\-Zdz = rfFi4-rfr,-f-&c. = dV. 

V, the integral of this quantity, under the condition that F= 
at an infinite distance, is called the Potential Function. 

The use of this function in the theory of attractions was intro- 
duced by Laplace in the calculation of the attraction of the earth. 
Green, in his essay ' On the Application of Mathematical Analysis 
to Electricity,' gave it the name of the Potential Function. Grauss, 
working independently of Green, also used the word Potential. 
Clausius and others have applied the term Potential to the work 
which would be done if two bodies or systems were removed to 
an infinite distance from one another. We shall follow the use of 
the word in recent English works, and avoid ambiguity by adopting 
the following definition due to Sir W. Thomson. 

Definition of Potential, The Potential at a Point is the work 
which would be done on a unit of positive electricity by the elec- 
tric forces if it were placed at that point without disturbing the 
electric distribution, and carried from that point to an infinite 
distance. 

71.] Expressions for the Resultant Force and its components in 
terms of the Potential. 

Since the total electromotive force along any arc AB is 
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if we put d9 for the arc AB we shall have for the force resolved 
in the direction of dty 

Ecos€ = — J-; 

whence, by assuming ds parallel to each of the axes in succession^ 

weget j^__dr Y__^ Z--^ — - 

"" rfa? ^ dy " dz* 



"-€ 






2 



dV 
''" dz 



2 



)*• 



We shall denote the force itself^ whose magnitude is R and whose 
components are X, Yy Z^ by the German letter @, as in Arts. 17 
and 68. 

The Potential at all Points within a Conductor is the same, 

72.] A conductor is a body which allows the electricity within 
it to move from one part of the body to any other when acted on 
by electromotive force. When the electricity is in equilibrium 
there can be no electromotive force acting within the conductor. 
Hence i2 = throughout the whole space occupied by the con- 
ductor. From this it follows that 

— = — -0 — = 0- 
dx" ^ ^ "" ' dz" ^ 

and therefore for every point of the conductor 

r=c, 

where C is a constant quantity. 

Potential of a Conductor, 

Since the potential at all points within the substance of the 
conductor is (7, the quantity C is called the Potential of the con- 
ductor. C may be defined as the work which must be done by 
external agency in order to bring a unit of electricity from an 
infinite distance to the conductor^ the distribution of electricity 
being supposed not to be disturbed by the presence of the unit. 

If two conductors have equal potentials, and are connected by 
a wire so fine that the electricity on the wire itself may be neg- 
lected, the total electromotive force along the wire will be zero, 
and no electricity will pass from the one conductor to the other. 

If the potentials of the conductors A and ^ be F^ and VB^ then 
the electromotive force along any wire joining A and B will be 
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in the direction AB, that is, positive electricity will tend to pass 
from the conductor of higher potential to the other. 

Potential, in electrical science^ has the same relation to Elec- 
tricity that Pressure, in Hydrostatics, has to Fluid, or that Tem- 
perature, in Thermodynamics, has to Heat. Electricity, Floids, 
and Heat all tend to pass from one place to another, if the Poten- 
tial, Pressure, or Temperature is greater in the first place than in 
the second. A fluid is certainly a substance, heat is as certainly 
not a substance, so that though we may find assistance from ana- 
logies of this kind in forming clear ideas of formal electrical rela- 
tions, we must be careful not to let the one or the other analogy 
suggest to us that electricity is either a substance like water, or 
a state of agitation like heat. 

Potential due to any Electrical System. 

78.] Let there be a single electrified point charged with a quantity 
e of electricity, and let r be the distance of the point 4^,5^, / from it, 

then r= r Hdr =p-^dr = -• 

Let there be any number of electrified points whose coordinates 
are (^ii^i, ^i)> (^2»y2>'^2)> ^* *^^ their charges Ci, 62, Sic.y and 
let their distances from the point (a^jy', /) be r^, rj, &c., then the 
potential of the system at x\ y', / will be 

Let the electric density at any point (a?, y, 2) within an elec- 
i trifled body be p, then the potential due to the body is 
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- dxdydz; 



where r= {{x-xy + (y-/)^ + (-^ -/)*}*, 

the integration being extended throughout the body. 

On the Proof of the Law of the Inverse Square. 

74.] The fact that the force between electrifled bodies is inversely 
as the square of the distance may be considered to be established 
by direct experiments with the torsion-balance. The results, how- 
ever, which we derive from such experiments must be regarded 
as affected by an error depending on the probable error of each 
experiment, and unless the skill of the operator be very great. 
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the probable error of an experiment with the torsion-balance is 
considerable. As an argument that the attraction is really^ and 
not merely as a rough approximation^ inversely as the square of the 
distance, Experiment VII (p. 34) is far more conclusive than any 
measurements of electrical forces can be. 

In that experiment a conductor By charged in any manner, was 
enclosed in a hollow conducting vessel 0, which completely sur- 
rounded it. C was also electrified in any manner. 

B was then placed in electric communication with C, and was then ' 
again insulated and removed from C without touching it^ and ex- 
amined by means of an electroscope. In this way it was shewn 
that a conductor, if made to touch the inside of a conducting vessel 
which completely encloses it, becomes completely discharged, so 
that no trace of electrification can be^ discovered by the most 
delicate electrometer, however strongly the conductor or the vessel 
has been previously electrified. 

The methods of detecting the electrification of a body are so 
delicate that a millionth part of the original electrification of B 
could be observed if it existed. No experiments involving the direct 
measurement of forces can be brought to such a degree of accuracy. 

It follows from this experiment that a non-electrified body in the 
inside of a hollow conductor is at the same potential as the hollow 
conductor, in whatever way that conductor is charged. For if it 
were not at the same potential, then, if it were put in electric 
connexion with the vessel, either by touching it or by means of 
a wire, electricity would pass from the one body to the other, and 
the conductor, when removed from the vessel, would be found to be 
electrified positively or negatively, which, as we have already stated, / 
is not the case. 

Hence the whole space inside a hollow conductor is at the same 
potential as the conductor if no electrified body is placed within it. 
If the law of the inverse square is true, this will be the case what- 
ever be the form of the hollow conductor. Our object at present, 
however, is to ascertain from this fact the form of the law of 
attraction. 

For this purpose let us suppose the hollow conductor to be a thin 
spherical shell. Since everything is symmetrical about its centre, 
the shell will be uniformly electrified at every point, and we have 
to enquire what must be the law of attraction of a uniform spherical 
shell, so as to fulfil the condition that the potential at every point 
within it shall be the same. 
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• 

Let the force at a distance r from a point at which a quantity e 
of electricity is concentrated be iZ, where R is some function of r. 
All central forces which are functions of the distance admit of a 

potential^ let us write *^-^ for the potential function due to a unit 

T 

of electricity at a distance r. 

Let the radius of the spherical shell be a, and let the surfiace- 
density be o-. Let P be any point within the shell at .a distance 
p from the centre. Take the radius through P as the axis of 
spherical coordinates, and let r be the distance from P to an element 
dS of the shell. Then the potential at P is 

r= T' \'a ^-^ a? sin & dO d^. 

Jo Jq ^ 

Now r* = a* — 2apcosd+jt>*, 

rdr = op sin dO. 

a f^'^P 
Hence r=2iro- — / /{r)dr; 

and F must be constant for all values of j9 less than a. 

Multiplying both sides by j9 and differentiating with respect to^^ 

r= 27r(ra{/(a-f Jo)+/(a-i?)}. 
Differentiating again with respect toj», 

=r{a+p)-f{a-p). 

Since a and jd are independent, 

f (r) = C> a constant. 
Hence /(r) = Cr+ C", 

and the potential Ainction is 

r r 

The force at distance r is got by differentiating this expression 
with respect to r, and changing the sign, so that 

or the force is inversely as the square of the distance, and this 
therefore is the only law of force which satisfies the condition that 
the potential within a uniform spherical shell is constant*. Now 

♦ See Pratt's MechaniccU Philosophy, p. 144. 
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this condition is shewn to be fulfilled by the electric forces with 
the most perfect accuracy. Hence the law of electric force is 
verified to a corresponding degree of accuracy. 

Sufface^Iniegral of Electric Induction^ and Electric Displacement 

through a Surface. 

75.] Let R be the resultant force at any point of the surface, 
and € the angle which R makes with the normal drawn towards the 
positive side of the surface, then R cos € is the component of the 
force normal to the sur&ce, and if d8 is the element of the surface, 
the electric displacement through dS will be, by Art. 68, 

■— KR cos € dS. 

Since we do not at present consider any dielectric except air, K=^ 1 . 
We may, however, avoid introducing at this stage the theory of 
electric displacement, by calling R cos e dS the Induction through 
the element dS. This quantity is well known in mathematical 
physics, but the name of induction is borrowed from Faraday. 
The surface-integral of induction is 



//■ 



R cos 6 dSy 

and it appears by Art. 21, that if X, Z, Z are the components of R, 
and if these quantities are continuous within a region bounded by a 
closed surfisu^ 8, the induction reckoned from within outwards is 

the integ^tion being extended through the whole space within the 
surface. 

Induction through a Finite Closed Surface due to a Single Centre 

of Force, 

76.] Let a quantity e of electricity be supposed to be placed at a 
point 0, and let r be the distance of any point P from 0, the force 

at that point is iZ = -3- in the direction OP, 

r^ 

Let a line be drawn from in any direction to an infinite 

distance. If is without the closed surface this line will either 

not cut the surface at all, or it will issue from the surface as many 

times as it enters. If is within the surface the line must first 
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issue from the sur&ce, and then it may enter and issue any number 
of times alternately, ending by issuing from it. 

Let ( be the angle between OP and the normal to the surface 
drawn outwards where OP cuts it, then where the line issues from 
the surface cos e will be positive, and where it enters cos ( will 
be negative. 

Now let a sphere be described with centre and radius unity, 
and let the line OP describe a conical surface of small ang^ular 
aperture about as vertex. 

This cone will cut off a small element ^u from the surface of the 
sphere, and small elements d&^y dS^y &c. from the closed surface at 
the various places where the line OP intersects it. 

Then, since any one of these elements dS intersects the cone at a 
distance r from the vertex and at an obliquity e, 

^^9 = r^ sec € Jiu ; 

and, since R = ^"2, we shall have 

BcoB^dS = ±ed(0; 

the positive sign being taken when r issues from the surface, and 
the negative where it enters it. 

If the point is without the closed surface, the positive values 
are equal in number to the negative ones, so that for any direction 

of^ llicos€dS=0, 

and therefore / / 72 cos c rf5 = 0, 

the integration being extended over the whole closed sur&ce. 

If the point is within the closed surface the radius vector OP 
first issues from the closed surface, giving a positive value of e day, 
and then has an equal number of entrances and issues, so that in 
^^^^ case 2 H cos € dS = e dcj. 

Extending the integration over the whole closed surface, we shall 
include the whole of the spherical surface, the area of which is 4 w, 
so that 

R cos € dS = e j doi = 4 tt <?. 

Hence we conclude that the total induction outwards through a 
closed surface due to a centre of force e placed at a point is 
zero when is without the surfiace, and 4 ire when is within 
the surface. 

Since in air the displacement is equal to the induction divided 
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by ^TTy the displacement through a closed surface, reckoned out- 
wards, is equal to the electricity within the surface. 

Corollary. It also follows that if the surface is not closed but 
is bounded by a given closed curve, the total induction through 
it is u^, where a> is the solid angle subtended by the closed curve 
at 0. This quantity, therefore, depends only on the closed curve, 
and not on the form of the surface of which it is the boundary. 

On the Equations of Laplace and PoUaon, 

77.] Since the value of the total induction of a single centre 
of force through a closed surface depends only on whether the 
centre is within the surface or not, and does not depend on its 
position in any other way, if there are a number of such centres 
0^, ^, &c. within the surface, and e^^ e^y &c. without the surface, 
we shall have 



// 



R cos €dS = 4ir^; 

where e denotes the algebraical sum of the quantities of elec- 
tricity at all the centres of force within the closed surface, that is, 
the total electricity within the surface, resinous electricity being 
reckoned negative. 

If the electricity is so distributed within the sur&ce that the 
density is nowhere infinite, we shall have by Art. 64, 

4irtf = ^TT j I pdxdydz, 
and by Artr 75, 

If we take as the closed surface that of the element of volume 
dx dy dz, we shall have, by equating these expressions, 

dX dY dZ , 
^ + ^ + 57="'''' 

and if a potential F^ exists, we find by Art. 71, 

d^r d^r d^r 

This equation, in the case in wMch the density is zero, is called 
Laplace's Equation. In its more general form it was first given by 
Poisson. It enables us, when we know the potential at every point, 
to determine the distribution of electricity. 
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We shall denote, as at Art. 26, the quantity 

d*r d*r d'F. 

and we may express Poisson's equation in words by saying that 
the electric density multiplied by 4?r is the concentration of the 
potential. Where there is no electrification, the potential has no 
concentration, and this is the interpretation of Laplace's equation. 

If we suppose that in the superficial and linear distributions of 
electricity the volume-densiiy p remains finite, and that the elec- 
tricity exists in the form of a thin stratum or narrow fibre^ then, 
by increasing p and diminishing the depth of the stratum or the 
section of the fibre, we may approach the limit of true superficial 
or linear distribution, and the equation being true throughout the 
process will remain true at the limit, if interpreted in accordance 
with the actual circumstances. 



On the Conditions to be fulfilled at an Electrified Surface. 

78.] We shall consider the electrified surface as the limit to 
which an electrified stratum of density p and thickness v approaches 
when p is increased and v diminished without limit, the product pv 
being always finite and equal to o- the surface-density. 

Let the stratum be that included between the surfaces 

F{x,y,z)^F^a (1) 

and i'= a + h. (2) 



If we put R^ = 



dF 



dx 



2 -7^2 ^ 



dF 
dy 



^ dz 



2 



(3) 



and if /, m^ n are the direction-cosines of the normal to the surface, 

Kl=^^-j Rm =. -5-> Rn = , • W 

(IX ay dz 

Now let Vy^ be the value of the potential on the negative side 
of the surface F — a^ V its value between the surfaces F ^ a and 
F =^ a-\-h, and F^ its value on the positive side of J^ = a^-h. 

Also, let pi , p\ and pg be the values of the density in these three 
portions of space. Then, since the density is everywhere finite, 
the second derivatives of V are everywhere finite, and the first 
derivatives, and also the function itself, ai'e everywhere continuous 
and finite. 

At any point of the surface ^ = a let a normal be drawn of 
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length V, till it meets the sar&ce ^ = a-^A, then the value of F at 
the extremity of the nonnal is 

.,dF dP dF. ^ 
a^v{l^^m^+n^) + kc., (6) 

or a + ^ = a+ri2 + &c. (6) 

The value of V at the same point is 

_ _ ..dr dr dF\ . 

^ ^ i dr ^ 

or r,-r, = ^^+&c. (8) 

Since the first derivatives of F continue always finite, the second 
side of the equation vanishes when A is diminished without limit, 
and therefore if ^ and Fi denote the values of F on the outside 
and inside of an electrified surface at the point x,y^ z, 

r, = rj. • (9) 

If x-\-dXf y-^-dy, z-^dz be the coordinates of another point on 
the electrified surface, F=ia and Fi=i F^ at this point also ; whence 

dF dF dF 

^=^*'+^''^+&-'^+^-' ^^^^ 

„ rdV. dF,^ , fd7. dVy. ^ ,dV. dF,^ j ^ , . 
and when dx, dy, dz vanish, we find the conditions 



dx dx ' 

dy dy ' 



(12) 



dF 



dz dz 
where C is a quantity to be determined. 

Next, let us consider the variation of F and ^ along the 

ordinate parallel to x between the surfaces F^ a and F=: a+A, 

«r , dF d^F 

We have ^=: ^h- ^dlr+i j^(rf;r)2 + &c., (13) 

, dF dFi d^r . I^'^',^x2.n , , 

Hence, at the second snrfiEice, where F=:a+A, and Fbeoomes F^, 

dF^ dF^ ^d^F' . .,.. 

70L. I. G 
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whence -^2" dx-\-8cc. =:Cl, (16) 

by the first of equations (12). 

Multiplying by Rl, and remembering that at the second surfisu^e 

Rldx=zh (17) 

we find ^hz^CRl^. (18) 



Simikrly ^,^CRn.^, 

ay 



(19) 



and "rfT"^ = CRn*. (20) 

Adding (__ + __ + __)A=CiZ; (21) 

, , rf«r' rf«r' d^v , , , . o 

''"* -^-+-^+-^=-*''' »°^*=''^5 (22) 

hence C = — 47rp'i; =— 4ir<r, (23) 

where o- is the surface-density; or^ multiplying the equations 
(12) by /, m^ n respectively, and adding, 

,rdr^ dF.^ rdV^ dF.^ .dF^ dF,. ^ , , 

This equation is called the characteristic equation of F" at a surface. 
This equation may also be written 

where Vj, Vg are the normals to the surface drawn towards the 
first and the second medium respectively, and F^, F^ the potentials 
at points on these normals. We may also write it 

iZ2COS62 + ^cos€i4-4 7ro- = 0; (26) 

where jB^, R2 are the resultant forces, and f^, fj *^® angles which 
they make with the normals drawn from the surface on either 
side. 

79.] Let us next determine the total mechanical force acting on 
an element of the electrified surface. 

The general expression for the force parallel to a; on an element 
whose volume is dx dy dz^ and volume-density p, is 

dF 
dX ^ -- -j-pdxdydz. (27) 
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In the present case we have for any point on the normal v 

dV dK d^r, ^ 
di^W-^'V-'^-' (28) 

also, if the element of sur&ce is dS, that of the volume of the 
element of the stratum may be written dSdv ; and if X is the whole 
force on a stratum of thickness v, 

^ =///(§ +"5 +^-)p''^^''''- (29) 

Integrating with respect to v, we find 

dV. dV^ d^F' . 
or,8ince ^ = _^ +, ^^- +&c.; (31) 

When V is diminished and />' increased without limit, the product 

p^v remaining always constant and equal to a, the expression for 

the force in the direction of w on the electricity a dS on the element 

of surface dSiB ^ , ^ , /dF, rfFLv , ^ 

J = -arf5i(-^ + -^); (33) 

that is, the force acting on the electrified element ad Sin any given 
direction is the arithmetic mean of the forces acting on equal 
quantities of electricity placed one just inside the surface and the 
other just outside the surface close to the actual position of the 
element, and therefore the resultant mechanical force on the elec- 
trified element is equal to the resultant of the forces which would 
act on two portions of electricity, each equal to half that on the 
element, and placed one on each side of the surface and infinitely 
near to it. 

80.] When a conductor is in electrical equilibrium, tie whole of the 
electricity ie on the surface. 

We have already shewn that throughout the substance of the 
conductor the potential F is constant. Hence ^^F is zero, and 
therefore by Poisson's equation^ p is zero throughout the substance 
of the conductor, and there can be no electricity in the interior 
of the conductor. 

Hence a superficial distribution of electricity is the only possible 
one in the case of conductors in equilibrium. A distribution 
throughout the mass can only exist in equilibrium when the body 
is a non-conductor. 

G 2 
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Since the resultant force within a conductor is zero, the resultant 
force just outside the conductor is along the normal and is equal to 
47r<r, acting outwards from the conductor. 

81.] If we now suppose an elongated body to be electrified, we 
may, by diminishing its lateral dimensions, arrive at the conception 
of an electrified line. 

Let d9 be the length of a small portion of the elongated body, 
and let c be its circumference, and <r the superficial density of the 
electricity on its surface ; then, if X is the electricity per unit of 
length, A = c<r, and the resultant electrical force close to the 
surface will be , , X 

c 

If, while A remains finite, c be diminished indefinitely, the force 
at the surface will be increased indefinitely. Now in every di- 
electric there is a limit beyond which the force cannot be increased 
without a disruptive discharge. Hence a distribution of electricity 
in which a finite quantity is placed on a finite portion of a line 
is inconsistent with the conditions existing in nature. 

Even if an insulator could be found such that no discharge could 
be driven through it by an infinite force, it would be impossible 
to charge a linear conductor with a finite quantity of electricity, 
for an infinite electromotive force would be required to bring the 
electricity to the linear conductor. 

In the same way it may be shewn that a point charged with 
a finite quantity of electricity cannot exist in nature. It is con- 
venient, however, in certain cases, to speak of electrified lines and 
points, and we may suppose these represented by electrified wires, 
and by small bodies of which the dimensions are negligible com- 
pared with the principal distances concerned. 

Since the quantity of electricity on any given portion of a wire 
diminishes indefinitely when the diameter of the wire is indefinitely 
diminished, the distribution of electricity on bodies of considerable 
dimensions will not be sensibly afiected by the introduction of very 
fine metallic wires into the field, so as to form electrical connexions 
between these bodies and the earth, an electrical machine, or an 
electrometer. 

On Lines of Force, 

82.] If a line be drawn whose direction at every point of its 
course coincides with that of the resultant force at that point, the 
line is called a Line of Force. 
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If lines of force be drawn from every point of a line they will 
form a jsur&ce such that the force at any point is parallel to the 
tangent plane at that point. The surface-integral of the force with 
respect to this surface or any part of it will therefore be zero. 

If lines of force are drawn from every point of a closed curve Li 
they will form a tubular surface Sq. Let the surface S^ bounded 
by the closed curve Z^^ be a section of this tube^ and let ^2 ^® ^^J 
other section of the tube. Let Qq, Q^, Q^ be the surface-integrals 
over Sq, 5j, 82, then, since the three surfaces completely enclose a 
space in which there is no attracting matter, we have 

But Qq = 0, therefore ^2= — Qi> ^^ the surface-integral over 
the second section is equal and opposite to that over the first : but 
since the directions of the normal are opposite in the two cases, we 
may say that the surface-integrals of the two sections are equal, the 
direction of the line of force being supposed positive in both. 

Such a tube is called a Solenoid'^, and such a distribution of 
force is called a Solenoidal distribution. The velocities of an in- 
compressible fluid are distributed in this manner. 

If we suppose any surface divided into elementary portions such 
that the surface-integral of each element is unity, and if solenoids 
are drawn through the field of force having these elements for their 
bases, then the sur&ce-integral for any t)ther surface will be re- 
presented by the number of solenoids which it cuts. It is in this 
sense that Faraday uses his conception of lines of force to indicate 
not only the direction but the amount of the force at any place in 
the field. 

We have used the phrase Lines of Force because it has been used 
by Faraday and others. In strictness, however, these lines should 
be called Lines of Electric Induction. 

In the ordinary cases the lines of induction indicate the direction 
and magnitude of the resultant electromotive force at every point, 
because the force and the induction are in the same direction and 
in a constant ratio. There are other cases, however, in which it 
is important to remember that these lines indicate the induction, 
and that the force is indicated by the equipotential sur&ces, being 
normal to these surfaces and inversely proportional to the distances 
of consecutive surfaces. 

* From awX'fii', a tube. Faraday uses (8271) the term ' Sphondyloid* in the same 
sense. 
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On Specific Inductive Capacity. 

83.] In the preceding investigation of surface-int^^rals I have 
adopted the ordinary conception of direct action at a distance, 
and have not taken into consideration any effects depending on the 
nature of the dielectric medium in which the forces are observed. 

But Faraday has observed that the quantity of electricity 
induced by a given electromotive force on the surface of a conductor 
which bounds a dielectric is not the same for all dielectrics. The 
induced electricity is greater for most solid and liquid dielectrics 
than for air and gases. Hence these bodies are said to have a 
greater specific inductive capacity than air, which is the standard 
medium. 

We may express the theory of Faraday in mathematical lang^uage 
by saying that in a dielectric medium the induction across any 
surface is the product of the normal electric force into the coefficient 
of specific inductive capacity of that medium. If we denote this 
coefficient by K, then in every part of the investigation of sur- 
&ce-integrals we must multiply X, ¥, and Z by Z, so that the 
equation of Poisson will become 

d ^dV d ^dV d ^dV ^ 
dx dx dy dy dz dz 

At the surface of separation of two media whose inductive capa- 
cities are K^ and K^^ and in which the potentials are V^ and F^, 
the characteristic equation may be written 

dv^ 6?r, 

where v is the normal drawn from the first medium to the second, 
and o- is the true surface-density on the surface of separation ; 
that is to say, the quantity of electricity which is actually on the 
surface in the form of a charge, and which can be altered only by 
conveying electricity to or from the spot. This true electrification 
must be distinguished from the apparent electrification <r', which is 
the electrification as deduced from the electrical forces in the neigh- 
bourhood of the surface, using the ordinary characteristic equation 

dV^ dr. 

-y^ - y^ -f 4710-'= 0. 

av (Iv 

If a solid dielectric of any form is a perfect insulator, and if 
its surface receives no charge, then the true electrification remains 
zero, whatever be the electrical forces acting on it. 
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Hence -7- = "i^ t-^i and zr -j- 4-47r<r'= 0, 

dv K2 dv K^ dv 

dF\_4TTa^ dV^ 47raZi 

dv Ki — iTg dv Ki — K2 

The sur&ce-density a is that of the apparent electrification 
produced at the surface of the solid dielectric by induction. It 
disappears entirely when the inducing force is removed, but if 
during the action of the inducing force the apparent electrification 
of the sur&ce is discharged by passing a flame over the ' sur£Eice, 
then, when the inducing force is taken away^ there will appear an 
electrification opposite to <r' "'*'. 

In a heterogeneous dielectric in which K varies continuously, if 
/>' be the apparent volume-density, 

d^F d^r d^r ^ , ^ 

d^^-^W'^'d^'^ '^ 
Comparing this with the equation above, we find 

4 f-Z'^ ^^ ^— ^^-0 
. ^ dx dx dy dy dz dz " ' 

The true electrification, indicated by p, in the dielectric whose 
variable inductive capacity is denoted by JT, will produce the same 
potential at every point as the apparent electrification, indicated by 
p\ would produce in a dielectric whose inductive capacity is every- 
where equal to unity. 

* See Faraday's 'Remarks on Static Induction,' Proceedings of the Roycd In- 
MuUon, Feb. 12, 1858. 
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SYSTEMS OP CONDUCTORS. 

On the Superposition of Electrical Systems. 

84.] Let B^ be a given electrified system of which the potential 
at a point P is Fi, and let E^ be another electrified system of which 
the potential at the same point would be Y^ if E^ did not exist. 
Then, if E^ and E^ exist together, the potential of the combined 
system will be ^1+^2- 

Hence, if F be the potential of an electrified system E^ if the 
electrification of every part of -S^ be increased in the ratio of » to 1, 
the potential of the new system uE will be » Fi 

Energy of afi Electrified System, 

85.] Let the system be divided into parts, A^, A^y &c. so small 
that the potential in each part may be considered constant through- 
out its extent. Let e^^ e^, &c. be the quantities of electricity in 
each of these parts, and let F^, Fg, &c. be their potentials. 

If now e^ is altered to ne^, e^to ne2i &c., then the potentials will 
become nV^^nV^y &c. 

Let us consider the efiect of changing n into n + ^ in all these 
expressions. It will be equivalent to charging Ai with a quantity 
of electricity e^ dn, A^ with e^dyi, &c. These charges must be sup- 
posed to be brought from a distance at which the electrical action 
of the system is insensible. The work done in bringing e^ dn of 
electricity to A^^, whose potential before the charge is nF^, and after 
the charge {n-\-dn) F^, must lie between 

n F^ e^ dn and {n + dn) F^ e^ dn. 
In the limit we may neglect the square of dn, and write the 
expression F^e^ndn. 
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Similarly the work required to increase the charge of A^ is 
F^e^ndn, so that the whole work done in increasing the charge 

of the system is 

{^1^1 + ^262'^- Sec.) ndn. 

If we suppose this process repeated an indefinitely great number 
of times, each charge being indefinitely small^ till the total efiect 
becomes sensible, the work done will be 

where ^{Fe) means the sum of all the products of the potential of 
each element into the quantity of electricity in that element when 
» = 1, and Uq is the initial and n^ the final value of n. 

If we make «o = ^ *^^ ^1 = ^i ^® ^^ ^^' ^^® work required to 
charge an unelectrified system so that the electricity is e and the 
potential F in each element^ 

Q = kl{Fe). 

General Theory of a System of Conductors, 

86.] Let A^y A^y ... A^ be any number of conductors of any 
form. Let the charge or total quantity of electricity on each of 
these be E^y E^, ... E^, and let their potentials be Tj, F^^ ... T^ 
respectively. 

Let us suppose the conductors to be all insulated and originally 
free of charge, and at potential zero. 

Now let A^ be charged with unit of electricity, the other bodies 
being without charge. The effect of this charge on A^ will be to 
raise the potential of A^ to j^u, that of A^ to p^, and that of A^ to 
jOi„, where jo^, &c. are quantities depending on the form and rela- 
tive position of the conductors. The quantity jo^ may be called the 
Potential Coefficient of A^ on itself, and p^ may be called the Po- 
tential Coefficient of J^ on ^, and so on. 

If the charge upon Ay^ is now made Ey^y then, by the principle of 
superposition, we shall have 

Now let Ai be discharged, and A^ charged with unit of electricity, 
and let the potentials of ^j, A^y ... ^^ be p^^p^y "Pzm t^en the 
potentials due to ^2 ^^ -^ ^^ ^ 

Similarly let us denote the potential of A, due to a unit charge 
on Ar by jt?„, and let us call j9„ the Potential Coefficient of A^ on J„ 
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then we shall hare the foUowing equations detennining the po- 
tentials in tenns of the charges : 



^=A.A- •+/>f^r ..+/>*^.> 0) 



We hare here « linear equations containing «' coefficients of 
potential 

87.] By solving these equations for E^, E^, &c. we should obtain 
n equations of the form 



^r = ir\^\ '-^inK ' -^imKj (2) 

The coefficients in these equations may be obtained directly from 
those in the former equations. They may be called Coefficients of 
Induction. 

Of these ^^ is numerically equal to the quantity of electricity 
on Ai when A^ is at potential unity and all the other bodies are 
at potential zero. This is called the Capacity of Ay^. It depends 
on the form and position of all the conductors in the system. 

Of the rest y„ is the charge induced on A^ when A^ is main- 
tained at potential unity and all the other conductors at potential 
zero. This is called the Coefficient of Induction of A, on A^. 

The mathematical determination of the coefficients of potential 
and of capacity from the known forms and positions of the con- 
ductors is in general difficult. We shall afterwards prove that they 
have always determinate values, and we shall determine their values 
in certain special cases. For the present, however, we may suppose 
them to be determined by actual experiment. 

Dimensions of these Coefficients. 

Since the potential of an electrified point at a distance r is the 
charge of electricity divided by the distance, the ratio of a quantity 
of electricity to a potential may be represented by a line. Hence 
all the coefficients of capacity and induction {q) are of the nature of 
lines, and the coefficients of potential {p) are of the nature of the 
reciprocals of lines. 
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88.] Theobem I. The coefficients of A^ relative to A^ are equal to 
. those of A, relative to A^. 

If J;., the charge on A^, is increased by bH^, the work spent in 
bringing bE^ from an infinite distance to the conductor A^ whose 
potential is F^, is by the definition of potential in Art. 70, 

and this expresses the increment of the electric energy caused by 
this increment of charge. 

If the charges of the different conductors are increased hy bE^, 
&c., the increment of the electric energy of the system will be 

bQ=: F^bE^-^-kc + VrbEr+ke. 

If, therefore, the electric energy Q is expressed as a function 
of the charges E^, E^, &c., the potential of any conductor may be 
expressed as the partial differential coefficient of this Ainction with 
respect to the charge on that conductor^ or 

Since the potentials are linear functions of the charges^ the energy 
must be a quadratic Ainction of the charges. If we put 

CE^E^ 

for the term in the expansion of Q which involves the product 
E^E,, then, by differentiating with respect to -S^,, we find the term 
of the expansion of F, which involves E^ to be CE^, 

Differentiating with respect to E,, we find the term in the 
expansion of V^ which involves E^ to be CE,, 

Comparing these results with equations (1), Art. 86, we find 

or, interpreting the symbols a. and^?., ;— 

The potential of A^ due to a unit charge on A^ is equal to the 
potential of A^ due to a unit charge on A^. 

This reciprocal property of the electrical action of one conductor 
on another was established by Helmholtz and Sir W. Thomson. 

If we suppose the conductors A^ and A^ to be indefinitely small, 
we have the following reciprocal property of any two points : — 

The potential at any point ^,, due to unit of electricity placed 
at A^ in presence of any system of conductors, is a function of the 
positions of A^ and A^ in which the coordinates of A^ and of A^ 
enter in the same manner, so that the value of the function is 
unchanged if we exchange A^ and A^, 
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This (unctioii is known hy the name of Oreen's Function. 

The coefficients of induction q^, and q„ are also equal. This is 
easily seen from the process hy which these coefficients are obtaihed 
from the coefficients of potential. For, in the expression for q^^, 
p„ and j9^ enter in the same way as p„ and p„ do in the expression 
for q^f. Hence if all pairs of coefficients p„ and p^ are equal, the 
pairs q^^ and q„ are also equal. 

89.] Theorem II. Let a charge E^ be placed an A^^ and let aU 
the other conductors be at potential zero^ and let the charge 
induced on A^ be —n^ E^, then ifA^is discharged and ineulatedy 
and A^ brought to potential ^, the other conductors being at 
potential zero, then the potential of A^ will be +«r«T' 

For^ in the first case, if ^ is the potential of A^, we find by 

equations (2)^ 

E. = q^r,, and E.^q^V,. 

Hence E.^^E,, and »,. =-^'. 

In the second case, we have 

E, = = q^K-\-q,,r.. 

Hence jr=-irir=« ^. 

From this follows the important theorem^ due to Green : — 
If ^ charge unity^ placed on the conductor A^ in presence of 
conductors A^y A^, &c. at potential zero induces charges — n^, 
— «2J &<5. in these conductors, then, if A^ is discharged and in- 
sulated, and these conductors are maintained at potentiab F^, F^, 
&c., the potential of A^ will be 

n^V^-\-n^F^'\-iic. 
The quantities (n) are evidently numerical quantities, or ratios. 

The conductor Aq may be supposed reduced to a point, and 
A^y A^, &c. need not be insulated from each other, but may be 
different elementary portions of the surface of the same conductor. 
We shall see the application of this principle when we investigate 
Green's Functions. 

90.] Theorem III. The coefficients of potential are all positive^ 
but none of the coefficients p^^ is greater thanp^ or p^^. 

For let a charge unity be communicated to A^^ the other con- 
ductors being uncharged. A system of equipotential surfaces will 
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be fonned. Of these one will be the surface of A^^ and its potential 
will be jD^. If A^ is placed in a hollow excavated in ^^ so as to be 
completely enclosed by it, then the potential of A^ will also be jd^. 

If, however, A^ is outside of A^ its potential />„ will lie between 
p^ and zero. 

For consider the lines of force issuing from the charged con- 
ductor Ai^. The charge is measured by the excess of the number 
of lines which issue from it over those which terminate in it. 
Hence, if the conductor has no charge, the number of lines which 
enter the conductor must be equal to the number which issue from 
it. The lines which enter the conductor come from places of greater 
potential, and those which issue from it go to places of less poten- 
tial. Hence the potential of an uncharge conductor must be 
intermediate between the highest and lowest potentials in the field, 
and therefore the highest and lowest potentials cannot belong to 
any of the uncharged bodies. 

The highest potential must therefore be p„, that of the charged 
body A^y and the lowest must be that of space at an infinite dis- 
tance, which is zero, and all the other potentials such as p^^ must 
lie between/?,^ and zero. 

If A, completely surrounds A^^ then j!?„ =^Prf 

91.] Theorem IV, None of the coefficienU of induction are positive, 
and the sum of all those belonging to a single conductor is not 
numerically greater than the coefficient of capacity of that con- 
ductor, which is always positive. 

For let A^ be maintained at potential unity while all the other 
conductors are kept at potential zero, then the charge on A^ is ^^, 
and that on any other conductor A^ is q^^. 

The number of lines of force which issue from A^ is jt?,^. Of these 
some terminate in the other conductors, and some may proceed to 
infinity, but no lines of force can pass between any of the other 
conductors or from them to infinity, because they are all at potential 
zero. 

No line of force can issue from any of the other conductors such 
as A^, because no part of the field has a lower potential than A^, 
If A, is completely cut off from A^ by the closed surfisice of one 
of the conductors, then q^^ is zero. If A^ is not thus cut off, q^^ is a 
negative quantity. 

If one of the conductors A^ completely surrounds Ai^^ then all 
the lines of force from A^ fall on A^ and the conductors within \i, 
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and the som of the ooefficients of induction of these condactors with 
respect to A^ will be equal to q^ with its sign changed. But if 
J^ is not completely surrounded by a conductor the arithmetical 
sum of the coefficients of induction q^^, &c. will be less than q„. 

We have deduced these two theorems independently by means 
of electrical considerations. We may leave it to the mathematical 
student to determine whether one is a mathematical consequence 
of the other. 

Resultant Mechanical Farce an any Conductor in terms of the Charges. 

92.] Let d<^ be any mechanical displacement of the conductor^ 
and let 4> be the the component of the force tending to produce that 
displacement, then 4>d<^ is the work done by the force during 
the displacement. If this work is derived from the electrification 
of the system, then if Q is the electric energy of the system, 

4>«<^-|-6Q = 0, (3) 

Here Q = 4 {EJ^^^EJ^^+k^.) (5) 

If the bodies are insulated, the variation of Q must be such that 
E^^ E2, &c. remain constant. Substituting therefore for the values 
of the potentials, we have 

<2 = i2,2.(j;^.A.), (6) 

where the symbol of summation 2 includes all terms of the form 
within the brackets, and r and s may each have any values from 
I to «. From this we find 

as the expression for the component of the force which produces 
variation of the generalized coordinate (f>. 

Resultant Mechanical Force in terms of the Potentials, 
98.] The expression for * in terms of the charges is 

*=-i2,2.(44^). (8) 

where in the summation r and s have each every value in suc- 
cession from 1 to n. 

Now E^ = 2j(^5'^) where t may have any value from 1 to «, 
BO that 
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<I.=-i2,S.2.(^.^j„^). (9) 

Now the coefficients of potential are connected with those of 
induction hy n equations of the form 

MParqar)=h (10) 

and i n (»— I) of the form 

^r{Pargbr) = 0. (11) 

Differentiating with respect to <^ we get i»(« + l) equations of 
the form v r« ^?^Us r^ ^-^ ^ o f,o^ 

where a and b may be the same or different. 
Hence^ putting a and b equal to r and s, 

* = i2,2.S.(^.^A.^)' (13) 

but S, (JS^Prt) = ^, so that we may write 

'^-^^rMKK^y (14) 

where r and t may have each every value in succession from 1 
to n. This expression gives the resultant force in terms of the 
potentials. 

K each conductor is connected with a battery or other con- 
trivance by which its potential is maintained constant during the 
displacement, then this expression is simply 

under the condition that all the potentials are constant. 

The work done in this case during the displacement bipis ^b(f>, 
and the electrical energy of the system of conductors is increased 
by 6Q ; hence the energy spent by the batteries during the dis- 
placement is 

^b4>'i-bQ = 2^b4> = 2bQ. (16) 

It appears from Art. 92^ that the resultant force 4> is equal to 

— j^ , under the condition that the charges of the conductors are 

* dO 

constant. It is also, by Art. 93, equal to -7^, under the con- 
dition that the potentials of the conductors are constant. If the 
conductors are insulated, they tend to move so that their energy 
is diminished, and the work done by the electrical forces during 
the displacement is equal to the diminution of energy. 

If the conductors are connected with batteries, so that their 
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potentials are maintained constant^ they tend to move so that the 
energy of the system is increased, and the work done by the 
electrical forces during the displacement is equal to the increment 
of the energy of the system. The energy spent by the batteries 
is equal to double of either of these quantities, and is spent half 
in mechanical, and half in electrical work. 

On the Comparison of Similar Electrified Systems. 

94.] If two electrified systems are similar in a geometrical sense^ 
so that the lengths of corresponding lines in the two systems 
are as 2/ to L\ then if the dielectric which separates the conducting 
bodies is the same in both systems, the coefficients of induction 
and of capacity will be in the proportion of i to L\ For if we 
consider corresponding portions, A and A\ of the two systems, and 
suppose the quantity of electricity on ^ to be ^, and that on A' 
to be E\ then the potentials V and V^ at corresponding points 
B and ^, due to this electrification^ will be 

r= A, and r= ^' 



AB' " " A'BT 

But AB is to A'B^ as Z to Z^ so that we must have 

But if the inductive capacity of the dielectric is different in the 
two systems, being K in the first and K' in the second, then if the 
potential at any point of the first system is to that at the cor- 
responding point of the second as ?^ to ?^', and if the quantities 
of electricity on corresponding parts are as ^ to E\ we shall have 

E:E' ::LrK:L'V'K\ 

By this proportion we may find the relation between the total 
electrification of corresponding parts of two systems, which are 
in the first place geometrically similar, in the second place com- 
posed of dielectric media of which the dielectric inductive capacity 
at corresponding points is in the proportion of K to K\ and in 
the third place so electrified that the potentials of corresponding 
points are as F to F\ 

From this it appears that if q be any coefficient of capacity or 
induction in the first system, and gf the corresponding one in the 
second, q:gf ::LK: L'K' ; 

and if p and p' denote corresponding coefficients of potential in 
the two systems, \ \ 
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If one of the bodies be displaced in the first system^ and the 
corresponding body in the second system receive a similar dis- 
placement, then these displacements are in the proportion of L 
to L\ and if the forces acting on the two bodies are as jp' to ^, 
then the work done in the two systems will be as FL to F'L'. 

But the total electrical energy is half the sum of the quantities 
of electricity multiplied each by the potential of the electrified 
body^ so that in the similar systems^ if Q and Q' be the total 
electrical energy, 

and the difference of energy after similar displacements in the two 
systems will be in the same proportion. Hence, since FL is pro- 
portional to the electrical work done during the displacement, 

FL.FL'i.Er.Wr\ 

Combining these proportions, we find that the ratio of the 
resultant force on any body of the first system to that on the 
corresponding body of the second system is 

£2 E'^ 



or F'.F'i 



L^K ' B^K' 



The first of these proportions shews that in similar systems the 
force is proportional to the square of the electromotive force and 
to the inductive capacity of the dielectric, but is independent of the 
actual dimensions of the system. 

Hence two conductors placed in a liquid whose inductive capacity 
is greater than that of air, and electrified to given potentials, will 
attract each other more than if they had been electrified to the 
same potentials in air. . 

The second proportion shews that if the quantity of electricity 
on each body is given, the forces are proportional to the squares 
of the electrifications and inversely to the squares of the distances, 
and also inversely to the inductive capacities of the media. 

Hence, if two conductors with given charges are placed in a 
liquid whose inductive capacity is greater than that of air, they 
will attract each other less than if they had been surrounded with 
air and electrified with the same charges of electricity. 
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CHAPTER IV. 



GENERAL THEOREMS. 

95.] In the preceding chapter we have calculated the potential 
function and investigated its properties on the hypothesis that 
there is a direct action at a distance between electrified bodies^ 
which is the resultant of the direct actions between the various 
electrified parts of the bodies. 

If we call this the direct method of investigation, the inverse 
method will consist in assuming that the potential is a function 
characterised by properties the same as those which we have abeady 
established^ and investigating the form of the function. 

In the direct method the potential is calculated from the dis- 
tribution of electricity by a process of int^ration, and is found 
to satisfy certain partial differential equations. In the inverse 
method the partial difierential equations are supposed given, and 
we have to find the potential and the distribution of electricity. 

It is only in problems in which the distribution of electricity 
is given that the direct method can be used. When we have to 
find the distribution on a conductor we must make use of the 
inverse method. 

We have now to shew that the inverse method leads in every 
case to a determinate result^ and to establish certain general 
theorems deduced from Poisson's partial difierential equation 

d'^r d^r d^r 

The mathematical ideas expressed by this equation are of a 
different kind from those expressed by the equation 



/ + • r + oo f + oo n 
.00 J — Cti •/ — OD ' 



In the differential equation we express that the values of the 
second derivatives of V in the neighbourhood of any point, and 
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the density at that point are related to each other in a certain 
manner^ and no relation is expressed between the valae of V at 
that point and the value of p at any point at a sensible distance 
from it. 

In the second expression, on the other hand, the distance between 
the point (x\ y, /) at which p exists from the point (a?, y, z) at 
which V exists is denoted by r, and is distinctly recognised in the 
expression to be integrated. 

The integral^ therefore, is the appropriate mathematical expression 
for a theory of action between particles at a distance, whereas the 
differential equation is the appropriate expression for a theory of 
action exerted between contiguous parts of a medium. 

We have seen that the result of the integration satisfies the 
differential equation. We have now to shew that it is the only 
solution of that equation ftilfilling certain conditions. 

We shall in this way not only establish the mathematical equi- 
valence of the two expressions, but prepare our minds to pass from 
the theory of direct action at a distance to that of action between 
contiguous parts of a medium. 

Characteristics of the Potential Function. 

96.] The potential function F, considered as derived by integration 
firom a known distribution of electricity either in the substance of 
bodies with the volume-density p or on certain surfaces with the 
surface-density <r, p and a being everywhere finite, has been shewn 
to have the following characteristics : — 

(1) Via finite and continuous throughout all space. 

(2) V vanishes at an infinite distance from the electrified system. 

(3) The first derivatives of V are finite throughout all space, and 
continuous except at the electrified surfaces. 

(4) At every point of space, except on the electrified surfaces, the 
equation of Poisson 

d^r d^r d^r 

is satisfied. We shall refer to this equation as the General 
Characteristic equation. 

At every point where there is no electrification this equation 
becomes the equation of Laplace, 

d^r dyr ^^r 

dx^ ^ df ^ dz^ "" 

H % 
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(5) At any point of an electrified sur&ce at which the sar£EU!e^ 
density is o-, the first derivative of F, taken with respect to the 
normal to the sur£ice^ changes its value abruptly at the surtsce, 
so that ^jrr ^jr 

av av 
where v and / are the normals on either side of the sur&ce^ and 
Fand V are the corresponding potentials. We shall refer to this 
equation as the Superficial Characteristic equation. 

(6) If V denote the potential at a point whose distance from 
any fixed point in a finite electrical system is r, then the product 
Fr, when r increases indefinitely, is ultimately equal to E^ the total 
charge in the finite system. 

97.] Lemma. Let V be any continuous function of x, y, z^ and 
let «, r^ ae; be functions of Xy y, z^ subject to the general solenoidal 
condition du dv dw _ ^ ,^x 

dx dy dz'~ ^ 
where these functions are continuous, and to the superficial sole- 
noidal condition 

at any surfiM^e at which these functions become discontinuous, 
/, m, n being the direction-cosines of the normal to the surface^ 
and «i, »!, «?! and Wg* ^2> ^2 *^® values of the fimctions on opposite 
sides of the surface^ then the triple integral 

vanishes when the integ^tion is extended over a space bounded by 
surfaces at which either F is constant, or 

lU'\-mv-^nw = 0, (4) 

/, m, n, being the direction-cosines of the surface. 

Before proceeding to prove this theorem analytically we may 
observe, that if u, v, w be taken to represent the components of the 
velocity of a homogeneous incompressible fluid of density unity, 
and if F be taken to represent the potential at any point of space 
of forces acting on the fluid, then the general and superficial equa- 
tions of continuity ((1) and (2)) indicate that every part of the 
space is, and continues to be, full of the fluid, and equation (4) 
is the condition to be fulfilled at a surface through which the fluid 
does not pass. 

The integral M represents the work done by the fluid against 
the forces acting on it in unit of time. 
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Now, since the forces which act on the fluid are derived &om 
the potential function V^ the work which they do is subject to the 
law of conservation of energy, and the work done on the whole 
fluid within a certain space may be found if we know the potential 
at the points where each line of flow enters the space and where 
it issues &om it. The excess of the second of these potentials over 
the first, multiplied by the quantity of fluid which is transmitted 
along each line of flow, will give the work done by that portion 
of the fluid, and the sum of all such products will give the whole 
work. 

Now, if the space be bounded by a surface for which V^=^ C, a 
constant quantity, the potential will be the same at the place 
where any line of flow enters the space and where it issues from 
it, so that in this case no work will be done by the forces on the 
fluid within the space, and Jf = 0. 

Secondly, if the space be bounded in whole or in part by a 
surface satisfying equation (4), no fluid will enter or leave the space 
through this surface, so that no part of the value of M can depend 
on this part of the sur&ce. 

The quantity M is therefore zero for a space bounded externally 
by the closed surface F= C, and it remains zero though any part 
of this space be cut ofi* from the rest by surfaces fulfilling the 
condition (4). 

The analytical expression of the process by which we deduce the 
work done in the interior of the space from that which takes place 
at the bounding surface is contained in the following method of 
integration by parts. 

Taking the first term of the integral M, 

I u-y-dxdydz =: l2{uF)dydz— I j I F -j- da: dy dz^ 

where 2{uF) = 1*1^1— f^2'^2 + %'^3""^4^4 + ^*> 

and where t^Fj, t*2'^2» ^* ^^^ ^^® values of u and v at the points 
whose coordinates are (a?i, y, z)^ {x^, y, z), &c., x^, a?2> ^* l>eing the 
values of x where the ordinate cuts the bounding surface or surfaces^ 
arranged in descending order of magnitude. 

Adding the two other terms of the integral My we find 

M=fjl{ur)dydz'i-ff2{vF)dzdx-\-Jj2{iaF)dxdy 
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If ly », % are the direction-cosines of the normal drawn inwards 
firom the bounding surface at any pointy and dS an element of that 
sor&ce^ then we may write 

the integration of the first term being extended over the bounding 
sur&ce, and that of the second throughout the entire space. 

For all spaces within which «, r^ w are continuous, the second 
term vanishes in virtue of equation (1). If for any surfiEK^ within 
the space «, r, w are discontinuous but subject to equation (2)^ we 

find for the part of M depending on this surfik^e^ 

» « 

M^ =-jf r,(/,i4 + «,r,+i»,iPi)'^^, 

ifj = — // r, (/^ Ma + ^a Fa + »2 •^2) ^^i 

where the suffixes ^ and ^, applied to any symbol^ indicate to ^diich 
of the two spaces separated by the surface the symbol belongs. 
Now, since F is continuous^ we have at every point of the surfiice^ 

r —F —F- 
we have also dS^^ = dS^ = dS; 

but since the normals are drawn in opposite directions, we have 

so that the total value of J/^ so far as it depends on the surface of 
discontinuity, is 

The quantity under the integral sign vanishes at every point in 
virtue of the superficial solenoidal condition or characteristic (2). 

Hence, in determining the value of J/, we have only to consider 
the surface-integral over the actual bounding surface of the space 
considered, or 

J/ = — / / F{lu + mv 4- nw) dS. 

Case 1 . If ?^ is constant over the whole surface and equal to C, 

M=z — C{lu-\-mv-{-nw)dS, 

Tlie part of this expression under the sign of double integration 
represents the surface-integral of the flux whose components are 
u, V, 7v, and by Art. 2 1 this surface-integral is zero for the closed 
surface in virtue of the general and superficial solenoidal conditions 
(1) and (2). 
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Hence if = for a space bounded hy a single equipotential 
surface. 

If the space is bounded externally by the suriG^^ V ^ C^ and 
internally by the sur&ces F= (^, F'= C2, &c., then the total value 
of M for the space so bounded will be 

if — Jfi— Jfg &c., 

where if is the value of the integral for the whole space within the 
surface F = C, and M^^ M^ are the values of the integral for the 
spaces within the internal surfaces. But we have seen that My 
M^^ M^y &c. are each of them zero, so that the integral is zero also 
for the periphractic region between the surfaces. 

Case 2. Ji lu-\-mv-\-nw \s zero over any part of the bounding 
surface, that part of the surface can contribute nothing to the value 
of if, because the quantity under the integral sign is everywhere 
zero. Hence M will remain zero if a surface fulfilling this con- 
dition is substituted for any part of the bounding surface, provided 
that the remainder of the surface is all at the same pdt^ntial. 

98.] We are now prepared to prove a theorem which we owe to 
Sir William Thomson *. 

As we shall require this theorem in various parts of our subject, 
I shall put it in a form capable of the necessary modifications. 

Let a, by c be any functions of a?, y, z (we may call them the 
components of a flux) subject only to the condition 

da , db dc ^ ^ ,-. 

where p has given values within a certain space. This is the general 
characteristic of a, J, c. 

Let us also suppose that at certain surfaces {S) a, d, and c are 
discontinuous, but satisfy the condition 

where I, my n are the direction-cosines of the normal to the surface, 
^i» Wy ^1 ^^® values of a, by c on the positive side of the surface, and 
a^y b^y <?2 those on the negative side, and a* a quantity given for 
every point of the surface. This condition is the superficial charac- 
teristic of a, by c. 

Next, let us suppose that F is a continuous function of a?, y, 0, 
which either vanishes at infinity or whose value at a certain point 
is given, and let F satisfy the general characteristic equation 

* Cambridge and Dublin Mathemaiical Journal, February, 1848. 
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d ^dV d ^dV d ^dV , ^ ,^. 

and the superficial characteristic at the surfiioes {S), 

+ .(jr,fi-is;5)+4..=o, (8) 

K being a quantity which may be positive or zero but not negative, 
given at every point of space. 

Finally, let 8 tt Q represent the triple integral 

SirQ^JJJ^{a^+b^-^c^)dxdydz, (9) 

extended over a space bounded by surfaces, for each of which either 

F = constant, 

or la+mb'\-nc = Kl-^ + Km^ + Kn-j- =z q, (10) 

where the value of q is given at every point of the surfSeuse ; then, if 
a, bj c he supposed to vary in any manner, subject to the above 
conditions, the value of Q will be a unique minimum^ when 

j^dF , j.dF j^dF f... 

dx dy dz 

Proof. 
If we put for the general values of a, b, c, 

j^dF , ^dF ^dF 

a^K^^n, ^ = Z^+^^ . = Z^4-«^; (12) 

then, by substituting these values in equations (5) and (7), we find 
that Uy V, w satisfy the general solenoidal condition 

. du dv ^^ __ r. 
dx dy dz" ' 

We also find, by equations (6) and (8), that at the surfaces of 
discontinuity the values of u^y Vj, tt^j and u<^y Vg, v)^ satisfy the 
superficial solenoidal condition 

(2) l{u^-^U2) + m{Vi-v^'i-n{io^—w^ = 0. 

The quantities «, v, w, therefore, satisfy at every point the sole- 
noidal conditions as stated in the preceding lemma. 
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We may now express Q in terms of «, v, w and F^ 



^SS!^''%-^''%-^''^i)^^y^'- <^*) 



The last term of Q may be written 2if, where if is the quantity 
considered in the lemma, and which we proved to be zero when the 
space is bomided by surfaces^ each of which is either eqoipotential 
or satisfies the condition of equation (10), which may be written 

(4) lU'\-mV'\-nw = 0. 

Q is therefore reduced to the sum of the first and second terms. 

In each of these terms the quantity under the sign of integration 
consists of the sum of three squares^ and is therefore essentially 
positive or zero. Hence the result of integration can only be 
positive or zero. 

Let us suppose the function F' known, and let us find what values 
of Uy Vy 10 will make Q a minimum. 

If we assume that at every point u =zO, v =z 0, and io =: 0, these 
values fulfil the solenoidal conditions, and the second term of Q 
is zeroj and Q is then a minimum as regards the variation of 
«, V, to. 

For if any of these quantities had at any point values difiering 
from zero^ the second term of Q would have a positive value^ and 
Q would be greater than in the case which we have assumed. 

But if « = 0, t? = 0, and w = 0, then 

.,,. ^dv , j.dr dv 

^ ^ ax ay az 

Hence these values of a, b, c make Q a minimum. 

But the values of a, d, c, as expressed in equations (12), are 
perfectly general^ and include all values of these quantities con- 
sistent with the conditions of the theorem. Hence, no other values 
of a, d, e can make Q a minimum. 

Again^ Q is a quantity essentially positive, and therefore Q is 
always capable of a minimum value by the variation of a, b, e. 
Hence the values of a, b, c which make Q a minimum must have 
a real existence. It does not follow that our mathematical methods 
are sufficiently powerful to determine them. 

Corollary I. H a, b, e and K are given at every point of space^ 
and if we write 
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(12) a = Z^4-i^, b^K-^+v, c^K^^w, . 

with the condition (1) 

du dv ^ ^ fx 
dx dy dz ^ * 

then F, u, v, w can be found without ambiguity from these four 
equations. 

Corollary IL The general characteristic equation 

i-K— —K— —K— 4ir =0 
dx dx dy dy dz dz ' 

where F is a finite quantity of single value whose first derivatives 
are finite and continuous except at the surface Sy and at that surface 
fulfil the superficial characteristic 

can be satisfied by one value of F, and by one only, in the following 
cases. 

Case 1. When the equations apply to the space within any closed 
surface at every point of which F= C. 

For we have proved that in this case a, b, c have real and unique 
values which determine the first derivatives of V, and hence, if 
different values of F exist, they can only differ by a constant. But 
at the surface F is given equal to C, and therefore F is determinate 
throughout the space. 

As a particular case, let us suppose a space within which /> = 
bounded by a closed surface at which F=C, The characteristic 
equations are satisfied by making F'= C for every point within the 
space, and therefore F= C is the only solution of the equations. 

Case 2. When the equations apply to the space within any closed 
surface at every point of which F is given. 

For if in this case the characteristic equations could be satisfied 
by two different values of F, say V and F', put U = F— F\ then 
subtracting the characteristic equation in F' from that in F, we 
find a characteristic equation in U, At the closed surface U= 
because at the surface F = T', and within the surface the density 
is zero because p = p\ Hence, by Case 1, f7 = throughout the 
enclosed space, and therefore F = P throughout this space. 
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Qise 3. When the equations apply to a space bounded by a 
closed surface consisting of two parts, in one of which F is given at 
eveiy point, and in the other 

dx dy dz ^ 

where q is given at every point. 

For if there are two values of F, let U' represent^ as before, their 
difference, then we shall have the equation fulfilled within a closed 
surfisu^e consisting of two parts, in one of which (/'= 0^ and in the 
other dU' dU' dV 

dx dy dz 

and since U'=z satisfies the equation it is the only solution, and 
therefore there is but one value of F possible. 

Note. — ^The function F in this theorem is restricted to one value 
at each point of space. If multiple values are admitted, then, 
if the space considered is a cyclic space, the equations may be 
satisfied by values of F containing terms with multiple values. 
Examples of this will occur in Electromagnetism. 

99.] To apply this theorem to determine the distribution of 
electricity in an electrified system, we must make K=l throughout 
the space occupied by air, and K=ico throughout the space occupied 
by conductors. K any part of the space is occupied by dielectrics 
whose inductive capacity differs from that of air, we must make K 
in that part of the space equal to the specific inductive capacity. 

The value of F, determined so as to fulfil these conditions, will 
be the only possible value of the potential in the given system. 

Green's Theorem shews that the quantity Q, when it has its 
minimum value corresponding to a given distribution of electricity, 
represents the potential energy of that distribution of electricity. 
See Art. 100, equation (11). 

In the form in which Q is expressed as the result of integration 
over every part of the field, it indicates that the energy due to the 
electrification of the bodies in the field may be considered as the 
result of the summation of a certain quantity which exists in every 
part of the field where electrical force is in action, whether elec- 
trification be present or not in that part of the field. 

The mathematical method, therefore, in which Q, the symbol 
of electrical energy, is made an object of study, instead of p, the 
symbol of electricity itself, corresponds to the method of physical 
speculation, in which we look for the seat of electrical action in 
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every part of the fields instead of confining our attention to the 
electrified bodies. 

The &ct that Q attains a minimum value when the components 
of the electric force are expressed in terms of the first derivatives 
of a potential^ shews that^ if it were possible for the electric force 
to be distributed in any other manner^ a mechanical force would 
be brought into play tending to bring the distribution of force 
into its actual state. The actual state of the electric field is 
therefore a state of stable equilibrium, considered with reference 
to all variations of that state consistent with the actual distribution 
of free electricity. 

Greenes Theorem. 

100.] The following remarkable theorem was given by Qeorge 
Ghreen in his essay ' On the Application of Mathematics to Electricity 
and Magnetism.' 

I have made use of the coefficient K, introduced by Thomson, to 
give greater generality to the statement^ and we shall find as we 
proceed that the theorem may be modified so as to apply to the 
most general constitution of crystallized media. 

We shall suppose that U and V are two functions of x^ y, z, 
which, with tideir first derivatives, are finite and continuous within 
the space bounded by the closed surfiM^ 8, 

We shall also put for conciseness 

Ik— + ~k—+-k—=-4^ (I) 

dx dx dy dy dz dz 

, d ^dV d ^dV d ^dV _ 

dy dx dy dy dz dz "^ ^ ^ 

where JC is a real quantity, given for each point of space^ which 
may be positive or zero but not negative. The quantities p and 
p correspond to volume-densities in the theory of potentials, but 
in this investigation they are to be considered simply as ab- 
breviations for the fimctions of U and V to which they are here 
equated. 

In the same way we may put 

.„dU ^dU ^dU 
dx dy dz 

, .^dF ^dV ^dV 

and IK-y- JfmK-^ -^-nK-j-^^TTa, (4) 

dx dy dz 

where /, m^ n are the direction-cosines of the normal drawn inwards 
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from the snrfiice S. The quantities <r and a correspond to super- 
ficial densities, but at present we must consider them as defined by 
the above equations. 

Green's Theorem is obtained by integrating by parts the ex- 
pression 

4.jf=yyyir(^- + ^^ + ^^)&^& (5) 

throughout the space within the surface S. 

dV 
If we consider ^ as a component of a force whose potential is V^ 

dU 
and i^ -J- as a component of a flux^ the expression will give the 

work done by the force on the flux. 

If we apply the method of integration by parts^ we find 

^-M^jjrK{l-^^m-^^n-^)d8 

fffirfd ^dU d ^dU d ^dU., ^ ^ 

iTrM=jj4TrardS+JjJ^irp'rdwdydz. (7) 

In precisely the same manner by exchanging ^and F, we should 

find rr rrr 

47rJf = + / / i'ir<TUdS+ J J ^irpUdxdydz. (8) 

The statement of Green's Theorem is that these three expressions 
for Jf are identical, or that 

M =z JJa' rdS+fffp' Fdxdydz = ffaUd8 + fff pUdxdy dz 

1 fffi^fdUdV dUdV dUdV., , , f^. 

-TJU'^^Tx^^TyTy-^TzlE^^^y^'^ (') 

Correction of Greenes Theorem for Cyclosis. 

There are cases in which the resultant force at any point of a 
certain region ftilfils the ordinary condition of having a potential, 
while the potential itself is a many-valued function of the coor- 
dinates. For instance, if 

we find r=tan~*-, a many- valued function of x and y, the 



or 



X 



values of F forming an arithmetical series whose common difierence 
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18 2v, and in order to define which of these is to be taken in 
any particohir case we must make some restriction as to the line 
along which we are to integrate the force from the point where 
F = ix> the required point. 

In this case the region in which the condition of having a 
potential is fulfilled is the cyclic region surrounding the axis of z, 
this axis being a line in which the forces are infinite and therefore 
not itself included in the region. 

The part of the infinite plane of xz for which x is positive may 
be taken as a diaphragm of this cyclic region. If we begin at 
a point close to the positive side of this diaphragm^ and integrate 
along a line which is restricted from passing through the diaphragm, 
the line-integral will be restricted to that value of F which is 
positive but less than 2 ir. 

Let us now suppose that the region bounded by the closed surface 

8 in Green's Theorem is a cyclic region of any number of cycles, 

and tiiat the function F is a many-valued function having any 

number of cyclic constants. 

. . dF dF dF . 

The quantities -3-^ -y-* A^d -j- will have definite values at all 

points within 8, so that the volume-integral 

CCCj^rdUdF dUdF dUdK 
JJJ ^dx dx dy dy dz dz^ 

has a definite value^ cr and p have also definite values, so that if U 
is a single valued fiinction, the expression 



JJaUdS+JJJpUdxdydn 



has also a definite value. 

The expression involving F has no definite value as it stands, 
for F is a many- valued function, and any expression containing it 
is many- valued unless some rule be given whereby we are directed 
to select one of the many values of F at each point of the region. 

To make the value of F definite in a region of n cycles, we must 
conceive 71 diaphragms or surfaces, each of which completely shuts 
one of the channels of communication between the parts of the 
cyclic region. Each of these diaphragms reduces the number of 
cycles by unity, and when n of them are drawn the region is still 
a connected region but acyclic, so that we can pass from any one 
point to any other without cutting a surface, but only by recon- 
cileable paths. 
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Let 8i be the first of these diaphragms, and let the line-integral 
of the force for a line drawn in the acyclic space from a point 
on the positive side of this sur&ce to the contiguous point on 
the negative side be Xj, then x^ is the first cyclic constant. 

Let the other diaphragms, and their corresponding cyclic con- 
stants, be distinguished by suffixes from 1 to n, then^ since the 
region is rendered acyclic by these diaphragms^ we may apply to 
it the theorem in its original form. 

We thus obtain for the complete expression for the first member 
of the equation 

The addition of these terms to the expression of Green's Theorem^ 
in the case of many-valued functions, was first shewn to be necessary 
by Helmholtz *, and was first applied to the theorem by Thomson. 

Phyncal Interpretation of 6ree7i's Theorem. 

The expressions adS and pdxdydz denote the quantities of 
electricity existing on an element of the surface S and in an 
element of volume respectively. We may therefore write for either 
of these quantities the symbol e, denoting a quantity of electricity. 
We shall then express Green's Theorem as follows — 

if = 2(r/) = ^(re); 
where we have two systems of electrified bodies, e standing in 
succession for tfj, ^2* ^-f ^^7 portions of the electrification of the 
first system, and F denoting the potential at any point due to all 
these portions, while / stands in succession for e^, e^, &c., portions 
of the second system, and F' denotes the potential at any point 
due to the second system. 

Hence Fe^ denotes the product of a quantity of electricity at a 
point belonging to the second system into the potential at that 
point due to the first system, and 2 ( F/) denotes the sum of all 
such quantities, or in other words, 2 ( Fe') represents that part of 
the energy of the whole electrified system which is due to the 
action of the second system on the first. 

In the same way 2 ( F'e) represents that part of the energy of 

* * Ueber Integrale der Hydrodynamischen Gleiohungen welche den Wirbelbe- 
wegungen entsprechen/ Crdle, 1858. Transkted by Tait in PhiL Mag., 1867, (0- 
t * On Vortex Motion/ Tran9. R. 8. Edin., xxv. part i. p. 241 (1868). 
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the whole sjrstem which is due to the action of the first system on 
the second. 

If we define F as 2 ^-^, where r is the distance of the quantity e 

of electricity from the given point, then the equality between these 
two values of M may be obtained as follows, without Green's 
Theorem — 

s-cro = 2'(s(ly)= 22(^) = s (2'(^).) = s(r'.). 

This mode of regarding the question belongs to what we have 
called the direct method^ in which we begin by considering certain 
portions of electricity^ placed at certain points of space, and acting 
on one another in a way depending on the distances between these 
points, no account being taken of any intervening medium, or of 
any action supposed to take place in the intervening space. 

Green's Theorem, on the other hand, belongs essentially to what 
we have called the inverse method. The potential is not supposed 
to arise from the electrification by a process of summation, but 
the electrification is supposed to be deduced from a perfectly 
arbitrary function called the potential by a process of di£Peren- 
tiation. 

In the direct method, the equation is a simple extension of the 
law that when any force acts directly between two bodies, action 
and reaction are equal and opposite. 

In the inverse method the two quantities are not proved directly 
to be equal, but each is proved equal to a third quantity, a triple 
integral which we must endeavour to interpret. 

K we write R for the resultant electromotive force due to the 
potential F, and l, m, n for the direction-cosines of iZ, then, by 
Art. 71, 

— -=— = Rl* f- = Rm^ =— = Rn* 

ax ay dz 

If we also write R! for the force due to the second system, and 
l\ m' y n for its direction-cosines, 

dr ^« dr ^ , dr ^ , 

dx dy dz 

and the quantity M may be written 

J/= -^ J ff{KRR cos €)dxdydz, (10) 
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where cos 6 = //' -f mini 4- nn\ 

€ being the angle between the directions of R and H. 

Now if JT is what we have called the coefficient of electric 
inductive capacity^ then KR will be the electric displacement due 
to the electromotive force R, and the product KRR^cob€ will 
represent the work done by the force R^ on account of the dis- 
placement caused by the force R, or in other words, the amount 
of intrinsic energy in that part of the field due to the mutual 
action of R and R^. 

We therefore conclude that the physical interpretation of Green's 
theorem is as follows : 

If the energy which is known to exist in an electrified system 
is due to actions which take place in all parts of the field, and 
not to direct action at a distance between the electrified bodies, 
then that part of the intrinsic energy of any part of the field 
upon which the mutual action of two electrified systems depends 
is KRR cos € per unit of volume. 

The energy of an electrified system due to its action on itself is, 
by Art. 85, k^ieV), 

which is by Green's theorem^ putting U ^ F ^ 

and this is the unique minimum value of the integral considered 
in Thomson's theorem. 

Green's Function, 

101.] Let a closed surface 8 be maintained at potential zero. 
Let P and Q be two points On the positive side of the surface 8 
^(we may suppose either the inside or the outside positive), and 
let a small body charged with unit of electricity be placed at P ; 
the potential at the point Q will consist of two parts^ of which one 
is due to the direct action of the electricity on P, while the other 
is due to the action of the electricity induced on 8 by P. The 
latter part of the potential is called Greenes Function, and is 
denoted by G^^, 

This quantity is a function of the positions of the two points 
P and Q, the form of which depends on that of the surface 8. It 
has been determined in the case in which iS' is a sphere, and in 
a very few other cases. It denotes the potential at Q due to the 
electricity induced on 8 by unit of electricity at P. 

VOL. I. I 
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The actual potential at any point Q due to the electricity at P 
and on SiB 1 ^ 

^p« 
where r^ denotes the distance between F and Q. 

At the sorfiEUse Si^ and at all points on the negative side of ^, the 
potential is zero, therefore i ., . 

*~ &^ = --L, (1) 

where the suffix « indicates that a point A on the surface 8 is taken 
instead of Q, 

Let a^ denote the surfece-density induced by P at a point A^ 
of the surface S, then, since 6^ is the potential at Q due to the 
superficial distribution, 

where d8^ is an element of the surfieu^ 8 at A% and the int^^tion 
is to be extended over the whole surfiuse 8. 

But if unit of electricity had been placed at Q, we should have 
had by equation (1), i , , 

where <t^^ is the density induced by Q on an element d8 at A^ and 
foci is the distance between A and A\ Substituting this value of 

in the expression for ff^^, we find 

G,, = -j]jj^,Sd8'. (5) 

Since this expression is not altered by changing ^ into , and 
, into ^, we find that e^^' ^ q^^ . (6) 

a result which we have already shewn to be necessaiy in Art. 88, 
but which we now see to be deducible from the mathematical process 
by which Green's function may be calculated. 

If we assume any distribution of electricity whatever, and place 
in the field a point charged with unit of electricity, and if the 
surface of potential zero completely separates the point from the 
assumed distribution, then if we take this surface for the surface Sy 
and the point for P, Green's function, for any point on the same 
side of the surface as P, will be the potential of the assumed dis- 
tribution on the other side of the surface. In this way we may 
construct any number of cases in which Green's function can be 
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found for a particular position of P. To find the form of the 
Amotion when the form of the surfiEu^e is given and the position 
of P is arbitrary, is a problem of &r greater difficulty, though, 
as we have proved, it is mathematically possible. 

Let us suppose the problem solved, and that the point P is 
taken within the surface. Then for all external points the potential 
of the superficial distribution is equal and opposite to that of P. 
The superficial distribution is therefore centrobaric *, and its action 
on all external points is the same as that of a unit of negative 
electricity placed at P. 

Method of Approximating to the Values of Coefficients of Capacity, 8fc. 

102.] Let a region be completely bounded by a number of 
sur&ces Sq^ 8^y 8^, &c., and let JT be a quantity, positive or zero 
but not negative, given at every point of this region. Let V 
be a function subject to the conditions that its values at the 
surfaces 8^^ 8^, &c. are the constant quantities C^, ^2) ^*) ^^^ ^^^^ 
at the surface 8q djr 

dv 
where i; is a normal to the surface 8q. Then the integral 



2 



2 



2 



taken over the whole region, has a unique minimum when F satisfies 
the equation £^dF . d_j^dF ^ d_ ^dF^ ^ ^3. 

dx dx dy dy dz dz 
throughout the region, as well as the original conditions. 

We have already shewn that a function V exists which fulfils the 
conditions (1) and (3), and that it is determinate in value. We 
have next to shew that of all functions fiilfilling the sur£Eice-con- 
ditions it makes Q a minimum. 

Let Vq be the function which satisfies (1) and (3), and let 

r^r,+ u (4) 

be a Amction which satisfies (1). 

It follows firom this that at the surfaces 8^^ S^, &c. {7=0. 
The value of Q becomes 

* Thomson and Tait's Natural PhUoBophy, § 526. 

I 2 
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Let us confine oar attention to the last of these three groups 
of terms, merely observing that the other groups are essentially 
positive. By Green's theorem 

the first integral of the second member being extended over the 
sur&ce of the region and the second throughout the enclosed space. 
But on the surfaces S^, 82, &c. 27= 0, so that these contribute 
nothiDg to the surface-integral. 

Again, on the surfiM^e 8^^ -j^ = 0, so that this surfiEuse contributes 

nothing to the integral. Hence the sur&ce-integral is zero. 

The quantity within brackets in the volume-integral also dis- 
appears by equation (3), so that the volume-integral is also zero. 
Hence Q is reduced to 

Both these quantities are essentially positive, and therefore the 
minimum value of Q is when 

dx'^ dy ~' dz "^ ^ 

or when ?7 is a constant. But at the surfaces 5, &c. ET" = 0. Hence 
U z= everywhere, and Fq gives the unique minimum value of Q. 

Calculation of a 8uperior Limit of the Coefficients of Capacity, 

The quantity Q in its minimum form can be expressed by means 
of Green's theorem in terms of Fj, F3, &c., the potentials of Sj, 8^, 
and jFj, JS^2> &c., the charges of these surfaces, 

Q = i(^i^i+^2^2+&c-); (9) 

or, making use of the coefficients of capacity and induction as defined 
in Article 87, 

« = i (^i'?ii+ r22y22 + &c.)+ V^ r^ji^+fec. (10) 

The accurate determination of the coefficients y is in general 
difficult, involving the solution of the general equation of statical 
electricity, but we make use of the theorem we have proved to 
determine a superior limit to the value of any of these coefficients. 
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To detennine a saperior limit to the coefficient of capacity q^^, 
make F^ = I, and F2, F^y &c. each equal to zero^ and then take 
any function F which shall have the value I Skt S^, and the value 
at the other surfaces. 

From this trial value of F calculate Q by direct integration, 
and let the value thus found be Q\ We know that ^ is not less 
than the absolute minimum value Q, which in this case is i j'u* 

Hence q^^ is not greater than 2 Q'. (II) 

If we happen to have chosen the right value of the function 
F", then Ju = 2 Q', but if the function we have chosen differs 
slightly from the true form, then, since Q is a minimum, Qf will 
still be a close approximation to the true value. 

Superior Limit of the Coefficients <f Potential. 

We may also determine a superior limit to the coefficients of 
potential defined in Article 86 by means of the minimum value 
of the quantity Q in Article 98, expressed in terms of a, b, c. 

By Thomson's theorem, if within a certain region bounded by the 
surfisices 8q, S^^ &c. the quantities a, b, c are subject to the condition 

da db dc ^ ,,^. 

and if la-^-wb-^nc ^ q (13) 

be given all over the surface, where /, m, n are the direction-cosines 
of the normal, then the integral 

q = ^fff\^ {a^ + b^^c^)dxdydz (14) 

is an absolute and unique minimum when 

^dF . ^dF ^dF ,_. 

dx dy dz 

When the minimum is attained Q is evidently the same quantity 
which we had before. 

If therefore we can find any form for a, i, c which satisfies the 
condition (12) and at the same time makes 

Jfqd8^ = JE,, JJqdS^^JS^&c.', (16) 

and if Q'^ be the value of Q calculated by (14) from these values of 
a, by Cy then Q'' is not less than 
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If we take the case in which one of the sur&cesj say ^2^ sur- 
rounds the rest at an infinite distance, we have the ordinary case 
of condu^rs in an infinite region ; and if we make E2 = — ^i, and 
j^ = for all the other surfaces, we have Fg = at infinity, and 

2 0" 

jp^i is not greater than — ^ • 

In the very important case in which the electrical action is 
entirely between two conducting sur&ces S^ and S29 of which S^ 
completely surrounds 81 and is kept at potential zeroj we have 
JEi ss'-JE^ and qnPu = 1. 

Hence in this case we have 

ju not less than ^^ ; (18) 

and we had before 

j'u i^ot greater than 2 Q ; (19) 

so that we conclude that the true value of j^^^, the capacity of the 
internal conductor, lies between these values. 

This method of finding superior and inferior limits to the values 
of these coefficients was suggested by a memoir ^ On the Theory 
of Resonance/ by the Hon. J. W. Strutt, PAil. Trans. ^ 1871. See 
Art. 308. 
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MECHANICAL ACTION BETWEEN BLECTBIPIED BODIES. 



108.] Let r = C be any eloBed equipotential surface, C being 

a particular value of a function F, the form of which we suppose 

known at every point of space. Let the value of F on the outside 

of this sur&ce be Fj, and on the inside F^, Then, by Poisson's 

equation 

cPF cPF d^F 

we can determine the density p^ at every point on the outside, and 
the density p^ at every point on the inside of the surface. We shall 
call the whole electrified system thus explored on the outside E^, 
and that on the inside E^. The actual value of F arises from the 
combined action of both these systems. 

Let R be the total resultant force at any point arising from 
the action of E^ and E^, R is everywhere normal to the equi- 
potential surface passing through the point. 

Now let us suppose that on the equipotential surfiace F ^ 
electricity is distributed so that at any point of the surface at 
which the resultant force due to Ei and E2 reckoned outwards 
is Rf the surface-density is cr, with the condition 

iZ = 4 TT cr ; (2) 

and let us call this superficial distribution the electrified surface 8, 
then we can prove the following theorem relating to the action of 
this electrified surface. 

If any equipotential surface belonging to a given electrified 

system be coated with electricity, so that at each point the surface- 

R 
density a- = — , where R is the resultant force, due to the original 

electrical system, acting outwards from that point of the surface, 
then the potential due to the electrified surface at any point on 
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the outside of that giii£EU» will be equal to the potential at the 
same point due to that part of the original sjrstem which was on 
the inside of the surface, and the potential due to the electrified 
sur&ce at any point on the inside added to that due to the part of 
the original system on the outside will be equal to C, the potential 
of the surfiu^. 

For let us alter the original system as follows : 

Let us leave eveiything the same on the outside of the surface^ 
but on the inside let us make V^ everywhere equal to C, and let us 
do away with the electrified system E^ on the inside of the sur£eu3e, 
and substitute for it a surface-density a at every point of the 
sur&ce 8, such that iZ = 4 7 cr. (3) 

Then this new arrangement will satisfy the characteristics of F at 
every point. 

For on the outside of the surfiEu^e both the distribution of elec- 
tricity and the value of T are unaltered, therefore, since F originally 
satisfied Laplace's equation, it wiU still satisfy it. 

On the inside F is constant and p zero. These values of F and p 
also satisfy the characteristic equations. 

At the sur&ce itself, if FJ^ is the potential at any point on the 
outside and F^ that on the inside, then, if l,my n are the direction- 
cosines of the normal to the sur&ce reckoned outwards, 

and on the inside the derivatives of Evanish, so that the superficial 
characteristic 

,AiF. dF.. .dF. dF^. .dF. dFo>, , ^ ,,, 

is satisfied at eveiy point of the surface. 

Hence the new distribution of potential^ in which it has the 
old value on the outside of the surface and a constant value on 
the inside^ is consistent with the new distribution of electricity, 
in which the electricity in the space within the surface is removed 
and a distribution of electricity on the surface is substituted for 
it. Also, since the original value of F^ vanishes at infinity, the 
new value, which is the same outside the surface, also fulfils this 
condition, and therefore the new value of F is the sole and only 
value of F belonging to the new arrangement of electricity. 



104.] BQUIVALENT ELECTRIFIED SURFACE. 121 

On ike Mechanical Action and Reaction of the Systems E^ and E^. 

104] If we now suppose the equipotential surface V s=C to 
become rigid and capable of sustaining the action of forces, we 
may prove the following theorem. 

If on every element dS of an equipotential surface a force 

-- IPdS he made to act in the direction of the normal reckoned 
Sv 

outwards, where S is the 'electrical resultant force' along the 

normal, then the total statical effect of these forces on the 

surface considered as a rigid shell will be the same as the total 

statical effect of the electrical action of the electrified system Ei 

outside the shell on the electrified system E^ inside the shell, the 

parts of the interior system E2 being supposed rigidly connected 

together. 

We have seen that the action of the electrified surface in the last 
theorem on any external point was equal to that of the internal 
system E^, and, since action and reaction are equal and opposite, 
the action of any external electrified body on the electrified surface, 
considered as a rigid system, is equal to that on the internal system 
^2- Hence the statical action of the external system E^ on the 
electrified surface is equal in all respects to the action of E^ on the 
internal system E2* 

But at any point just outside the electrified surface the resultant 
force is iZ in a direction normal to the surface, and reckoned positive 
when it acts outwards. The resultant inside the surface is zero, 
therefore, by Art. 79, the resultant force acting on the element 
d8 of the electrified surface is ^RadS^ where <r is the surface- 
density. 

Substituting the value of a in terms of R from equation (2), and 
denoting by p dS the resultant force on the electricity spread over 
the element dS^ we find 

pdS=:—R^dS. 

This force always acts along the normal and outwards, whether 
R be positive or negative, and may be considered as equal to a 

pressure j»= — R^ acting on the surface from within, or to a tension 

Sir 

of the same numerical value acting from without. 

* See Sir W. ThomBon * On the Attractions of Conducting and Non-conducting 
Electrified Botiies/ Cambridge Mathematical Journal, May 1848, and Reprint, 
Art. VII, § 147. 
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Now JR is the reeultaiit due to the combined action of the 
external system E^ and the electrification of the sur&ce 8. Hence 
the efiect of the pressure j9 on each element of the inside of the surface 
considered as a rigid body is equivalent to this combined action. 

But the actions of the different parts of the surface on each other 
form a system in equilibrium, therefore the effect of the pressure p on 
the rigid shell is equivalent in all respects to the electric attraction 
of ^1 on the shelly and this^ as we have before shewn, is equivalent 
to the electric attraction of j^ on ^ considered as a rigid system. 

If we had supposed the pressure j9 to act on the outside of the 
shell, the resultant effect would have been equal and opposite, that 
is, it would have been statically equivalent to the action of the 
internal system £2 ^^ ^® external system ^j. 

Let us now take the case of two electrified systems JE^ and 
-Bgj suet that two equipotential surfaces F = Oi and F = Q, which 
we shall call 8^ and 8^ respectively, can be described so that ^ is 
exterior to 8^, and 81 surrounds 8^, and J^, lies within 8^. 

Then if JRi and ^ represent the resultant force at any point of 

81 and ^^2 respectively^ and if we make 

the mechanical action between £1 and E2 is equivalent to that 
between the shells Si and /Sj, supposing every point of Si pressed 
inwards, that is, towards 82 with a pressure Pi, and every point of 

82 pressed outwards, that is, towards Si with a pressure P2' 

105.] According to the theory of action at a distance the action 
between JEi and JE2 is really made up of a system of forces acting in 
straight lines between the electricity in Ei and that in F2, and the 
actual mechanical effect is in complete accordance with this theory. 

There is, however, another point of view from which we may 
examine the action between Ei and J^g* When we see one body 
acting on another at a distance, before we assume that the one 
acts directly on the other we generally inquire whether there is 
any material connexion between the two bodies, and if we find 
strings, or rods, or framework of any kind, capable of accounting 
for the observed action between the bodies, we prefer to explain 
the action by means of the intermediate connexions^ rather than 
admit the notion of direct action at a distance. 

Thus when two particles are connected by a straight or curved 
rod, the action between the particles is always along the line joining 
them^ but we account for this action by means of a system of 
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intenial forces in the substance of the rod. The existence of these 
internal forces is deduced entirely from observation of the effect 
of external forces on the rod^ and the internal forces themselves 
are generally assumed to be the resultants of forces which act 
between particles of the rod. Thus the observed action between 
two distant particles is, in this instance, removed from the class 
of direct actions at a distance by referring it to the intervention 
of the rod ; the action of the rod is explained by the existence 
of internal forces in its substance ; and the internal forces are 
explained by means of forces assumed to act between the particles 
of which the rod is composed, that is, between bodies at distances 
which though small must be finite. 

The observed action at a considerable distance is therefore ex- 
plained by means of a great number of forces acting between 
bodies at very small distances, for which we are as little able to 
account as for the action at any distance however great. 

Nevertheless, the consideration of the phenomenon, as explained 
in this way, leads us to investigate the properties of the rod, and 
to form a theory of elasticity which we should have overlooked 
if we had been satisfied with the explanation by action at a distance. 

106.] Let us now examine the consequence of assuming that the 
action between electrified bodies can be explained by the inter- 
mediate action of the medium between them, and let us ascertain 
what properties of the medium will account for the observed action. 

We have first to determine the internal forces in the medium, 
and afterwards to account for them if possible. 

In order to determine the internal forces in any case we proceed 
as follows : 

Let the system M be in equilibrium under the action of the 
system of external forces F. Divide iif by an imaginary surface 
into two parts, M^ and M^^ and let the systems of external forces 
acting on these parts respectively be F^ and F^. Also let the 
internal forces acting on M^ in consequence of its connexion with 
M2 be called the system /. 

Then, since M^ is in equilibrium under the action of F^ and /, 
it follows that / is statically equivalent to F-^ reversed. 

In the case of the electrical action between two electrified systems 
J5i and E^^ we described two closed equipotential surfaces entirely 
surrounding E^ and cutting it off from E^, and we found that the 
application of a certain normal pressure at every point of the inner 
side of the inner surface, and on the outer side of the outer surface. 
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would^ if these sur&ces were each rigid^ act on the outer sur&ce 
with a resultant equal to that of the electrical forces on the outer 
system ^^, and on the inner surface with a resultant equal to that 
of the electrical forces on the inner system. 

Let us now consider the space between the surfaces, and let us 
suppose that at every point of this space there is a tension in the 

direction of E and equal to — - R* per unit of area. This tension 

8ir 

will act on the two surfaces in the same way as the pressures on 

the other side of the surfaces, and will therefore account for the 

action between E^ and JE2, so far as it depends on the internal force 

in the space between S^ and S^. 

Let us next investigate the equilibrium of a portion of the shell 
bounded by these surfaces and separated from the rest by a surface 
everywhere perpendicular to the equipotential surfaces. We may 
suppose this surface generated by describing any closed curve on 
81 J and drawing from every point of this curve lines of force till 
they meet S2. 

The figure we have to consider is therefore boimded by the two 
equipotential surfaces 8^ and 82^ and by a surface through which 
there is no induction, which we may call 8q. 

Let us first suppose that the area of the closed curve on 8^ is very 
small^ call it dS^, and that ^2=6^ + dF. 

The portion of space thus bounded may be regarded as an element 
of volume. If v is the normal to the equipotential surface, and 
d8 the element of that surface, then the volume of this element 
is ultimately dSdv. 

The induction through dS^ is Rd8^^ and since there is no in- 
duction through Sq , and no free electricity within the space con- 
sidered, the induction through the opposite surface dS^ will be 
equal and opposite, considered with reference to the space within 
the closed surface. 

There will therefore be a quantity of electricity 

€-1 = Ry dS-i 

on the first equipotential surface, and a quantity 

€» = -: — R.y dS.i 

on the second equipotential surface^ with the condition 

e^-^-e^ = 0. 
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Let VLB next consider the resultant force due to the action of the 
electrified systems on these small electrified sur&ces. 

The potential within the surface &i is constant and equal to C^, 
and without the surface 8^ it is constant and equal to C^. In the 
shell between these surfiMses it is continuous from (7^ to C,. 

Hence the resultant force is zero except within the shell. 

The electrified surface of the shell itself will be acted on by forces 
which are the arithmetical means of the forces just within and just 
without the sur&ce^ that is, in this case^ since the resultant force 
outside is zero, the force acting on the superficial electrification is 
one-half of the resultant force just within the surface. 

Hence^ if XdSdv be the total moving force resolved parallel 
to X, due to the electrical action on both the electrified surfaces of 
the element dSdvj 

where the suffixes denote that the derivatives of v are to be taken 
at dSi and dS2 respectively. 

Let If m, n he the direction-cosines of F, the normal to the 
equipotential surfiftce, then making 

dx = Idv, dy = mdvy and dz = n dv, 

and since ^g = ""^i^ we may write the value of X 

XdSdv = i^iT- \l^- -|-w^--f «-r-)ar. 

^ dx ^ dx dy dz ^ 

But ei=^-—RdS and (/--=- -f w-^- 4 » j-) = — ^; 
^ 4w ^ dx dy dz ^ 

therefore XdSdv = -— i? --^- dSdv ; 

8ir dx 

or, if we write 



ftir ftir V/Zi? du dz\ I 



^ 8w ^ti^dx 



^ dV^ dV? 



dy : dz 



then X=\^, Y=\t-' ^=4^; 

dx dy dz 

or the force in any direction on the element arising from the action 
of the electrified system on the two electrified surfaces of the 
element is equal to half the rate of increase of p in that direction 
multiplied by the volume of the element. 
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This result is the same if we substitute for the forces acting on 
the electrified surfaces an imaginary force whose potential is -i/?, 
acting on the whole volume of the element and soliciting it to 
move so as to increase \p. . 

If we now return to the case of a figure of finite size, bounded 
hj the equipotential surfaces 8^ and S2 and by the surface of no 
induction Sq^ we may divide the whole space into elements by a 
series of equipotential surfaces and two series of surfiices of no 
induction. The charges of electricity on those fiu^es of the elements 
which are in contact will be equal and opposite, so that the total 
efiect will be that due to the electrical forces acting on the charges 
on the surfaces 8^ and i^, and by what we have proved this will be 
the same as the action on the whole volume of the figure due to a 
system of forces whose potential is —\p. 

But we have already shewn that these electrical forces are 
equivalent to a tension p applied at all points of the surfaces S^ 
and S^. Hence the efiect of this tension is to pull the figure in 
the direction in which p increases. The figure therefore cannot be 
in equilibrium unless some other forces act on it. 

Now we know that if a hydrostatic pressure p is applied at every 
point of the sur&ce of any closed fig^re^ the effect is equal to 
that of a system of forces acting on the whole volume of the figure 
and having a potential p. In this case the figure is pushed in 
the direction in which p diminishes. 

We can now arrange matters so that the figure shall be in 
equilibrium. 

At every point of the two equipotential surfaces S^ and iSj, let 
a tension = jo be applied, and at every point of the surface of no 
induction Sq let a pressure = j» be applied. These forces will keep 
the figure in equilibriimi. 

For the tension p may be considered as a pressure p combined 
with a tension 2p, We have then a hydrostatic pressure jt? acting 
at every point of the surface, and a tension 2 p acting on S^ and S.^ 
only. 

The effect of the tension 2p at every point of 5^ and S2 is double 
of that which we have just calculated, that is, it is equal to that 
of forces whose potential is —p acting on the whole volume of the 
figure. The effect of the pressure p acting on the whole surface 
is by hydrostatics equal and opposite to that of this system of 
forces, and will keep the figure in equilibrium. 

107.] We have now determined a system of internal forces in 
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the medium which is consistent with the phenomena so far as 
we have examined them. We have found that in order to account 
for the electric attraction between distant bodies without admitting 
direct action, we must assume the existence of a tension p at every 
point of the medium in the direction of the resultant force R at 
that point. In order to account for the equilibrium of the medium 
itself we must further suppose that in every direction perpendicular 
to R there is 2^ pressure p*. 

By establishing the necessity of assuming these internal forces 
in the theory of an electric medium, we have advanced a step in 
that theory which will not be lost though we should fail in 
accounting for these internal forces, or in explaining the mechanism 
by which they can be maintained in air, glass, and other dielectric 
media. 

We have seen that the internal stresses in solid bodies can be 
ascertained with precision, though the theories which ac<S>unt for 
these stresses by means of molecular forces may still be doubtful. 
In the same way we may estimate these internal electrical forces 
before we are able to account for them. 

In order, however, that it may not appear as if we had no 
explanation of these internal forces, we shall shew that on the 
ordinary theory they must exist in a shell boimded by two equipo- 
tential sur&ces, and that the attractions and repulsions of the elec- 
tricity on the surfaces of the shell are sufficient to account for them. 

Let the first sur&ce 8^ be electrified so that the surface-density is 

and the second surface S^^ so that the surface-density is 

then, if we suppose that the value of V is C^ at every point within 
5^, and Cj at every point outside of S^^ the value of F between these 
surfaces remaining as before, the characteristic equation of V will 
be satisfied everywhere, and V is therefore the true value of the 
potential. 

We have already shewn that the outer and inner surfaces of the 
shell will be pulled towards each other with a force the value of 
which referred to unit of surface is jo, or in other words, there is a 
tension p in the substance of the shell in the direction of the lines 
of force. 

• See Faraday, Exp, Res. (1224) and (1297). 
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If we now conceive the shell divided into two s^ments hj a 
surface of no indnction^ the two parts will experience electrical 
forces the resultants of which will tend to separate the parts with 
a force equivalent to the resultant force due to a pressure p acting 
on every part of the surface of no induction which divides them. 

This illustration is to be taken merely as an explanation of what 
is meant by the tension and pressure, not as a physical theory to 
account for them. 

106.] We have next to consider whether these internal forces 
are capable of accounting for the observed electrical forces in every 
case^ as well as in the case where a closed equipotential sur&ce can 
be drawn surrounding one of the electrified systems. 

The statical theory of internal forces has been investigated by 
writers on the theory of elasticity. At present we shall require only 
to investigate the efiect of an oblique tension or pressure on an 
element^f surface. 

Let p be the value of a tension referred to unit of a surface to 
which it is normal^ and let there be no tension or pressure in any 
direction normal to p. Let the direction-cosines at p be I, m, n. 
Let dy dz be an element of surface normal to the axis oix, and let 
the effect of the internal force be to urge the parts on the positive 
side of this element with a force whose components are 

Pxm ^ ^^ i^ ^^^ direction of ap, 

Px^dydz y, and 

p„dydz z. 

From every point of the boundary of the element dy dz let lines 
be drawn parallel to the direction of the tension p^ forming a prism 
whose axis is in the line of tension^ and let this prism be cut by a 
plane normal to its axis. 

The area of this section will be Idydxy and the whole tension 
upon it will be pldydx, and since there is no action on the sides 
of the prism, which are normal to p^ the force on the base dy dz 
must be equivalent to the force pldydx acting in the direction 
(/, Tiiy n). Hence the component in the direction of a?, 

Pxxdydz = pP dydz ; or 
Similarly Po^ = pl^, (1) 

P<KM = pi^' 

If we now combine with this tension two tensions p' and j»'' in 
directions (/', vi\ n') and {r, m'\ «") respectively, we shall have 
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p^ = pim -k-p'r m' + y r «f", (2) 

In the case of the electrical tension and pressure the pressures 
are namerically equal to the tension at every point, and are in 
directions at right angles to the tension and to each other. Hence, 
P«*^ting y=y'=-.j», (3) 

^ + /^4.r2=l, /» + /'m' + rV=0, /» + ^«' + r«"=0, (4) 
we find j»„ = (2;2-l)/>, 

p^^ = 2/ot;?, (5) 

for the action of the combined tension and pressures. 

Also, since /? = -— B?^ where R denotes the resultant force, and 

o'TT 

since Rl = X, Rm = Y, Rn = Z, 

oTT 
oTT 
o'TT 

where X, F, ^are the comi)onents of i?, the resultant electromotive 
force. 

The expressions for the component internal forces on surfaces 
normal to y and z may be written down from symmetry. 

To determine the conditions of equilibrium of the element d^dydz. 

This element is bounded by the six planes perpendicular to the 
axes of coordinates passing through the points (^, y, z) and {x + dxy 

y-^iy, z+dz). 

The force in the direction of x which acts on the first face dy dz 
is -^Pxx^y^Z} tending to draw the element towards the negative 
side. On the second face dy dz, for which x has the value x -f dx, 
the tension/?^ has the value 

p^ dy dz + (^^^ ;>„) dx dy dz, 

and this tension tends to draw the element in the positive direction. 
If we next consider the two faces dz.dx with respect to the 

VOL. I. K 
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appear at variance with the established principle that at any point 
in a fluid the pressures in all directions are equal. But in the 
deduction of this principle from a consideration of the mobility 
and equilibrium of the parts of the fluid it is taken for granted 
that no action such as that which we here suppose to take place 
along the lines of force exists in the fluid. The state of stress 
which we have been studying is perfectly consistent with the 
mobility and equilibrium of the fluid, for we have seen that, if 
any portion of the fluid is devoid of electric charge, it experi- 
ences no resultant force from the stresses on its surface, however 
intense these may be. It is only when a portion of the fluid 
becomes charged, that its equilibrium is disturbed by the stresses 
on its surface, and we know that in this case it actually tends to 
move. Hence the supposed state of stress is not inconsistent with 
the equilibrium of a fluid dielectric. 

The quantity Q, which was investigated in Thomson's theorem. 
Art. 98, may be interpreted as the energy in the medium due to 
the distribution of stress. It appears from that theorem that the 
distribution of stress which satisfies the ordinary conditions also 
makes Q an absolute minimum. Now when the energy is a 
minimum for any configuration, that configuration is one of equi- 
librium, and the equilibriimi is stable. Hence the dielectric, 
when subjected to the inductive action of electrified bodies, will 
of itself take up a state of stress distributed in the way we have 
described. 

It must be carefully borne in mind that we have made only one 
step in the theory of the action of the medium. We have supposed 
it to be in a state of stress, but we have not in any way accounted 
for this stress, or explained how it is maintained. This step, 
however, seems to me to be an important one, as it explains, by 
the action of the consecutive parts of the medium, phenomena which 
were formerly supposed to be explicable only by direct action at 
a distance. 

111.] I have not been able to make the next step, namely, to 
account by mechanical considerations for these stresses in the 
dielectric. I therefore leave the theory at this point, merely 
stating what are the other parts of the phenomenon of induction 
in dielectrics. 

I. Electric Displacement. When induction takes place in a 
dielectric a phenomenon takes place which is equivalent to a 
displacement of electricity in the direction of the induction. For 
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instance, in a Leyden jar, of which the inner coating is charged 
positively and the outer coating negatively, the displacement in 
the snbstance of the glass is from within outwards. 

Any increase of this displacement is equivalent, during the time 
of increase^ to a current of positive electricity from within outwards, 
and any diminution of the displacement is equivalent to a current 
in the opposite direction. 

The whole quantity of electricity displaced through any area 
of a surface fixed in the dielectric is measured by the quantity which 
we have already investigated (Art. 75) as the surface-integral of 

induction through that area, multiplied by 7— -ff, where K is the 

specific inductive capacity of the dielectric. 

II. Superficial Electrification of the Particles of the Dielectric. 
Conceive any portion of the dielectric, large or small, to be separated 
(in imagination) from the rest by a closed surface, then we must 
suppose that on every elementary portion of this surface there is 
an electrification measured by the total displacement of electricity 
through that element of surface reckoned inwards. 

In the case of the Leyden jar of which the inner coating is 
charged positively, any portion of the glass will have its inner 
side charged positively and its outer side negatively. If this 
portion be entirely in the interior of the glass, its superficial elec- 
trification will be neutralized by the opposite electrification of the 
parts in contact with it, but if it be in contact with a conducting 
body which is incapable of maintaining in itself the inductive state, 
the superficial electrification will not be neutralized, but will con- 
stitute that apparent electrification which is commonly called the 
Electrification of the Conductor. 

The electrification therefore at the bounding surface of a con- 
ductor and the surrounding dielectric, which on the old thef>ry 
was called the electrification of the conductor, must be called in the 
theory of induction the superficial electrification of the surrounding 
dielectric. 

According to this theory, all electrification is the residual efiect 
of the polarization of the dielectric. This polarization exists 
throughout the interior of the substance, but it is there neutralized 
by the juxtaposition of oppositely electrified parts, so that it is only 
at the surface of the dielectric that the effects of the electrification 
become apparent. 

The theory completely accounts for the theorem of Art. 77, that 
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the total inductioD through a closed surface is equal to the total 
quantity of electricity within the surface multiplied by 47r. For 
what we have called the induction through the surface is simply 
the electric displacement multiplied by 47r, and the total displace- 
ment outwards is necessarily equal to the total electrification within 
the surface. 

The theory also accounts for the impossibility of communicating 
an absolute charge to matter. For every particle of the dielectric 
is electrified with equal and opposite charges on its opposite sides, 
if it would not be more correct to say that these electrifications are 
only the manifestations of a single phenomenon, which we may call 
Electric Polarization. 

A dielectric medium, when thus polarized, is the seat of electrical 
energy, and the energy in unit of volume of the medium is nu- 
merically equal to the electric tension on unit of area, both quan- 
tities being equal to half the product of the displacement and the 
resultant electromotive force, or 

o IT XL 

where p is the electric tension, S) the displacement, @ the electro- 
motive force, and K the specific inductive capacity. 

If the medium is not a perfect insulator, the state of constraint, 
which we call electric polarization, is continually giving way. The 
medium yields to the electromotive force, the electric stress is 
relaxed, and the potential energy of the state of constraint is con- 
verted into heat. The rate at which this decay of the state of 
polarization takes place depends on the nature of the medium. 
In some kinds of glass, days or years may elapse before the polar- 
ization sinks to half its original value. In copper, this change 
may occupy less than the billionth of a second. 

We have supposed the medium after being polaiized to be simply 
left to itself. In the phenomenon called the electric current the 
constant passage of electricity through the medium tends to restore 
the state of polarization as fast as the conductivity of the medium 
allows it to decay. Thus the external agency which maintains the 
current is always doing work in restoring the polarization of the 
medium, which is continually becoming relaxed, and the potential 
energy of this polarization is continually becoming transformed 
into heat, so that the final result of the energy expended in main- 
taining the current is to raise the temperature of the conductor. 
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ON POINTS AND LINSS OF EQUILIBRIUM. 

112.] If at any point of the electric field the resultant force is 
zero, the point is called a Point of equilibrium. 

If every point on a certain line is a point of equilibrium, the line 
is called a Line of equilibrium. 

The conditions that a point shall be a point of equilibrium are 
that at that point 

— =0 — =0 — = 
dx "^ * dy '~ ^ dz "^ ' 

At such a pointy therefore, the value of F is a maximum^ or 
a minimum, or is stationary, with respect to variations of the 
coordinates. The potential, however, can have a maximum or a 
minimum value only at a p(Hnt charged with positive or with 
negative electricity, or throughout a finite space bounded by a 
surface electrified positively or negatively. If, therefore, a point 
of equilibrium occurs in an imelectrified part of the field it must 
be a stationary pointy and not a maximum or a minimum. 

In fact, the first condition of a maximum or minimum is that 

d^r d^r - d^r 

^' If',''''^ ~d^ 
must be all negative or all positive, if they have finite values. 

Now, by Laplace's equation, at a point where there is no elec- 
trification, the sum of these three quantities is zero, and therefore 
this condition cannot be fulfilled. 

Instead of investigating the analytical conditions for the cases 
in which the components of the force simultaneously vanish, we 
shall give a general proof by means of the equipotential surfaces. 

If at any point, P, there is a true maximum value of F, then, at 
all other points in the immediate neighbourhood of P, the value of 
V is less than at P. Hence P wUl be surrounded by a series of 
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closed eqoipotential surfaces, eacb outside the one before it, and at 
all points of any one of these snifiices the electrical force will be 
directed outwards. But we haye proved, in Art, 76, that the surface- 
integ^l of the electrical force taken over any closed surface gives 
the total electrification within that surfiu^e multiplied by 4t. Now, 
in this case the force is everywhere outwards, so that the surface- 
integral is necessarily positive, and therefore there is positive elec- 
trification within the sur&ce, and, since we may take the surfiu:e as 
near to P as we please, there is positive electrification at the point P. 

In the same way we may prove that if F is a minimum at P, 
then P is negatively electrified. 

Next, let P be a point of equilibrium in a region devoid of elec- 
trification, and let us describe a very small closed surface round 
P, then, as we have seen, the potential at this surface cannot be 
everywhere greater or everywhere less than at P. It must there- 
fore be greater at some parts of the surface and less at others. 
These portions of the surface are bounded by lines in which the 
potential is equal to that at P. Along lines drawn from P to 
points at which the potential is less than that at P the electrical 
force is from P, and along lines drawn to points of greater po- 
tential the force is towards P. Hence the point P is a point of 
stable equilibrium for some displacements, and of unstable equili- 
brium for other displacements. 

113.] To determine the number of the points and lines of equi- 
librium, let US consider the surface or surfaces for which the 
potential is equal to (7, a g^ven quantity. Let us call the regions 
in which the potential is less than C the negative regions, and 
those in which it is greater than C the positive regions. Let 
Fj) be the lowest, and f\ the highest potential existing in the 
electric field. If we make C= Vq, the negative region will in- 
clude only the electrified point or conductor of lowest potential, 
and this is necessarily electrified negatively. The positive region 
consists of the rest of space, and since it surrounds the negative 
region it is periphractic. See Art. 18. 

If we now increase the value of C the negative region will 
expand, and new negative regions will be formed round negatively 
electrified bodies. For every negative region thus formed the 
surrounding positive region acquires one degree of periphraxy. 

As the different negative regions expand, two or more of them 
may meet in a point or a line. If w -j- 1 negative regions meet, 
the positive region loses n degi'ces of periphraxy, and the point 
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or the line in which they meet is a point or line of equilibrium 
of the nth de^ee. 

When C becomes equal to F^ the positive region is reduced to 
the electrified point or conductor of highest potential, and has 
therefore lost all its periphraxy. Hence, if each point or line of 
equilibrium counts for one, two, or n according to its degree, the 
number so made up by the points or lines now considered will 
be one less than the number of negatively electrified bodies. 

There are other points or lines of equilibrium which occur where 
the positive regions become separated from each other, and the 
negative region acquires periphraxy. The number of these, reck- 
oned according to their degrees, is one less than the number of 
positively electrified bodies. 

If we call a point or line of equilibrium positive when it is the 
meeting-place of two or more positive regions, and negative when 
the regions which unite there are negative, then, if there are p 
bodies positively and n bodies negatively electrified, the sum of 
the degrees of the positive points and lines of equilibrium will bo 
p—lj and that of the negative ones n—l. 

But, besides this definite number of points and lines of equi- 
librium arising from the junction of diflferent regions, there may 
be others, of which we can only affirm that their number must be 
even. For if, as the negative region expands, it meets itself, it 
becomes a cyclic region, and it may acquire, by repeatedly meeting 
itself, any number of degrees of cyclosis, each of which corresponds 
to the point or line of equilibrium at which the cyclosis was 
established. As the negative region continues to expand till it 
fills all space, it loses every degree of cyclosis it has acquired, and 
becomes at last acyclic. Hence there is a set of points or lines 
of equilibrium at which cyclosis is lost, and these are equal in 
number of degrees to those at which it is acquired. 

If the form of the electrified bodies or conductors is arbitrary, 
we can only assert that the number of these additional points or 
lines is even, but if they are electrified points or spherical con- 
ductors, the number arising in this way cannot exceed (n — l)(7i—-2)y 
where n is the number of bodies. 

114.] The potential close to any point P may be expanded in 

the series 

r= ro+5i+^2+&c.; 

where /Zi, ZTg, &c. are homogeneous functions of x, y, Zj whose 
dimensions are 1, 2, &c. respectively. 
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Since the first derivatives of V vanish at a point of equilibrium, 
iSTj = 0, if P be a point of equilibrium. 

Let H^ be the first function which does not vanish^ then close to 
the point P we may neglect all functions of higher degrees as 
compared with H^, 

Now 5; = 

is the equation of a cone of the degree i, and this cone is the cone 
of closest contact with the equipotential surfiu^ at P, 

It appears, therefore, that the equipotential surface passing 
through P has, at that point, a conical point touched by a cone 
of the second or of a higher degree. 

If the point P is not on a line of equilibrium this cone 
does not intersect itself^ but consists of i sheets or some smaller 
number. 

If the nodal line intersects itself, then the point P is on a line 
of equilibrium^ and the equipotential surface through P cuts itself 
in that line. 

If there are intersections of the nodal line not on opposite points 
of the sphere, then P is at the intersection of three or more lines 
of equilibrium. For the equipotential surface through P must cut 
itself in each line of equilibrium. 

115.] If two sheets of the same equipotential surface intersect^ 
they must intersect at right angles. 

For let the tangent to the line of intersection be taken as the 

axis of z^ then -^-^ = 0. Also let the axis of a* be a tangent to 

cPF 
one of the sheets, then -j-^ = 0. It follows from this, by Laplaee^s 

sheet. 

This investigation assumes that H<^ is finite. If H^ vanishes, let 
the tangent to the line of intersection be taken as the axis of z^ and 
let a? = r cos Qy and y ^ r sin ^, then, since 



mm W 

equation, that -^^ = 0, or the axis of y is a tangent to the other 



^r d^r d^V_ 

d^ IdF 1 ^_ 
°^ dr^ "^ r dr^ r^ d6^ ~ ' 

the solution of which equation in ascending powers of r is 
r=r, + ^ircos(0 + a) + ^2''"cos{2tf + a2) + &c. +^ir'cos(i5 + ai). 
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At a point of equilibrium A^ is zero. If the first term that does 
not vanish is that in r', then 

F— Fq = AiT* COB {iO-h a|) + terms in higher powers of r. 

This gives i sheets of the equipotential surface F=: Fq, intersecting 
at angles each equal to -r . This theorem was given by Rankine ^, 

It is only under certain conditions that a line of equilibrium can 
exist in free space^ but there must be a line of equilibrium on the 
surface of a conductor whenever the electrification of the conductor 
is positive in one portion and negative in another. 

In order that a conductor may be oppositely electrified in different 
portions of its surface^ there must be in the field some places where 
the potential is higher than that of the body and others where it is 
lower. We must remember that at an infinite distance the potential 
is zero. 

Let us begin with two conductors electrified positively to the 
same potential. There will be a point of equilibrium between the 
two bodies. Let the potential of the first body be gradually raised. 
The point of equilibrium will approach the other body, and as the 
process goes on it will coincide with a point on its surface. If the 
potential of the first body be now increased, the equipotential 
surface round the first body which has the same potential as the 
second body will cut the surface of the second body at right angles 
in a closed curve, which is a line of equilibrium. 

Earnshaw's Theorem. 

116.] An electrified body placed in a field of electric force cannot 
be in stable equilibrium. 

First, let us suppose the electricity of the moveable body (^), and 
also that of the system of surrounding bodies {B), to be fixed in 
those bodies. 

Let F be the potential at any point of the moveable body due to 
the action of the surrounding bodies (5), and let e be the electricity 
on a small portion of the moveable body A surrounding this point. 
Then the potential energy of A with respect to B will be 

M^ I.{Fe\ 
where the summation is to be extended to every electrified portion 
of^. 

• * Summary of the Properties of certain Stream Lines/ Phil, Mag., Oct. 1864. 
See also, Tboiuson and Tait's Natural Philosophy^ § 780 ; and Rankine and Stokes, 
in the Proc. R. 6., 1867, p. 468 ; also W. R. Smith, Proc. R. 8. Edin., 1869-70, p. 79. 
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Let a^ 6, e he the ooordinates of any electrified part of A with 
respect to axes fixed in A^ and parallel to those otx, y, z. Let the 
coordinates of the point fixed in the body through which these axes 

pass be f , i|, C 

Let OS suppose for the present that the body A is constrained to 
move parallel to itself, then the absolute coordinates of the point 
a^ 6, e will be 

The potential of the body A with respect to B may now be 
expressed as the sum of a number of terms, in each of which F 
is expressed in terms of a, b, c and f , 17, C <^d ^® ^^u^ of these 
terms is a function of the quantities a, d, e, which are constant for 
each point of the body, and of f, 17, f, which vary when the body is 
moved. 

Since Laplace's equation is satisfied by each of these terms it is 
satisfied by their sum, or 

d^M iPM rfW _ 
rff 2 "** drj^ "^ dC "" 
Now let a small displacement be given to ^, so that 
d^zzzldr^ drj^mdr, dC=ndr; 

then -J- dr will be the increment of the potential of A with respect 

to the surrounding system B. 

If this be positive, work will have to be done to increase r, and 

there will be a force -5— tending to diminish r and to restore A to 

its former position, and for this displacement therefore the equi- 
librium will be stable. If, on the other hand, this quantity is 
negative, the force will tend to increase r, and the equilibrium will 
be unstable. 

Now consider a sphere whose centre is the origin and whose 
radius is r, and so small that when the point fixed in the body 
lies within this sphere no part of the moveable body A can coincide 
with any part of the external system B. Then, since within the 
sphere ^'^3f=: 0, the surface-integral 

dM ,^ 

dS =: 0, 



// 



dr 
taken over the surface of the sphere. 

Hence, if at any part of the surface of the sphere j— is positive, 

there must be some other part of the surface where it is negative, 
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and if the body A be displaced in a direction in which -7- is 

negative, it will tend to move from its original position^ and its 
equilibrium is therefore necessarily unstable. 

The body therefore is unstable even when constrained to move 
parallel to itself, a fortiori it is unstable when altogether free. 

Now let us suppose that the body -4 is a conductor. We might 
treat this as a case of equilibrium of a system of bodies, the move- 
able electricity being considered as part of that system, and we 
might argue that as the system is unstable when deprived of so 
many degrees of freedom by the fixture of its electricity, it must 
a fortiori be unstable when this freedom is restored to it. 

But we may consider this case in a more particular way, thus — 

First, let the electricity be fixed in J, and let it move through 

the small distance dr. The increment of the potential of A due to 

... . dM J 

this cause is -^— dr, 

ar 

Next, let the electricity be allowed to move within A into its 
position of equilibrium, which is always stable. During this motion 
the potential will necessarily be diminished by a quantity which we 
may call Cdr, 

Hence the total increment of the potential when the electricity 
is free to move will be 

and the force tending to bring A back towards its original position 
will be dM 

where C is always positive. 

Now we have shewn that -j- is negative for certain direc- 
tions of r, hence when the electricity is free to move the instability 
in these directions will be increased. 



CHAPTER VII. 

FORMS OF THB BQUIPOTENTIAL SURFACES AND LINES OF 

INDUCTION IN SIMPLE CASES. 

117.] Wb liave seen tliat the determination of the distribution 
of electricity on the sxxr&jce of conductors may be made to depend 
on the solution of Laplace's equation 

(PF (Pr (PV _ 

dx^ "*" df ■*■ dz^' "■ ' 

F being a function of x, y, and z, which is always finite and con- 
tinuous^ which vanishes at an infinite distance^ and which has 
a given constant value at the surface of each conductor. 

It is not in general possible by known mathematical methods 
to solve this equation so as to fulfil arbitrarily given conditions^ 
but it is always possible to assign various forms to the function 
F which shall satisfy the equation^ and to determine in each case 
the forms of the conducting surfaces, so that the function V shall 
be the true solution. 

It appears, therefore, that what we should naturally call the 
inverse problem of determining the forms of the conductors from 
the potential is more manageable than the direct problem of de- 
termining the potential when the form of the conductors is given. 

In fact, every electrical problem of which we know the solution 
has been constructed by an inverse process. It is therefore of 
great importance to the electrician that he should know what 
results have been obtained in this way, since the only method by 
which he can expect to solve a new problem is by reducing it 
to one of the cases in which a similar problem has been con- 
structed by the inverse process. 

This historical knowledge of residts can be turned to account in 
two ways. If we are required to devise an instrument for making 
electrical measurements with the greatest accuracy, we may select 
those forms for the electrified surfaces which correspond to cases 
of which we know the accurate solution. If, on the other hand, 
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we are required to estimate what will be the electrification of bodies 
whose forms are given^ we may begin with some case in which one 
of the eqoipotential smrfaces takes a form somewhat resembling the 
given form^ and then by a tentative method we may modify the pro- 
blem till it more nearly corresponds to the given case. This method 
is evidently very imperfect considered from a mathematical point 
of view, but it is the only one we have, and if we are not allowed 
to choose our conditions, we can make only an approximate cal- 
culation of the electrification. It appears, therefore, that what we 
want is a knowledge of the forms of equipotential sur&ces and 
lines of induction in as many different cases as we can collect 
together and remember. In certain classes of cases, such as those 
relating to spheres, we may proceed by mathematical methods. In 
other cases we cannot afford to despise the humbler method of 
actually drawing tentative figures on paper, and selecting that 
which appears least unlike the figure we require. 

This latter method I think may be of some use, even in cases in 
which the exact solution has been obtained, for I find that an eye- 
knowledge of the forms of the equipotential surfaces often leads to a 
right selection of a mathematical method of solution. 

I have therefore drawn several diagrams of systems of equipotential 
surfaces and lines of force, so that the student may make himself 
familiar with the forms of the lines. The methods by which such 
diagrams may be drawn will be explained as we go on, as they 
belong to questions of different kinds. 

118.] In the first figure at the end of this volume we have the 
equipotential surfaces surrounding two points electrified with quan- 
tities of electricity of the same kind and in the ratio of 20 to 5. 

Here each point is surrounded by a system of equipotential 
surfaces which become more nearly spheres as they become smaller, 
but none of them are accurately spheres. If two of these surfaces, 
one surrounding each sphere, be taken to represent the surfaces 
of two conducting bodies, nearly but not quite spherical, and if 
these bodies be charged with the same kind of electricity, the 
charges being as 4 to 1, then the diagram will represent the 
equipotential surfaces, provided we expunge all those which are 
drawn inside the two bodies. It appears from the diagram that 
the action between the bodies will be the same as that between 
two points having the same charges, these points being not exactly 
in the middle of the axis of each body, but somewhat more remote 
than the middle point from the other body. 
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The same diagram enables us to see what will be the distributiou 
of electricity on one of the oval figures, larger at one end than 
the other, which surround both centres. Such a body, if electrified 
with a charge 25 and free from external influence, will have the 
surface-density greatest at the small end, less at the large end, 
and least in a circle somewhat nearer the smaller than the larger end. 

There is one equipotential surface, indicated by a dotted line, 
which consists of two lobes meeting at the conical point P. That 
point is a point of equilibrium, and the surface-density on a body 
of the form of this surface would be zero at this point. 

The lines of force in this case form two distinct systems, divided 
from one another by a surface of the sixth degree, indicated by a 
dotted line, passing through the point of equilibrium, and some- 
what resembling one sheet of the hyperboloid of two sheets. 

This diagram may also be taken to represent the lines of force 
and equipotential surfaces belonging to two spheres of gravitating 
matter whose masses are as 4 to 1 . 

119.] In the second figure we have again two points whose 
charges are as 4 to 1, but the one positive and the other negative. 
In this case one of the equipotential surfaces, that, namely, corre- 
sponding to potential zero, is a sphere. It is marked in the diagram 
by the dotted circle Q. The importance of this spherical surface 
will be seen when we come to the theory of Electrical Images. 

We may see from this diagram that if two round bodies are 
charged with opposite kinds of electricity they will attract each other 
as much as two points having the same charges but placed some- 
what nearer together than the middle points of the round bodies. 

Here, again, one of the equipotential surfaces, indicated by a 
dotted line, has two lobes, an inner one surrounding the point whose 
charge is 5 and an outer one surrounding both bodies, the two 
lobes meeting in a conical point P which is a point of equilibrium. 

If the surface of a conductor is of the form of the outer lobe, a 
roundish body having, like an apple, a conical dimple at one end of 
its axis, then, if this conductor be electrified, we shall be able to 
determine the superficial density at any point. That at the bottom 
of the dimple will be zero. 

Surrounding this surface we have others having a rounded 
dimple which flattens and finally disappears in the equipotential 
surface passing through the point marked M. 

The lines of f'oice in this diagram form two systems divided by a 
surface which passes through the point of equilibrium. 
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If we consider points on the axis on the ftirther side of the point 
-B, we find that the resultant force diminishes to the double point P, 
where it vanishes. It then changes sign, and reaches a maximum 
at Jf, after which it continually diminishes. 

This maximum, however, is only a maximum relatively to other 
points on the axis, for if we draw a surface perpendicular to the 
axis, Jf is a point of minimum force relatively to neighbouring 
points on that surface. 

120.] Figure III represents the equipotential sur&ces and lines 
of force due to an electrified point whose charge is 10 placed at 
Ay and surrounded by a field of force, which, before the intro- 
duction of the electrified point, was uniform in direction and 
magnitude at every part. In this case, those lines of force which 
belong to A are contained within a surface of revolution which 
has an asymptotic cylinder, having its axis parallel to the un- 
disturbed lines of force. 

The equipotential surfaces have each of them an asymptotic 
plane. One of them, indicated by a dotted line, has a conical 
point and a lobe surrounding the point A. Those below this surface 
have one sheet with a depression near the axis. Those above have 
a closed portion surrounding A and a separate sheet with a slight 
depression near the axis. 

If we take one of the surfaces below A as the surface of a con- 
ductor, and another a long way below A as the surface of another 
conductor at a difierent potential, the system of lines and surfaces 
between the two conductors will indicate the distribution of electric 
force. If the lower conductor is very far from A its surface will 
be very nearly plane, so that we have here the solution of the 
distribution of electricity on two surfaces, both of them nearly 
plane and parallel to each other, except that the upper one has 
a protuberance near its middle point, which is more or less pro- 
minent according to the particular equipotential line we choose for 
the surface. 

121.] Figure IV represents the equipotential sur&ces and lines 
of force due to three electrified points -4, B and C, the charge of A 
being 1 5 units of positive electricity, that of -B 1 2 units of negative 
electricity, and that of C 20 units of positive electricity. These 
points are placed in one straight line, so that 

AB ^ 9, 5C=16, AC = 25. 

In this case, the surface for which the potential is unity consists 
of two spheres whose centres are A and C and their radii 15 and 20. 

VOL. I. L 
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These spheres intersect in the circle which cuts the plane of the 
paper in B and 2/, so that B is the centre of this circle and its 
radius is 12. This circle is an example of a line of equilibrium, for 
the resultant force vanishes at every point of this line. 

If we suppose the sphere whose centre is ^ to be a conductor 
with a charge of 3 units of positive electricity, and placed under 
the influence of 20 units of positive electricity at C, the state of 
the case will be represented by the diagram if we leave out all the 
lines within the sphere A, The part of this spherical surface within 
the small circle Bff will be negatively electrified by the influence 
of C. All the rest of the sphere will be positively electrified, and 
the small circle BB^ itself will be a line of no electrification. 

We may also consider the diagram to represent the electrification 
of the sphere whose centre is Cy charged with 8 units of positive 
electricity, and influenced by 15 units of positive electricity placed 
at A, 

The diagram may also be taken to represent the case of a con- 
ductor whose surface consists of the larger segments of the two 
spheres meeting in BUy charged with 23 units of positive elec- 
tricity. 

We shall return to the consideration of this diagram as an 
illustration of Thomson's Theory of Electrical Imager, See Art. 168. 

122.] I am anxious that these diagrams should be studied as 
illustrations of the language of Faraday in speaking of * lines of 
force/ the ' forces of an electrified body,' &c. 

In strict mathematical language the word Force is used to signify 
the supposed cause of the tendency which a material body is found 
to have towards alteration in its state of rest or motion. It is 
indifferent whether we speak of this observed tendency or of its 
immediate cause, since the cause is simply inferred from the effect, 
and has no other evidence to support it. 

Since, however, we are ourselves in the practice of directing the 
motion of our own bodies, and of moving other things in this way, 
we have acquired a copious store of remembered sensations relating 
to these actions, and therefore our ideas of force are connected in 
our minds with ideas of conscious power, of exertion, and of fatigue, 
and of overcoming or yielding to pressure. These ideas, which give 
a colouring and vividness to the purely abstract idea of force, do 
not in mathjmatically trained minds lead to any practical error. 

But in the vulgar language of the time when dynamical science 
was unknown, all the words relating to exertion, such as force, 
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energy, power, &c., were confounded with each other, though some 
of the schoolmen endeavoured to in^oduce a greater precision into 
their language. 

The cultivation and popularization of correct dynamical ideas 
since the time of Galileo and Newton has effected an immense 
change in the language and ideas of conmion life, but it is only 
within recent times, and in consequence of the increasing im- 
portance of machinery, that the ideas of force, energy, and power 
have become accurately distinguished from each other. Very few, 
however, even of scientific men, are careful to observe these dis- 
tinctions ; hence we often hear of the force of a cannon-ball when 
either its energy or its momentum is meant, and of the force of an 
electrified body when the quantity of its electrification is meant. 

Now the quantity of electricity in a body is measured, according 
to Faraday's ideas, by the number of lines of force, or rather of 
induction, which proceed from it. These lines of force must all 
terminate somewhere, either on bodies in the neighbourhood, or on 
the walls and roof of the room, or on the earth, or on the heavenly 
bodies, and wherever they terminate there is a quantity of elec- 
tricity exactly equal and opposite to that on the part of the body 
from which they proceeded. By examining the diagi*ams this will 
be seen to be the case. There is therefore no contradiction between 
Faraday's views and the mathematical results of the old theory, 
but, on the contrary, the idea of lines of force throws great light 
on these results, and seems to afford the means of rising by a con- 
tinuous process from the somewhat rigid conceptions of the old 
theory to notions which may be capable of greater expansion, so 
as to provide room for the increase of our knowledge by further 
researches. 

123.] These diagrams are constructed in the following manner : — 

First, take the case of a single centre of force, a small electrified 

E 

body with a charge K The potential at a distance r is F = — ; 

P ^ 

hence, if we make r = -^^ , we shall find r, the radius of the sphere 

for which the potential is V. If we now give \o V the values. 
1, 2, 3, &c., and draw the corresponding spheres, we shall obtain 
a series of equipotential surfaces, the potentials corresponding to 
which are measured by the natural numbers. The sections of these 
spheres by a plane passing through their common centre will be 
circles, which we may mark with the number denoting the potential 

L 2 
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of each. These are indicated by the dotted circles on the right 
hand of Fig. 6. 

If there be another centre of force, we may in the same way draw 
the equipotential surfaces belonging to it, and if we now wish to 
find the form of the equipotential surfaces due to both centres 
together, we must remember that if F^ be the potential due to one 
centre, and F^ that due to the other, the potential due to both will be 
Fj + Fg = F, Hence, since at every intersection of the equipotential 
surfaces belonging to the two series we know both F^ and F^, we 
also know the value of F, If therefore we draw a surface which 
passes through all those intersections for which the value of F is 
the same, this sur&ce will coincide with a true equipotential sur&ce 
at all these intersections, and if the original systems of surfaces 
be drawn sufficiently close, the new surface may be drawn with 
any required degree of accuracy. The equipotential surfaces due to 
two points whose charges are equal and opposite are represented by 
the continuous lines on the right hand side of Fig. 6. 

This method may be applied to the drawing of any system of 
equipotential surfaces when the potential is the sum of two po- 
tentials, for which we have already drawn the equipotential surfaces. 

The lines of force due to a single centre of force are straight 
lines radiating from that centre. If we wish to indicate by these 
lines the intensity as well as the direction of the force at any point, 
we must draw them so that they mark out on the equipotential 
surfaces portions over which the surface-integral of induction has 
definite values. The best way of doing this is to suppose our 
plane figure to be the section of a figure in space formed by the 
revolution of the plane figure about an axis passing through the 
centre of force. Any straight line radiating from the centre and 
making an angle with the axis will then trace out a cone, 
and the surface-integral of the induction through that part of any 
surface which is cut off by this cone on the side next the positive 
direction of the axis, is 27r-£'(l— cos^). 

If we further suppose this surface to be bounded by its inter- 
section with two planes passing through the axis, and inclined at 
the angle whose arc is equal to half the radius, then the induction 
through the surface so bounded is 

JS{1 —cos ^) = 2 vj/, say ; 

and 6 = cos"^ (l — 2 ^)- 

If we now give to * a series of values 1, 2, 3 ... JE^, we shall find 
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a corresponding series of values of 0, and if J? be an integer, the 
number of corresponding lines of force, including the axis, will be 
equal to K 

We have therefore a method of drawing lines of force so that 
the charge of any centre is indicated by the number of lines which 
converge to it, and the induction through any surface cut off in the 
way described is measured by the number of lines of force which 
pass through it. The dotted straight lines on the left hand side 
of Fig. 6 represent the lines of force due to each of two electrified 
points whose charges are 10 and —10 respectively. 

If there are two centres of force on the axis of the figure we 
may draw the lines of force for each axis corresponding to values 
of ^i and ^2J ^^^ then, by drawing lines through the consecutive 
intersections of these lines, for which the value of ^'i + ^'g is the 
same, we may find the lines of force due to both centres, and in 
the same way we may combine any two systems of lines of force 
which are symmetrically situated about the same axis. The con- 
tinuous curves on the left hand side of Fig. 6 represent the lines 
of force due to the two electrified points acting at once. 

After the equipotential surfaces and lines of force have been 
constructed by this method the accuracy of the drawing may be 
tested by observing whether the two systems of lines are every- 
where orthogonal, and whether the distance between consecutive 
equpotential surfaces is to the distance between consecutive lines 
of force as half the distance from the axis is to the assumed unit of 
length. 

In the case of any such system of finite dimensions the line of 
force whose index number is ^ has an asymptote which passes 
through the centre of gravity of the system, and is inclined to the 

axis at an angle whose cosine is 1 — 2 ^ , where E is the total 

electrification of the system, provided ^ is less than K Lines of 
force whose index is greater than JS are finite lines. 

The lines of force corresponding to a field of uniform force parallel 
to the axis are lines parallel to the axis, the distances from the 
axis being the square roots of an arithmetical series. 

The theory of equipotential surfaces and lines of force in two 
dimensions will be given when we come to the theory of conjugate 
functions *. 

* See a paper ' On the Flow of Electricity in Conducting Surfaces,* by Prof. W. B. 
Smith, Proc. R, S. Edin., 1869-70, p. 79. 



CHAPTER VIII. 



SIMPLE CASES OF ELECTBIFICATION. 



Two Parallel Planes. 

124.] We shall considerj in the first place, two parallel plane 
ocmdaoting washaeB of infinite extent, at a distance e from each 
other, maintained respectiyely at potentials A and B, 

It is manifest that in this case the potential F will be a function 
of the distance z from the plane A^ and will be the same for all 
points of any parallel plane between A and B, except near the 
boondaries of the electrified surfaces, which by the supposition 
are at an infinitely great distance from the point considered. 

Hence, Laplace's equation becomes reduced to 

tiie integ^ of which is 

and since when z = 0, V ^ A, and when z = c, V = B, 

F=A+{B-J)-- 

C 

For all points between the planes, the resultant electrical force 
is normal to the planes, and its magnitude is 

c 
In the substance of the conductors themselves, iit = 0. Hence 
the distribution of electricity on the first plane has a surface- 
density cr, where A^B 

4ir<r =i li =i • 

c 

On the other surface, where the potential is B, the surface- 
density </ will be equal and opposite to <r, and 
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Let us next consider a portion of the first surface whose area 
is S, taken so that no part of S is near the boundary of the 
surface. 

The quantity of electricity on this sur&ce is F^ = Scr, and, by 
Art. 79, the force acting on every unit of electricity is i jB, so that 
the whole force acting on the area 8, and attracting it towards 
the other plane, is 

Stt Stt c' 

Here the attraction is expressed in terms of the area S, the 
difference of potentials of the two surfaces (A—JB), and the distance 
between them c. The attraction, expressed in terms of the charge 
JE, on the area 8, is 9 - 

The electrical energy due to the distribution of electricity on the 
area 4S, and that on an area 5' on the surface B defined by projecting 
8 on the surface -B by a system of lines of force, which in this case 
are normals to the planes, is 

^Mtt c > 

The first of these expressions is the general expression of elec- 
trical energy. 

The second gives the energy in terms of the 'area, the distance, 
and the difference of potentials. 

The third gives it in terms of the resultant force R^ and the 
volume 8c included between the areas 8 and /S^, and shews that the 
energy in unit of volume is j? where 8 ttjo = B?. 

The attraction between the planes isj^iS, or in other words, there 
is an electrical tension (or negative pressure) equal to p on every 
unit of area. 

The fourth expression gives the energy in terms of the charge. 

The fifth shews that the electrical energy is equal to the work 
which would be done by the electric force if the two surfaces were 
to be brought together, moving parallel to themselves, with their 
electric charges constant. 
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To express the charge in terms of the difierence of potentials, 
we have 1 g 

I or 

The coefficient = j represents the charge due to a differ- 
ence of potentials equal to unity. This coefficient is called the 
Capacity of the surfiu^e S, due to its position relatively to the 
opposite surface. 

Let us now suppose that the medium between the two surfaces 
is no longer air but some other dielectric substance whose specific 
inductive capacity is Ky then the charge due to a given difference 
of potentials will be K times as great as when the dielectric is air, 

^^ KS 

The total energy will be 

The force between the sur&ces will be 

^ Sir c* 

271 



KS 

Hence the force between two surfiices kept at given potentials 
varies directly as Jf, the specific capacity of the dielectric, but the 
force between two surfaces charged with given quantities of elec- 
tricity varies inversely as K. 

Two Concentric Spherical Surfaces, 

125.] Let two concentric spherical surfaces of radii a and J, of 
which b is the greater, be maintained at potentials A and B 
respectively, then it is manifest that the potential 7^ is a function 
of r the distance from the centre. In this case, Laplace's equation 
becomes d^F 2 dF _ 

dr^ r dr ~~ ' 

The integral of this is 

and the condition that F= A when r = a, and J = B when /• = /^, 
gives for the space between the spherical surfaces, 
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Aa-Bb A-B 
a-b """a-i-i-i 



r-i; 



R^ ^^^ ^--^ T-\ 

If (T], 0*2 are the surface-densities on the opposed surfaces of a 
solid sphere of radius a, and a spherical hollow of radius by then 

1 A-B __ 1 B-A 

If El and JE'2 be the whole charges of electricity on these surfaces^ 

The capacity of the enclosed sphere is therefore 7 

If the outer surface of the shell be also spherical and of radius c, 
then, if there are no other conductors in the neighbourhood^ the 
charge on the outer surface is 

^3 = Be. 

Hence the whole charge on the inner sphere is 

and that of the outer 

If we put 5 = 00, we have the case of a sphere in an infinite 
space. The electric capacity of such a sphere is a, or it is nu- 
merically equal to its radius. 

The electric tension on the inner sphere per unit of area is 

^ " Sir a^ (d-a)a ' 

The resultant of this tension over a hemisphere is ira^p = F 
normal to the base of the hemisphere^ and if this is balanced by a 
surface tension exerted across the circular boundary of the hemi- 
sphere, the tension on unit of length being T, we have 

F= 2'naT. 

Hence F— — Vi ^ = -\ » 

8 {b^af 8a2 

16 wa (b—af 
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If a spherical soap bubble is electrified to a potential A^ then^ if 
its radius is a^ the charge will be Aa^ and the surface-density 

will be 1 ^ 

0- = 

47 a 

The resultant electrical force just outside the surface will be 47r<r, 
and inside the bubble it is zero^ so that by Art. 79 the electrical 
force on unit of area of the surface will be 2ira^, acting outwards. 
Hence the electrification will diminish the pressure of the air 
within the bubble by 2ircr*, or 

Stt a* * 

But it may be shewn that if 7 is the tension which the liquid 
film exerts across a line of unit length, then the pressure firom 

within required to keep the bubble from collapsing is 2 - . If the 

electrical force is just sufiicient to keep the bubble in equilibrium 
when the air within and without is at the same pressure 

A^ = 16 war. 

Two Infinite Coaxal C^lindric Surfaces. 

126.] Let the radius of the outer surface of a conducting cylinder 
be a, and let the radius of the inner surface of a hollow cylinder, 
having the same axis with the first, be b. Let their potentials 
be A and B respectively. Then, since the potential F is in this 
case a function of r, the distance from the axis, Laplace's equation 
becomes 

whence F = C^+C^glogr. 

Since F = A when r := a, and F = B when r = b, 

^log-+jBlog^ 

r= 

If (Tj, 0-2 are the surface-densities on the inner and outer 
surfaces, 

A-^B B^A 

a loff - b loff - 

^ a ^ a 
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If E^ and E^ are the charges on a portion of the two cylinders of 
length /, measured along the axis, 

E^ = 2Tsal(r^ = \ "". /=— ^. 

log- 

The capacity of a length I of the interior cylinder is therefore 

»— f 

log J 

If the space between the cylinders is occupied by a dielectric of 
specific capacity K instead of air, then the capacity of the inner 
cylinder is . IK ^ 

The energy of the electrical distribution on the part of the infinite 
cylinder which we have considered is 

IK{A-Bf 



\og\ 



B 



Fig. 6. 

127.] Let there be two hollow cylindric conductors A and B, 
Fig. 5, of indefinite length, having the axis of x for their common 
axis, one on the positive and the other on the negative side of the 
origin, and separated by a short interval near the origin of co- 
ordinates. 

Let a hollow cylinder C of length 2/ be placed with its middle 
point at a distance x on the positive side of the origin, so as to 
extend into both the hollow cylinders. 

Let the potential of the positive hollow cylinder be A, that of 
the negative one B, and that of the internal one C, and let us put 
a for the capacity per unit of length of C with respect to A^ and 
/3 for the same quantity with respect to B. 

The capacities of the parts of the cylinders near the origin and 
near the ends of the inner cylinder will not be affected by the 
value of X provided a considerable length of the inner cylinder 
enters each of the hollow cylinders. Near the ends of the hollow 
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ojrlindera, and near the ends of the inner cylinder, there will be 
difitribations of electricity which we are not yet able to calculate, 
bat the distribution near the origin will not be altered by the 
motion of the inner cylinder provided neither of its ends comes 
near the origin^ and the distributions at the ends of the inner 
cylinder will move with it, so that the only effect of the motion 
will be to increase or diminish the length of those parts of the 
inner qrlinder where the distribution is similar to that on an in- 
finite cylinder. 

Hence the whole energy of the system will be, so fiyr as it depends 

Q=z io(/+af)(C-4« + i/8(/-»)(C-^« + quantities 

independent of x; 
and the resultant force parallel to the axis of the cylinders will be 

If the cylinders A and B are of equal section^ o = i^j cuid 

X= a{3-A){C-iU+B)). 

It appears^ therefore, th&t there is a constant force acting on 
the inner cylinder tending to draw it into that one of the outer 
cylinders from which its potential differs most. 

K C be numerically large and A+B comparatively small, then 
the force is approximately x = a{B—A)C; 

so that the difference of the potentials of the two cylinders can be 
measured if we can measure X, and the delicacy of the measurement 
will be increased by raising C, the potential of the inner cylinder. 

This principle in a modified form is adopted in Thomson's 
Quadrant Electrometer, Art. 219. 

The same arrangement of three cylinders may be used as a 
measure of capacity by connecting B and C. If the potential of 
A is zero, and that of B and C is F, then the quantity of electricity 
on ^ will be JF3 = (j^3 + a (Z+a?)) F; 

so that by moving C to the right till x becomes af+$ the capacity of 

the cylinder C becomes increased by the definite quantity af, where 

1 
a = ^ , 

2log- 
a and b being the radii of the opposed cylindric surfaces. 
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SPHERICAL HARMONICS, 

On Singular Points at which the Potential becomes Infinite, 

128.] We have already shewn that the potential due to a 

quantity of electricity e, condensed at a point whose coordinates 

are (fl, d, c), is e ,,, 

r=-; (1) 

T 

where r is the distance from the point (a, J, c) to the point {x, y, z), 
and F is the potential at the point (a?, y, z). 

At the point (a, by c) the potential and all its derivatives become 
infinite, but at eveiy other point they are finite and continuous, 
and the second derivatives of F satisfy Laplace's equation. 

Hence, the value of F, as given by equation (1), may be the 
actual value of the potential in the space outside a closed surface 
surrounding the point («, i, c), but we cannot, except for purely 
mathematical purposes, suppose this form of the function to hold 
up to and at the point (a, i, c) itself. For the resultant force close 
to the point would be infinite, a condition which would necessitate 
a discharge through the dielectric surrounding the point, and 
besides this it would require an infinite expenditure of work to 
charge a point with a finite quantity of electricity. 

We shall call a point of this kind an infinite point of degree zero. 
The potential and all its derivatives at such a point are infinite, 
but the product of the potential and the distance from the point 
is ultimately a finite quantity e when the distance is diminished 
without limit. This quantity e is called the charge of the infinite 
point. 

This may be shewn thus. If F' be the potential due to other 

electrified bodies, then near the point F' is everywhere finite, and 

the whole potential is ^ e 

F^ F H — 9 
r 

whence Fr z=z F'r-^e. 
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When r is indefinitely diminished V remains finite, so that 
ultimately Vr = e. 

129.1 There are other kinds of singular points, the properties of 
which we shall now investigate, but, before doing so, we must define 
some expressions which we shall find useful in emancipating our 
ideas from the thraldom of systems of coordinates. 

An axis is any definite direction in space. We may suppose 
it defined in Cartesian coordinates by its three direction-cosines 
If m, n, or, better still, we may suppose a mark made on the surface 
of a sphere where the radius ixBwnfrom the centre in the direction 
of the axis meets the surface. We may call this point the Pole 
of the axis. An axis has therefore one pole only, not two. 

If through any point x, y, z & plane be drawn perpendicular to 
the axis, the perpendicular from the origin on the plane is 

p = Ix-^my + nz. (2) 

The operation d . d d d 

is called Differentiation with respect to an axis h whose direction- 
cosines are I, m, n. 

Different axes are distinguished by different suffixes. 

The cosine of the angle between the vector r and any axis A, 

is denoted by A^, and the vector resolved in the direction of the 

axis hy Pi, where 

A<r = /..a?-f w..y-h;^.2: :^ p^. (4) 

The cosine of the angle between two axes A^ and Aj is denoted by 
fXij where ^^^ ._ /. i^ ^ ^^^ ^^^ _^ ^^^ ^^ ^ (5^ 

From these definitions it is evident that 

^iKr-J^ ^^' (^) 

dhr^''^dh; ^'^ 

Now let us suppose that the potential at the point (a?, y, z) due 
to a singular point of any degree placed at the origin is 

If such a point be placed at the extremity of the axis //, the 
potential at (.r, ^, z) will be 

M/{{x-lA), (y^mh), {z-nA))-, 



129.] INFINITE POINTS. 159 

and if a point in all respects equal and of opposite sign be placed 
at the origin^ the potential due to the pair of points will be 

= — Mh -7T F{x^ y, z) +term8 containing h^. 

If we now diminish h and increase M without limit, their product 
Mh remaining constant and equal to M\ the ultimate value of the 
potential of the pair of points will be 

r=-M'-lj.nx,y,z). (9) 

If y (d?, y, z) satisfies Laplace's equation^ then V\ which is the 
difference of two functions, each of which separately satisfies the 
equation, must itself satisfy it. 

If we begin with an infinite point of degree zero, for which 

r,^M,\> (10) 

we shall get for a point of the first degree 

=.M,^^M,h. (11) 

A point of the first degree may be supposed to consist of two 
points of degree zero, having equal and opposite charges Mq and 
— 3/0, and placed at the extremities of the axis A. The length 
of the axis is then supposed to diminish and the magnitude of the 
charges to increase, so that their product M^h is always equal to 
M^. The ultimate result of this process when the two points 
coincide is a point of the first degree, whose moment is M^ and 
whose axis is A^. A point of the first degree may therefore be 
called a Double point. 

By placing two equal and opposite points of the first degree at 
the extremities of the second axis h^y and making Jlfi^j = ^2' ^^ 
get by the same process a point of the second degree whose potential 
is ^ 

r — - h —r 

^■^ ^ 1 
dhi dh^ r 

= 3/,!^lto^. (12) 



160 SPHERICAL HARMONICS. [^SO- 

We may call a point of the second degree a Quadruple point, 
because it is constructed by making four points approach each 
other It has two axes, A^ and ^29 ^^^ ^ moment il/2* ^^ ^^' 
reef ions of these two axes and the magnitude of the moment com- 
])letely define the nature of the point. 

ISO.] Let us now consider an infinite point of degree i having 
i axes, each of which is defined by a mark on a sphere or by two 
angular coordinates, and having also its moment M^y so that it is 
defined by 2 i+ 1 independent quantities. Its potential is obtained 
by difierentiating V^ with respect to the i axes in succession, so 
that it may be written 

The result of the operation is of the form 

^=ii-^.;^' (H) 

where 7^, which is called the Surface Harmonic, is a function of the 
i cosine.^, Ai . . . A^ of the angles between r and. the i axes, and of the 
\i(i—\) cosines, /J42, &c. of the angles between the difierent axes 
themselves. In what follows we shall suppose the moment Mi unity. 
Every term of J) consists of products of these cosines of the form 

in which there are * cosines of angles between two axes, and i—28 
cosines of angles between the axes and the radius vector. As each 
axis is introduced by one of the i processes of differentiation, the 
symbol of that axis must occur once and only once among the 
suffixes of these cosines. 

Hence in every such product of cosines all the indices occur 
once, and none is repeated. 

The number of different products of s cosines with double suffixes, 
and 1-^28 cosines with single suffixes, is 

^'= l^T— ^"--o-- (15) 

2* s % — 2s ^ ' 

For if we take any one of the N diffi?rent terms we can form 
from it 2* arrangements by altering the order of the suffixes of the 
cosines with double suffixes. From any one of these, again, we 
can form £ arrangements by altering the order of these cosines, 
and from any one of these we can form i^* arrangements by 
altering the order of the cosines with single suffixes. Hence, with- 
out altering the value of the term we may write it in 2* ! « %—2s 
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different ways, and if we do so to all the terms, we shall obtain 
the whole permutations of i symbols, the number of which is \i_. 

Let the sum of all terms of this kind be written in the ab- 
breviated form 2(\<-2'M')- 

If we wish to express that a particular symbol J occurs among 
the \'s only, or among the /i^s only, we write it as a suffix to the X 
or the fji. Thus the equation 

2(\*-2'M') = 2(A/-«V') + 2(X*-^V/) (16) 

expresses that the whole system of terms may be divided into two 
portions, in one of which the symbol y occurs among the direction- 
cosines of the radius vector, and in the other among the cosines 
of the angles between the axes. 

Let us now assume that up to a certain value of i 

+ ^,,2(\*-2V) + &c. (17) 

This is evidently true when i = 1 and when i =2. We shall shew 
that if it is true for i it is true for t -f 1. We may write the series 

7,= 5{^,,2(A'-*'M')}, (18) 

where S indicates a summation in which all values of s not greater 
than ^ / are to be taken. 

Multiplying by |_t^r-C<+i), and remembering that jo^ = rA<, we 
obtain by (14), for the value of the solid harmonic of negative 
degree, and moment unity, 

^= \LS{A.r^'-''-'^{p'-''f^')}' (19) 

Differentiating ^ with respect to a new axis whose symbol is 
j\ we should obtain f^^^ with its sign reversed, 

-^•+1 = |i5K-..(2*-2i-l)r2-2^-3 2(jo/-2-+V') 

If we wish to obtain the terms containing s cosines with double 
suffixes we must diminish s by unity in the second term, and we find 
- fUi = IS {r»-«-» [A,_,{2s-2i- 1) S (i'/-'"+ V) 

+ A.-i2(y-*'^V/)]}. (21) 
If we now make 

J,,,(2*-2i-l) = A,.__^ =-(i+l) J,^i.. (22) 

then ?,^, = i_±l8 {A^L.T^'-^^'^^)-^ 2 {p^^^'^'ti')}, (23) 

and this value of J^^i is the same as that obtained by changing i 

VOL. I. M 
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into i+ 1 in the assumed expression, equation (19), for J^. Hence 
the assumed form of ^, in equation (19), if true for any value of i, 
is true for the next higher value. 

To find the value of ^,..,, put * = in equation (22), and we find 

-^+1.0 = ^ , 2 ^i.o > (^^) 

and therefore, since Ai^is unity, 

2t 



Ao = ^ifr^ ^ (2^) 



and from this we obtain, by equation (22), for the general value of 
the coe£Scient 1 2t-2« 

A. = i-^y ^-r^-u., > (26) 



and finally, the value of the trigonometrical expression for ¥^ is 



^*=^{(-l)'iiJfrt,S(^*-*'M')}- (27) 



This is the most general expression for the spherical surface- 
harmonic of degree i. If i points on a sphere are given, then, if any 
other point P is taken on the sphere, the value of }\ for the point 
P is a function of the i distances of P from the i points, and of the 
i »(»— 1) distances of the i points from each other. These i points 
may be called the Poles of the spherical harmonic. Each pole 
may be defined by two angular coordinates, so that the spherical 
harmonic of degree i has 2i independent constants, exclusive of its 
moment, 3/,. 

131.] The theory of spherical harmonics was first given by 
Laplace in the third book of bis Mecanique Celeste, The harmonics 
themselves are therefore often called Laplace's Coefficients. 

They have generally been expressed in terms of the ordinary 
spherical coordinates and </>, and contain 2 ?' 4- 1 arbitrary con- 
stants. Gauss appears* to have had the idea of the harmonic 
being determined by the position of its polos, but I have not met 
with any development of this idea. 

In numerical investigations I have often been perplexed on ac- 
count of the apparent want of definiteness of the idea of a Laplace's 
Coefficient or spherical harmonic. By conceiving it as derived by 

the successive differentiation of - with respect to i axes, and as 

r ^ 

expressed in terms of the positions of its i poles on a sphere, I 

• Gauss. Werke, bd.v. b. 361. 
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have made the conception of the general spherical harmonic of any 
integral degree perfectly definite to myself, and I hope also to those 
who may have felt the vagueness of some other forms of the ex- 
pression. 

When the poles are given, the value of the harmonic for a given 
point on the sphere is a perfectly definite numerical quantity. 
When the form of the function, however, is given, it is by no 
means so easy to find the poles except for harmonics of the first 
and second degrees and for particular cases of the higher degrees. 

Hence, for many purposes it is desirable to express the harmonic 
as the sum of a number of other harmonics, each of which has its 
axes disposed in a symmetrical manner. 

Symmetrical System, 

132.] The particular forms of harmonics to which it is usual to 
refer all others are deduced from the general harmonic by placing 
i—o" of the poles at one point, which we shall call the Positive Pole 
of the sphere, and the remaining <r poles at equal distances round 
one half of the equator. 

In this case X^, Ag, ... A,._<^ are each of them equal to cos^, and 
\-»+i -K ^r® of ^^ form sin 6 cos(</)— /3). We shall write /a for 
cos 6 and v for sin 6, 

Also the value of /mj/ is unity if y and f are both less than i — o-, 
zero when one is greater and the other less than this quantity, 

and cos n - when both are greater. 

When all the poles are concentrated at the pole of the sphere, 
the harmonic becomes a zonal harmonic for which o- = 0. As the 
zonal harmonic is of great importance we shall reserve for it the 
symbol Q^. 

We may obtain its value either from the trigonometrical ex- 
pression (27), or more directly by difierentiation, thus 

1.3.5. ..(ai-l) .! m-^) .. i{i-\) {i-2)ii-Z) ) 

^*~ 1.2.3... J r 2.{2i-\)^ ^ 2.4.(2i-l)(2»-3)'^ ) 

( |2»-2« , , ) 

= 2-{(-1)"2V^_^,-2^m'--;- (29) 



It is often convenient to express Q^ as a homogeneous function of 
cos ^ and sin 0, which we shall write /a and v respectively, 

M a 
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= s.j(-ir ^, 1^ _^, ^'-",^-j. (30) 



In this expansion the eoe£Seient of /m^ is unity^ and all the other 
terms involve v. Hence at the pole, where /i= 1 and y = 0, Q< = 1. 

It is shewn in treatises on Laplace's Coefficients that Qi is the 
coefficient of A* in the expansion of {l'~2fik-\-A^)''^. 

The other harmonics of the symmetrical system are most con- 
veniently obtained by the use of the imaginary coordinates given by 
Thomson and Tait, Natural Philosophy^ voL i. p. 148, 

f = a?-f \/— Ij^, r) = x—^ — It/. (31) 

The operation of differentiating with respect to o- axes in suc- 



TT 



cession, whose directions make angles - with each other in the 



(T 



plane of the equator^ may then be written 



+4-. (32) 



rfiii . . . dh^ rff *^ dri 
The surface harmonic of degree i and type <r is found by 

differentiating - with respect to i axes, <r of which are at equal 

T 

intervals in the plane of the equator, while the remaining i—<r 
coincide with that o{ z, multiplying the result by r^^^ and dividing 
by 1^. Hence 

x.(.) = r ly^ ^(^^ .^IwK, (33) 



Now f*^ + ?y<^ = 2/^i/*"C08((r</)+^), (35) 

and ^— -- = f - 1 y-^ -^ ^ 01^*^^ • (36) 



(')-9 i*t:?_ Qi(') 



Hence 7^ = 2 -^j ^f^ 5) ^cos((r</) + ^), (37) 



2 
where the factor 2 must be omitted when a = 0, 

The quantity ^ *^ is a function of Oj the value of which is given 

in Thomson and Tait's Natural Philosophy^ vol. i. p. 149. 
It may be derived from Q^ by the equation 




t-KT d[i 
where Q^ is expressed as a function of /a only. 
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Performing the differentiations on Q^ as given in equation (29), 
we obtain 

CKi<r) « (, , |»-o-| a (2f-2» ^ ^ ) 

We may also express it as a homogeneous Amotion of fi and v, 
5;'> =.'!:{(- 1)' 2^^.,'|7?n'T-.-2n ^"'-"''"!- (*«> 



In this expression the coefficient of the first term is uniiy, and 
the others may be written down in order by the application of 
Laplace's equation. 

The following relations will be found useful in Electrodynamics. 
They may be deduced at once from the expansion of Q^. 

M<2,-(2..x=^^^^=i0:. (41) 



+ 1 dfi 
-uO -i«2^-i±l«^' 



(42) 



On Solid Harmonics of Positive Decree. 

133.] We have hitherto considered the spherical surface harmonic 
Yi as derived from the solid harmonic 

This s6lid harmonic is a homogeneous function of the coordinates 
of the negative degree — (i+l). Its values vanish at an infinite 
distance and become infinite at the origin. 

We shall now shew that to every such function there corresponds 
another which vanishes at the origin and has infinite values at an 
infinite distance, and is the corresponding solid harmonic of positive 
degree i, 

A solid harmonic in general may be defined as a homogeneous 
fimction of x, y^ and z^ which satisfies Laplace's equation 

d^r d^r d^r _^ 

dx^ "^ dy^ "^ dz^ ■" 
Let H^ be a homogeneous function of the degree i, such that 

H, = li.3f<7^r, = r2<+i;^. (43) 

Then ^* = (2f + nr^^-iay/^T+r^'+i^' 

dx ^ ' dx 

^^^{2i^\){{2i^\)^j^T^)T^i-^r,^2{2ij,\^^^ 
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Hence 

-^ + ^ + -^ = (2.+ l)(2, + 2)H->;, 

, . , ,. ,/ dr. dE dV-. o,^,id^Fi d^j: d^^Ti. ,^^. 
+ 2(2,+ l)r--(a:^+y^+.^) + r^->(^« + -^' + ^).(44) 

Now, since ^ is a homogeneous function of negative degree t+ 1, 

dJ"; dVi dy: ... ,.„ . ^, 

The first two terms therefore of the right hand member of 
equation (44) destroy each other^ and, since f^ satisfies Laplace's 
equation^ the third term is zero, so that H^ also satisfies Laplace's 
equation, and is therefore a solid harmonic of degree i. 

We shall next shew that the value of H^ thus derived from V^ is 
of the most general form. 

A homogeneous function of a?, y, z of degree i contains 

i(i+l)(i+2) 
terms. But 

2 TT - ^'^i ^'^i ^'^» 

is a homogeneous function of degree »— 2, and therefore contains 
\i{i—\) terms, and the condition v^^ = ^ requires that each of 
these must vanish. There are therefore \i{i — \) equations between 
the coefficients of the \(i-\-\)(i-\-2) terms of the homogeneous 
function, leaving 2f-|-l independent constants in the most general 
form of //<. 

But we have seen that T\ has 2 i -f 1 independent constants, 
therefore the value of H^ is of the most general form. 

Application of Solid Harmonics to the Theory of Electrified Spheres. 

134.] The function T] satisfies the condition of vanishing at 
infinity, but does not satisfy the condition of being everywhere 
finite, for it becomes infinite at the origin. 

The function H^ satisfies the condition of being finite and con- 
tinuous at finite distances from the origin, but does not satisfy the 
condition of vanishing at an infinite distance. 

But if we determine a closed surface from the equation 

/: = //;., (46) 

and make 7/j the potential function within the closed surface and 



1 35-] ELECTRIFIED SPHERICAL SURFACE. 167 

f^ the potenidal outside it, then by making the surface-density <r 
satisfy the characteristic equation 

dH, dh 

_^^+4,<r=0, (47) 

we shall have a distribution of potential which satisfies all the 
conditions. 

It is manifest that if H^ and V^ are derived from the same value 
of 1^, the surface Hi = f^ will be a spherical surface, and the 
surface-density will also be derived from the same value of Y^. 

Let a be the radius of the sphere^ and let 

Ht = At*r„ h=^B^^, a=CY,. (48) 

Then at the surface of the sphere, where r = a, 

B 



Ja* = 



a<+i 



, dV dH 

and -J 3- = — 45rflr: 

dr dr 

or {i+\)~^.ia'-^A = iifC; 

Cm 

whence we find H^ and f^ in terms of C, 

H,= ^^4-J,, f,= -l^^>,. (49) 

We have now obtained an electrified system in which the potential 
is everywhere finite and continuous. This system consists of a 
spherical surface of radius 0, electrified so that the surface-density 
is everywhere CZ^, where C is some constant density and F^ is a 
surface harmonic of degree i. The potential inside this sphere, 
arising from this electrification, is everywhere H^y and the potential 
outside the sphere is }]. 

These values of the potential within and without the sphere 
might have been obtained in any given case by direct integration, 
but the labour would have been great and the result applicable only 
to the particular case. 

135.] We shall next consider the action between a spherical 
surface, rigidly electrified according to a spherical harmonic^ . and 
an external electrified system which we shall call E. 

Let V be the potential at any point due to the system E^ and 
V^ that due to the spherical surfsice whose surfiM^e-density is cr. 
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Then, by Green's theorem, the potential energy of E on the 
electrified surface is equal to that of the electrified sur&ce on E^ or 



// 



r(TdS=zl.r^dE, (50) 



where the first integration is to be extended over every element dS 
of the surface of the sphere, and the summation 2 is to be extended 
to every part dE of which the electrified system E is composed. 

But the same potential function ^ may be produced by means 
of a combination of 2^ electrified points in the manner already 
described. Let us therefore find the potential energy of E on 
such a compound point. 

If Mq is the charge of a single point of degree zero, then M^V 
is the potential energy of V on that point. 

If there are two such points, a positive and a negative one, at 
the positive and negative ends of a line h^y then the potential energy 
of E on the double point will be 

and when Mq increases and h^ diminishes indefinitely^ but so that 

the value of the potential energy will be for a point of the first degree 

lif ^^ 

Similarly for a point of degree i the potential energy with respect 

to ^will be ^iy 

M' 

* dh^ dk^ . . . dh^ 

This is the value of the potential energy of E upon the singular 
point of degree i. Thai of the singular point on E is ^V^dE, and, 
by Green's theorem, these are equal. Hence, by equation (50), 



// 



r,rdS=M'- 



Vf 



d/i^ . . . dh^ 

If (T = CYi where C is a constant quantity, then, by equations 

(49) and (14), ,,, 

Hence, if V is any potential function whatever which satisfies 
Laplace's equation within the spherical surface of radius a, then the 
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integral of FY^ dS, extended over every element dS^^ of the surface 
of a sphere of radius a, is given by the equation 



// 






where the differentiations of F are taken with respect to the axes 
of the harmonic J^, and the value of the differential coeflScient is 
that at the centre of the sphere. 

136.] Let us now suppose that T is a solid harmonic of positive 
deffree ;* of the form -.> 

r=^r,. (53) 

At the spherical surface, r = a, the value of F is the surface har- 
monic Yj, and equation (52) becomes 

Jj * ^ |J_ 2^+1 dh^..,dhi ' 

where the value of the differential coefficient is that at the centre 
of the sphere. 

When i is numerically different from y, the surface-integral of 
the product Jj Y^ vanishes. For, when i is less than y, the result 
of the differentiation in the second member of (54) is a homogeneous 
function of x^ y, and Zy of degree j—h the value of which at the 
centre of the sphere is zero. If i is equal to^ the result is a constant, 
the value of which will be determined in the next article. If the 
differentiation is carried further, the result is zero. Hence the 
surface-integral vanishes when % is greater than^. 

137.] The most important case is that in which the harmonic 
r^Yj is differentiated with respect to i new axes in succession, the 
numerical value of y being the same as that of z, but the directions 
of the axes being in general different. The final result in this case 
is a constant quantity, each term being the product of i cosines of 
angles between the different axes taken in pairs. The general 
form of such a product may be written symbolically 

which indicates that there are % cosines of angles between pairs of 
axes of the first system and % between axes of the second system, 
the remaining e — 2* cosines being between axes one of which 
belongs to the first and the other to the second system. 

In each product the suffix of every one of the 2% axes occurs 
once, and once only. 
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The number of different products for a given value of s is 

(|_^)2 

^= 2-2r( 17)2 TTTg-, ' (55) 

The final result is easily obtained by the successive differen- 
tiation of 

Differentiating this i times in succession with respect to the new 
axes^ so as to obtain any given combination of the axes in pairs^ 
we find that in differentiating r^* with respect to * of the new axes, 
which are to be combined with other axes of the new system, we 
introduce the numerical factor 2*(2*— 2) ... 2, or 2'|£. In con- 
tinuing the differentiation the jo's become converted into fis, but 
no numerical factor is introduced. Hence 



M^M: '^^i = iJ ^ {(- 1/ i^ 2 (^/M,/ ,./-)} . (56) 

Substituting this result in equation (54) we find for the value of 
the surface-integral of the product of two surface harmonics of the 
same degree, taken over the surface of a sphere of radius a, 

Ifr^^j''^- (-27TTj(iI)-^*{(-^)''|Sf5 2(M,..>.v>./-^')}- (57) 

This quantity differs from zero only when the two harmonics are 
of the same degree, and even in this case, when the distribution of 
the axes of the one system bears a certain relation to the distribution 
of the axes of the other, this integral vanishes. In this case, the 
two harmonics are said to be conjugate to each other. 



On Conjugate Harmonics, 

138.] If one harmonic is given, the condition that a second 
harmonic of the same degree may be conjugate to it is expressed 
by equating the right hand side of equation (57) to zero. 

If a third harmonic is to be found conjugate to both of these 
there ^vill be two equations which must be satisfied by its 2^ 
variables. 

If we go on constructing new harmonics, each of which is con- 
jugate to all the former harmonics, the variables will be continually 
more and more restricted, till at last the (2^-f-l)th harmonic will 
have all its variables determined by the 2 / equations, which must 
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be satisfied in order that it may be conjugate to the 2i preceding 
harmonics. 

Hence a system of 2 j -|- 1 harmonics of degree i may be con- 
structed, each of which is conjugate to all the rest. Any other 
harmonic of the samQ degree may be expressed as the sum of this 
system of conjugate harmonics each multiplied by a coefficient. 

The system described in Art. 132, consisting of 2i+l har- 
monics symmetrical about a single axis, of which the iirst is zonal, 
the next i—l pairs tesseral, and the last pair sectorial, is a par- 
ticular case of a system of 2 i + 1 harmonics, all of which are 
conjugate to each other.' Sir W. Thomson has shewn how to 
express the conditions that 21 + 1 perfectly general harmonics, 
each of which, however, is expressed as a linear function of the 
2 * -I- 1 harmonics of this symmetrical system, may be conjugate 
to each other. These conditions consist of t(2i-f 1) linear equa- 
tions connecting the {2i-\-l)^ coefficients which enter into the 
expressions of the general harmonics in terms of the symmetrical 
harmonics. 

Professor Clifford has also shewn how to form a conjugate system 
of 2 i + 1 sectorial harmonics having different poles. 

Both these results were communicated to the British Association 
in 1871. 

139.] If we take for Yj the zonal harmonic Qj, we obtain a 
remarkable form of equation (57). 

In this case all the axes of the second system coincide with each 
other. 

The cosines of the form fjL^j will assume the form A where A is the 
cosine of the angle between the common axis of Qj and an axis of 
the first system. 

The cosines of the form ^jj will all become equal to unity. 

The number of combinations of s symbols, each of which is 
distinguished by two out of / suffixes, no suffix being repeated, is 



and when each combination is equal to unity this number represents 
the sum of the products of the cosines fjLjj, or 2 (Mj/). 

The number of perinutations of the remaining i — 2 * symbols of 
the second set of axes taken all together is | <-2g . Hence 

2 (m,/-^') = |»::2* 2 A^-2*. (59) 

Equation (57) therefore becomes, when Yj is the zonal harmonic, 
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where Y^i^j) denotes the value of Y^ in equation (27) at the common 
pole of all the axes of Qj. 

140.] This result is a very important one in the theory of 
spherical harmonics, as it leads to the determination of the form 
of a series of spherical harmonics, which expresses a function having 
any arbitrarily assigned value at each point of a spherical surface. 

For let F be the value of the function at any given point of the 
sphere, say at the centre of gravity of the element of surface dS, 
and let Q^ be the zonal harmonic of degree i whose pole is the point 
P on the sphere, then the surface-integral 



// 



FQidS 

extended over the spherical surface will be a spherical harmonic 
of degree t, because it is the sum of a number of zonal harmonics 
whose poles are the various elements dS, each being multiplied by 
^^^45. Hence, if we make 

we may expand F in the form 

F^ AJ^ + AJ\^kG.-\-A,Y,, (62) 

or 

F^^JJJFq,dS-\-zfJFq^dS+kc.^{2i^\)fJFq,dsY (es) 

This is the celebrated formula of Laplace for the expansion in 
a series of spherical harmonics of any quantity distributed over 
the surface of a sphere. In making use of it we are supposed to 
take a certain point P on the sphere as the pole of the zonal 
harmonic Q^, and to find the surface-integral 



// 



FQ^dS 



over the whole surface of the sphere. The result of this operation 
when multiplied by 2/-f- 1 gives the value of J,!') at the point P, 
and by making P travel over the surface of the sphere the value of 
Ai Y^ at any other point may be found. 



141.] SPHERICAL HARMONIC ANALYSIS. 173 

Bat A^Yi is a general surface harmonic of degree i, and we wish 
to break it up into the sum of a series of multiples of the 2t-f 1 
conjugate harmonics of that degree. 

Let li be one of these conjugate harmonics of a particular type, 

and let ^^ j^ be the part of A^Y^ belonging to this type. 

We must first find rr , ^ 

M = JJP,P,dS, (64) 

which may be done by means of equation (57), making the second 
set of poles the same, each to each, as the first set. 
We may then find the coefficient jB^ from the equation 

B, = ^fjFP,d8. (65) 

For suppose F expanded in t^rms of spherical harmonics, and let 
JSjIj be any term of this expansion. Then, if the degree of Ij is 
different from that of j^, or if, the degree being the same, Pj is 
conjugate to j^, the result of the surface-integration is zero. Hence 
the result of the surface-integration is to select the coefficient of the 
harmonic of the same type as j^. 

The most remarkable example of the actual development of a 
function in a series of spherical harmonics is the calculation by 
Gauss of the harmonics of the first four degrees in the expansion 
of the magnetic potential of the earth, as deduced from observations 
in various parts of the world. 

He has determined the twenty-four coefficients of the three 
conjugate harmonics of the first degree, the five of the second, 
seven of the third, and nine of the fourth, all of the symmetrical 
system. The method of calculation is given in his General Theory 
of Terrestrial Magnetism. 

141.] When the harmonic P< belongs to the symmetrical system 
we may determine the surface-integral of its square extended over 
the sphere by the following method. 

The value of i^ Y^ is, by equations (34) and (36), 

^^^" = Ml (f'^"') (^-'- ~ ~%7x)'^ '~"'^'' ""•>' 

and by equations (33) and (54), 

Performing the differentiations, we find that the only terms 
which do not disappear are those which contain s^-^. Hence 
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// 






(r/'))«rfis = #^.l=^, (66) 



// 



except when or = 0, in which case we have, by equation (60), 

These expressions give the value of the surface-integral of the 
square of any surface harmonic of the symmetrical system. 

We may deduce from this the value of the integral of the square 
of the function 3/*^^ given in Art. 132, 

This value is identical with that given by Thomson and Tait, and is 
true without exception for the case in which <t = 0. 

142.] The spherical harmonics which I have described are those 
of integral degrees. To enter on the consideration of harmonics 
of fractional, irrational, or impossible degrees is beyond my purpose, 
which is to give as clear an idea as I can of what these harmonics 
are. I have done so by referring the harmonic, not to a system 
of polar coordinates of latitude and longitude^ or to Cartesian 
coordinates, but to a number of points on the sphere, which I 
have called the Poles of the harmonic. Whatever be the type 
of a harmonic of the degree /, it is always mathematically possible 
to find i points on the sphere which are its poles. The actual 
calculation of the position of these poles would in general involve 
the solution of a system of 2i equations of the degree i. The 
conception of the general harmonic, with its poles placed in any 
manner on the sphere, is useful rather in fixing our ideas than in 
making calculations. For the latter purpose it is more convenient 
to consider the harmonic as the sum of 2/-f 1 conjugate harmonics 
of selected types, and the ordinary symmetrical system, in which 
polar coordinates are used, is the most convenient. In this system 
the first type is the zonal harmonic Q^, in which all the axes 
coincide with the axis of polar coordinates. The second type is 
that in which i— 1 of the poles of the harmonic coincide at the pole 
of the sphere, and the remaining one is on the equator at the origin 
of longitude. In the third type the remaining pole is at 90° of 
longitude. 

In the same way the type in which l — a poles coincide at the 
pole of the sphere, and the remaining a are placed with their axes 
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at equal intervals — round the equator, is the type 2 a-, if one of the 
poles is at the origin of longitude, or the type 2a--f 1 if it is at 
longitude -—• 

143.] It appears from equation (60) that it is always possible 
to express a harmonic as the sum of a system of zonal harmonics 
of the same degree, having their poles distributed over the surface 
of the sphere. The simplification of this system, however, does not 
appear easy. I have however, for the sake of exhibiting to the 
eye some of the features of spherical harmonics, calculated the zonal 
harmonics of the third and fourth degrees^ and drawn, by the 
method already described for the addition of functions, the equi- 
potential lines on the sphere for harmonics which are the sums of 
two zonal harmonics. See Figures VI to IX at the end of this 
volume. 

Fig. VI represents the sum of two zonal harmonics of the third 
degree whose axes are inclined 120° in the plane of the paper, and 
the sum is the harmonic of the second type in which a- = 1 , the axis 
being perpendicular to the paper. 

In Fig. VII the harmonic is also of the third degree, but the 
axes of the zonal harmonics of which it is the sum are inch'ned 
90°, and the result is not of any type of the symmetrical system. 
One of the nodal lines is a great circle, but the other two which are 
intersected by it are not circles. 

Fig. VIII represents the difference of two zonal harmonics of 
the fourth degree whose axes are at right angles. The result is a 
tesseral harmonic for which i = 4, o- = 2. 

Fig. IX represents the sum of the same zonal harmonics. The 
result gives some notion of one type of the more general har- 
monic of the fourth degree. In this type the nodal line on the 
sphere consists of six ovals not intersecting each other. Within 
these ovals the harmonic is positive, and in the sextuply connected 
part of the spherical surface which lies outside the ovals, the har- 
monic is negative. 

All these figures are orthogonal projections of the spherical 
surface. 

I have also drawn in Fig. V a plane section through the axis 
of a sphere, to shew the equipotential surfaces and lines of force 
due to a spherical surface electrified according to the values of a 
spherical harmonic of the first degree. 
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Within the sphere the eqaipotential surfaces are equidistant 
planes, and the lines of force are straight lines parallel to the axis^ 
their distances from the axis being as the square roots of the 
natural numbers. The lines outside the sphere may be taken as a 
representation of those which would be due to the earth's magnetism 
if it were distributed according to the most simple type. 

144.] It appears from equation (52), by making i = 0, that if 
f^ satisfies Laplace's equation throughout the space occupied by a 
sphere of radius a, then the integral 

rdS=:^ira^F^, (69) 



// 



where the integral is taken over the surface of the sphere, dS being 
an element of that surface, and Fq is the value of F at the centre 
of the sphere. This theorem may be thus expressed. 

The value of the potential at the centre of a sphere is the mean 
value of the potential for all points of its surface, provided the 
potential be due to an electrified system, no part of which is within 
the sphere. 

It follows from this that if F satisfies Laplace's equation through- 
out a certain continuous region of space, and if, throughout a 
finite portion, however small, of that space, Fis constant, it will 
be constant throughout the whole continuous region. 

If not, let the space throughout which the potential has a 
constant value C be separated by a surface S from the rest of 
the region in which its values difier from C, then it will always 
be possible to find a finite portion of space touching S and out- 
side of it in which Fis either everywhere greater or everywhere 
less than C. 

Now describe a sphere with its centre within S, and with part 
of its surface outside 5, but in a region throughout which the value 
of F is everyw here greater or everywhere less than C. 

Then the mean value of the potential over the surface of the 
sphere will be greater than its value at the centre in the first case 
and less in the second, and therefore Laplace's equation cannot 
be satisfied throughout the space occupied by the sphere, contrary 
to our hypothesis. It follows from this that if F=zC throughout 
any portion of a connected region, F=zC throughout the whole 
of the region which can be reached in any way by a body or 
finite size without passing through electrified matter. (We sup- 
pose the body to be of finite size because a region in which F is 
constant may be separated from another region in which it is 
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Yariable by an electrified surface, certain points or lines of which 
are not electrified, so that a mere point might pass out of the 
region through one of these points or lines without passing 
through electrified matter.) This remarkable theorem is due to 
Gauss. See Thomson and Tait's Natural Philosophy^ § 497. 

It may be shewn in the same way that if throughout any finite 
portion of space the potential has a value which can be expressed 
by a continuous mathematical formula satisfying Laplace's equation, 
the potential will be expressed by the same formula throughout 
every part of space which can be reached without passing through 
electrified matter. 

For if in any part of this space the value of the ftinction is V\ 
different from F, that given by the mathematical formula, then, 
since both V and V satisfy Laplace's equation, U = F'— V does. 
But within a finite portion of the space U= 0, therefore by what 
we have proved U = throughout the whole space, or F'= K 

145.] Let Ji be a spherical harmonic of i degrees and of any 
type. Let any line be taken as the axis of the sphere, and let the 
harmonic be turned into n positions round the axis, the angular 

distance between consecutive positions being 

If we take the sum of the n harmonics thus formed the result 
will be a harmonic of i degrees, which is a function of 6 and of the 
sines and cosines of n ^. 

If n is less than i the result will be compounded of harmonics for 
which s is zero or a multiple of n less than i, but if n is greater 
than i the result is a zonal harmonic. Hence the following theorem : 

Let any point be taken on the general harmonic J^, and let a 
small circle be described with this point for centre and radius 0, 
and let n points be taken at equal distances round this circle, then 
if Qi is the value of the zonal harmonic for an angle 0, and if J"/ is 
the value of Y^ at the centre of the circle, then the mean of the 
n values of F^ round the circle is equal to Q^ Y{ provided n is greater 
than i. 

If n is greater than i -f *, and if the value of the harmonic at 
each point of the circle be multiplied by sin«<^ or cos«<^ where 
8 is less than i, and the arithmetical mean of these products be 
^,, then if 3?*^ is the value of ^/'^ for the angle 0, the coefficient 
of sin s<^ or cos 8<f> in the expansion of T^ will be 

VOL. I. N 
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In this way we may analyse T^ into its component conjugate 
hannonics by means of a finite number of ascertained values at 
selected points on the sphere. 

Application of Spherical Harmonic Analysis to the Determination 
of the Distribution of Electricity on Spherical and nearly Spherical 
Conductors under the Action of known External Electrical Forces. 

146.] We shall suppose that every part of the electrified system 
which acts on the conductor is at a greater distance from the 
centre of the conductor than the most distant part of the conductor 
itself^ or^ if the conductor is spherical, than the radius of the 
sphere. 

Then the potential of the external system, at points within this 
distance, may be expanded in a series of solid harmonics of positive 

degree V z=. A^-\-A^rY^-^k^-\-AJ,f*. (70) 

The potential due to the conductor at points outside it may be 
expanded in a series of solid harmonics of the same type, but of 
negative degree 

£A=5o^+A^i^+&c.+Ai;^- (71)" 

At the sur&ce of the conductor the potential is constant and 
equals say, to C. Let us first suppose the conductor spherical and 
of radius a. Then putting r = a, we have U-\- V=. (7, or, equating 
the coefficients of the different degrees, 

B,^a{C^A,), 

Bi^-a^A^, (72) 



The total charge of electricity on the conductor is Bq . 

The surface-density at any point of the sphere may be found 
from the equation 

_dF_dU 

"^ dr dr 

= :^-3aMirri-&c.-(2i+l)«2*+^-4<l'<. (73) 

Distribution of Electricity on a nearly Spherical Conductor. 

Let the equation of the surface of the conductor be 

r = a{\^F), (74) 
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where ^ is a function of the direction of r, and is a numerical 
quantity the square of which may be neglected. 

Let the potential due to the external electrified system be ex- 
pressed, as before, in a series of solid harmonics of positive degree, 
and let the potential U he a series of solid harmonics of negative 
degree. Then the potential at the surface of the conductor is 
obtained by substituting the value of r from equation (74) in these 
series. 

Hence, if C is the value of the potential of the conductor and 
Bq the charge upon it, 

...-C; + l)-By«-y*''^r,. (75) 

Since F is very small compared with unity, we have first a set 
of equations of the form (72), with the additional equation 

0=-5o-^ + 3^i«i^J'i + &c. + (i+l)^,a*i'r, 

+ 2(^,-tf-^-^^^l'i)-2 (C;>1) J?^a-U+i)i?'7;). (76) 

To solve this equation we must expand iP, FY^ . . . FY^ in terms of 
spherical harmonics. If F can be expanded in terms of spherical 
harmonics of degrees lower than hy then FY^ can be expanded in 
spherical harmonics of degrees lower than i + k. 

Let therefore 

5o-i^-3-4iajP7i-...-(2i+l)^^fl*#r<=2(^^a-C>+i)r^), ^^^^) 

then the coefficients B^ will each of them be small compared with 
the coefficients Bq,.. Bi on account of the smallness of F, and 
therefore the last term of equation (76), consisting of terms in BjF, 
may be neglected. 

Hence the coefficients of the form Bj may be found by expanding 
equation (76) in spherical harmonics. 

For example, let the body have a charge Bq, and be acted on by 
no external force. 

Let F be expanded in a series of the form 

F= S^Y^-\-Scc, + 8j,Y^, (78) 

Then BQ-S,Yi-^Scc. + Bo-SJj,=^2{Bja'iJ'^^)Yj), (79) 

N 2 
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or the potential at any point outside the body is 

and if cr is the surface-density at any point 

dU 
or 

or 4wa<r = 5o(l+^2^2+---+ (*-l)^*^*)- (^1) 

Hence, if the surfEice diiETers from that of a sphere by a thin 
stratum whose depth varies according to the values of a spherical 
harmonic of degree k^ the ratio of the diiOference of the superficial 
densities at any two points to their siun will be >fc— 1 times the 
ratio of the difierence of the radii of the same two points to their 
sum. 



CHAPTER X. 



COifPOCAL QUABRIC SITBPACBS*. 



147.] Let the general equation of a oonfoeal system be 

jp2 y^ ^ 

where X is a variable parameter, which we shall distingaish by the 
suffix Aj for the hyperboloids of two sheets, A^ for the hyperboloids 
of one sheet, and A3 for the ellipsoids. The quantities 

are in ascending order of magnitude. The quantity a is introduced 
for the sake of symmetry, but in our results we shall always suppose 
a = 0. 

If we consider the three surfaces whose parameters are A^, Ag^ A3, 
we find, by elimination between their equations, that the value of 
x*^ at their point of intersection satisfies the equation 

a,2 (j2_^2) (e2_^2) _ (Ai2-a2) (K^-a^) (Ag*-^*). (2) 

The values of y^ and z^ may be found by transposing a, d, c 
BymmetricaUy. 

DijEferentiatiug this equation with respect to A^^ we find 

If ds^ is the length of the intercept of the curve of intersection of 
A2 and A3 cut off between the surfaces A^ and A^ + ^A^, then 



* dx 




• dz 



* This investigatioD U chiefly borrowed from a very interesting work, — Lefotu tur 
les FoncUons Inverses des TranscendanUs et les Surfaces Isothermes. Par G. Lam^. 
Pariu, 1857. 
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The denominator of this fraction is the product of the squares of 
the semi-axes of the stu'&ce A^. 
If we put 

D,^ = )^^^k^\ Z^a^^Xg^-AiS and A' = V-V. (5) 
and if we make a =z 0, then 

^1 _. A-Ps . (6) 

d\^ .v/J2_XiVc2-Ai« 

It is easy to see that D^ and D^ are the semi-axes of the central 
section of Xj which is conjugate to the diameter passing through 
the given point, and that Dg ^ parallel to ds2, and D^ to ds^. 

If we also substitute for the three parameters A^^ Ag, X3 their 
values in terms of three functions a, )3, y, defined by the equations 

da e 



d\i ^b'^-K^^^/c^-K^^ 

dp^_ c 

^^3 "■ ^A2«-(5Vc2-A2« 

dy ^ c 



Xj = when a = 0, 



A, = 4 when ^ = 0, (7) 



A3 = c when y = ; 



then ds^ = -D^D^da, ds^ — -D^ D^dfi, ds^-=-I)^ B^dy. (8) 

148.] Now let V be the potential at any point a, /3, y, then the 
resultant force in the direction of ds^ is 

__^'_ _^^- _^_£ (9) 

^ rf*j fl?a ds^ da D^-^z 

Since ^j, ds^^ and ^^3 are at right angles to each other, the 
surface-integral over the element of area ds^, ds^ is 

= ^Jl^d^dy. (10) 

Now consider the element of volume intercepted between the 
surfaces a, ft y, and a+rfa, fi + dfi, y + dy. There will be eight 
such elements, one in each octant of space. 

We have found the surface-integral for the element of surface 
intercepted from the surface a by the surfaces /3 and p-^-dp, y and 
y+dy. 
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The surface-integral for the corresponding element of the surface 
a + da will be 

since B^ is independent of a. The surfistce-integral for the two 
opposite faces of the element of volume^ taken with respect to the 
interior of that volume^ will be the difference of these quantities, or 

Similarly the surface-integrals for the other two pairs of forces 
will bo 

-TTzs —^ da dB dy and -j-s —-- da dB dy. 
dp^ c ^ ^ dy^ c ^ ' 

These six faces enclose an element whose volume is 

B^B^B^ 
ds^ds^ds^ = -^ — I — ^ dadpdy, 

and if p is the volume-density within that element, we find by 
Art. 77 that the total surface-integral of the element, together with 
the quantity of electricity within it, multiplied by 47r is zero, or, 
dividing by da dfi dy, 

which is the form of Poisson's extension of Laplace's equation re- 
ferred to ellipsoidal coordinates. 

If p = the fourth term vanishes, and the equation is equivalent 
to that of Laplace. 

For the general discussion of this equation the reader is referred 
to the work of Lam^ already mentioned. 

149.] To determine the quantities a, )3, y, we may put them in 
the form of ordinary elliptic functions by introducing the auxiliary 
angles B, <^, and ^, where 

Ai = *sin^, (1-2) 

Ag = >v/c3wn2^TF"co?^, (1 3) 

As = -4- . (14) 

" smV' 

If we put h = kc, and F H-yfe'* = i, we may call * and i' the two 

complementary moduli of the confocal system, and we find 

a=r-. '' . (16) 

^0 yi-.*2gin2^ 
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an elliptic integral of the first kind^ which we may write according 
to the usual notation F{kff). 
In the same way we find 

p =1*- % = F{X)-Fqi<i,), (16) 

where FK is the complete function for modulus ^, 

y=f _4 =^(>^^). (17) 

Here a is represented as a function of the angle By which is a 
function of the parameter A^, )3 as a function of <^ and thence of Ag, 
and y as a function of ^ and thence of A3 . 

But these angles and parameters may be considered as functions 
of a, )3, y. The properties of such inverse functions, and of those 
connected with them, are explained in the treatise of M. Lame on 
that subject. 

It is easy to see that since the parameters are periodic functions 
of the auxiliary angles, they will be periodic functions of the 
quantities a, )3, y : the periods of Aj and A3 are 4 F{Jc) and that of A2 
is 2 Fiky 

Particular Solutions, 

150.] If ?^ is a linear function of a, )3, or y, the equation is 
satisfied. Hence we may deduce from the equation the distribution 
of electricity on any two confocal surfaces of the same family 
maintained at given potentials, and the potential at any point 
between them. 

The Hi/perholoids of Two Sheets. 

When a is constant the corresponding surface is a • hyperboloid 
of two sheets. Let us make the sign of a the same as that of x in 
the sheet under consideration. We shall thus be able to study one 
of these sheets at a time. 

Let ai, Qg be the values of a corresponding to two single sheets, 
whether of different hyperboloids or of the same one, and let F^, Fg 
be the potentials at which they are maintained. Then, if we make 

^ ^ Qi ^^2-^2 ^\ + « (^"i- Q ^ (18) 

the conditions will be satisfied at the two surfaces and throughout 
the space between them. If we make F constant and equal to V^ 
in the space beyond the surface aj, and constant and equal to V^ 
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in the space beyond the sur&ce 02, we shall have obtained the 
complete solution of this particular case. 

The resultant force at any point of either sheet is 

A=- — =- — — , (19) 

dsi da ds^ 

or R^^IXZL'. (20) 

Oi — Oj, i>2^3 

It Pi be the perpendicular from the centre on the tangent plane 
at any point, and P^ the product of the semi-axes of the sur&ce, 

then pi i>2 -O3 = A' 

Hence we find ^ ^i — J^e cp^ ,^ , v 

^=T^"^' (21) 

or the force at any point of the surface is proportional to the per- 
pendicular from the centre on the tangent plane. 

The sur&ce-density o* may be found from the equation 

4 710-=^. (22) 

The total quantity of electricity on a segment cut off by a plane 
whose equation is ;r = a from one sheet of the hyperboloid is 

« = 5^(^-0- <») 

The quantity on the whole infinite sheet is therefore infinite. 
The limiting forms of the sur&ce are : — 

(1) When a = F^j>^ the surface is the part of the plane of xz on 
the positive side of the positive branch of the hyperbola whose 
equation is x^ ^2 

(2) When a = the surface is the plane oiyz. 

(3) When a = ^F{^^ the surface is the part of the plane of xz on 
the negative side of the negative branch of the same hyperbola. 

The Hyperboloids of One Sheet. 

By making /3 constant we obtain the equation of the hyperboloid 
of one sheet. The two sur&ces which form the boundaries of the 
electric field must therefore belong to two different hyperboloids. 
The investigation will in other respects be the same as for the 
hyperboloids of two sheets, and when the difference of potentials 
is given the density at any point of the surface will be proportional 
to the perpendicular from the centre on the tangent plane, and the 
whole quantity on the infinite sheet will be. infinite. 
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Limiting Forms. 

(1) When /3 = the surfiEUse is the part of the plane of xz 
between the two branches of the hyperbola whose equation is 
written above, (24). 

(2) When p = F{JI/) the surfiu^ is the part of the plane of xy 
which is on the outside of the focal ellipse whose equation is 

TAe Ellipsoids. 

For any g^ven ellipsoid y is constant. IS two ellipsoids^ y^ and yj* 
be maintained at potentials Fi and F^, then, for any point y in the 
space between them^ we have 

j^^ 71^2-72^1-^7 {f'l-^^ (26) 

7i-72 
The sur£EU*e-densiiy at any point is 

cr =--L^Z:^^, (27) 

where p^ is the perpendicular from the centre on the tangent plane, 
and P3 is the product of the semi-axes. 

The whole charge of electricity on either surfiu^ is 

Q, = J-'^=-Q„ (28) 

a finite quantity. 

When y = F{k) the surface of the ellipsoid is at an infinite 
distance in all directions. 

If we make V^=i and y^ = F{k)^ we find for the quantity of 
electricity on an ellipsoid maintained at potential V in an infinitely 
extended field, r^ F /^^v 

F(k)^y 

The limiting form of the ellipsoids occurs when y = 0, in which 
case the surface is the part of the plane of a?y within the focal 
ellipse, whose equation is written above, (25). 

The surface-density on the elliptic plate whose equation is (25), and 
whose eccentricity is ^, is 

^ ^ ^ (30) 



<r =: 



2 7rvV-«2i^(>^) 



VX^ y^ 

72 "" ^2^732 



and its charge is n — ^ fSH 
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Particular Cases. 

151.] If ifc is diminished till it becomes ultimately zero^ the 
system of sur&ces becomes transformed in the following manner : — 

The real axis and one of the imaginary axes of each of the 
hyperboloids of two sheets are indefinitely diminished, and the 
surface ultimately coincides with two planes intersecting in the 
axis of z. 

The quantity a becomes identical with 0y and the equation of the 
system of meridional planes to which the first system is reduced is 

_4^ y!__ = 0. (32) 

(sin a)^ (cos o)* 

The quantity fi is reduced to 

^=/'^ = logian|, (33) 

^ J sin0 ® 2 

whence we find 

2 e^^er^ ,o.i\ 

sm d> = -^ 5 , cos A = -3 5 . (34) 

If we call the exponential quantify i(tf^ + tf^^ the hyperbolic 
cosine of )3, or more concisely the hypocosine of i3, or cos h fi, and if 
we call i (e^^e-P) the hyposine of )3, or sin A )3, and if by the same 
analogy we call 

— 7-3 the hyposecant of )3, or sec A )3, 
-p- the hypocosecant of /3, or cosec A fi, 



sm 



— j^ the hypotangent of )3, or tan A )3, 

and . '^ the hypocotangent of ft or cot A )3 ; 

then \2 = ceecAp, and the equation of the system of hyperboloids 
of one sheet is 

^-^•3^' ?-—^c^ (36) 

(8ecAi3)2 (tanA/3)2 "^ ' ' ^ 

The quantify y is reduced to ^, so that k^ = c cosec y, and the 
equation of the system of ellipsoids is 



(secy)2 (tany)2 



+ TT^-^o = ^*. (36) 



Ellipsoids of this kind^ which are figures of revolution about their 
conjugate axes, are called Planetary ellipsoids. 
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The quantity of electricity on a planetary ellipsoid maintained at 
potential F in an infinite field, is 

Q = c-^, (37) 

IT 

where c sec y is the equatorial radius, and c tan y is the polar radius. 
K y = 0, the figure is a circular disk of radius c, and 

Q^cL. (39) 

It 

2 
152.] Second Case. Let b =z c^ then ^ = 1 and i^ = 0, 

IT— 2d 

a = log tan -^-- — , whence X^ = c tan A a, (40) 

and the equatioh of the hyperboloids of revolution of two sheets 
becomes ^^ v^4-^ 

(tanAa)2 (seola)^ "^ ' ^ ^ 

The quantity p becomes reduced to ^, and each of the hyper- 
boloids of one sheet is reduced to a pair of planes intetsecjjting in 
the axis of oo whose equation is 

^' ^' =0. (42) 



(8in)3)2 (cos pf 
This is a system of meridional planes in which /3 is the longitude. 

The quantity y becomes log tan -^ , whence A3 = c cot h y, 

and the equation of the family of ellipsoids is 

''^ + ^'+^' = c\ (43) 

(cot h yY (cosec A y)^ 

These ellipsoids, in which the transverse axis is the axis of revo- 
lution, are called Ovary ellipsoids. 

The quantity of electricity on an ovary ellipsoid maintained at a 
potential F in an infinite field is 

Q^c — . (44) 

y 

If the polar radius is A = c cot A y, and the equatorial radius is 
B = c cosec /i y, 

y = log 25 (^^) 
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If the equatorial radius is very small compared to the polar radius, 
as in a wire with rounded ends^ 

y^log^, aad « = j_^^^. (46) 

When both h and c become zero^ their ratio remaining finite, 
the system of surfaces becomes two systems of confooal cones, and 
a qrstem of spherical sur&ces of which the radius is inversely 
proportional to y. 

If the ratio of d to ^ is zero or unity, the system of surfaces 
becomes one system of meridian planes, one system of right cones 
having a common axis^ and a system of concentric spherical surfiEu^es 
of which the radius is inversely proportional to y. This is the 
ordinary system of spherical polar coordinates. 



Cylindric Surfaces. 

153.] When c is infinite the sur&ces are cylindric, the generating 
lines being parallel to z. One system of cylinders is elliptic, with 
the equation 

"^ +_4_=:J2. (47) 



(cosAa)^ (sin^a)^ 
The other is hyperbolic, with the equation 



""^ ^' =*2. (48) 



(cos /3)2 (sin /3)2 
This system is represented in Pig. X, at the end of this volume. 

Confocal Paraboloids. 

154.] If in the general equations we transfer the origin of co- 
ordinates to a point on the axis of x distant t &om the centre of 
the system, and if we substitute for a?. A, i, and er, ^ + a?, ^-fX, ^H-i, 
and t'\-c respectively, and then make t increase indefinitely, we 
obtain, in the Umit, the equation of a system of paraboloids whose 
foci are at the points x ^h and a? = er. 

If the variable parameter is X for the first system of elliptic 
paraboloids, \k for the hyperbolic paraboloids, and v for the second 
system of elliptic paraboloids, we have X, i, /ui, c, v in ascending 
order of magnitude, and 
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[154- 



y 



,2 _ . (c-X)(c-M)(y-g) . 



(50) 



;a = i(i+<?) — i (<?—*) cosft 
v = i (d + c)+ i {c—b) cos A y ; 

a? = ^(i4-{?)H-4(^— *)(co8Ay— cos)3— cosAa), 
y = 2 (c— d) sin i - sin ^ cos A ^ ) 

2? = 2 (c— i)cosA -cos^sin^^- 



(61) 



(52) 



When i = c we have the case of paraboloids of revolution about 
the axis of a?, and ;p = a (^*— ^y), 

y = 2a<f»+i^C0S^, (63) 

z = 2atf»+y8in^. 

The snr&ces for which j3 is constant are planes through the axis, 
/3 being the angle which such a plane makes with a fixed plane 
through the axis. 

The sur&ces for which a is constant are confocal paraboloids. 
When a= the paraboloid is reduced to a straight line terminating 
at the origin. 

We may also find the values of a, )3, y in terms of r, ^, and <^, 
the spherical polar coordinates referred to the focus as origin, and 
tlie axis of the parabolas as axis of the sphere, 

a = log (r* cos \ 6), 

fi=4>, (54) 

y = log (r* sin i 6). 

We may compare the case in which the potential is equal to a, 
with the zonal solid harmonic r^ Q^, Both satisfy Laplace's equa- 
tion, and are homogeneous functions of x, y, z, but in the case 
derived from the paraboloid there is a discontinuity at the axis, and 
i has a value not difiering by any finite quantity from zero. 

The surface-density on an electrified paraboloid in an infinite 
field (including the case of a straight line infinite in one direction) 
is inversely as the distance from the focus, or, in the case of 
the line, from the extremity of the line. 
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THEORY OF ELECTRIC IMAGES AND ELECTRIC INVERSION. 

165.] We have already shewn that when a conducting sphere 
is under the influence of a known distribution of electricity, the 
distribution of electricity on the surfEtce of the sphere can be 
determined by the method of spherical harmonics. 

For this purpose we require to expand the potential of the in- 
fluencing system in a series of solid harmonics of positive degree^ 
having the centre of the sphere as origin^ and Mre then find a 
corresponding series of solid harmonics of negative degree^ which 
express the potential due to the electrification of the sphere. 

By the use of this very powerful method of analysis, Foisson 
determined the electrification of a sphere under the influence of 
a given electrical system, and he also solved the more difficult 
problem to determine the distribution of electricity on two con- 
ducting spheres in presence of each other. These investigations 
have been pursued at great length by Flana and others^ who have 
confirmed the accuracy of Foisson. 

In applying this method to the most elementary case of a sphere 
under the influence of a single electrified point, we require to expand 
the potential due to the electrified point in a series of solid har- 
monics, and to determine a second series of solid harmonics which 
express the potential, due to the electrification of the sphere^ in the 
space outside. 

It does not appear that any of these mathematicians observed 
that this second series expresses the potential due to an imaginary 
electrified point, which has no physical existence as an electrified 
point, but which may be called an electrical image, because the 
action of the surface on external points is the same as that which 
would be produced by the imaginary electrified point if the spherical 
surface were removed. 
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This discovery seems to have been reserved for Sir W. Thomson, 
who has developed it into a method of great power for the solution 
of electrical problems^ and at the same time capable of being pre- 
sented in an elementary geometrical form. 

His original investigations^ which are contained in the Cambridge 
and Dublin Mathematical Journal, 1848, are expressed in terms of 
the ordinary theory of attraction at a distance, and make no use of 
the method of potentials and of the general theorems of Chapter IV, 
though they were probably discovered by these methods. Instead^ 
however, of following the method of the author, I shall make free 
use of the idea of the potential and of equipotential surfaces, when- 
ever the investigation can be rendered more intelligible by such 
means. 

Theory of Electric Images. 

156.] Let A and B^ Figure 7, represent two points in a uniform 

dielectric medium of infinite extent. 
Let the charges of A and ^ be ^^ 
and tfg respectively. Let P be any 
point in space whose distances from 
A and B are rj and r^ respectively. 
Then the value of the potential at P 
wiUbe ^^fi^jf2. (1) 

Fig. 7. . ^\ ^2 

The equipotential surfaces due to 

this distribution of electricity are represented in Fig. I (at the end 

of this volume) when e^ and ^2 are of the same sign, and in Fig. II 

when they are of opposite signs. We have now to consider that 

surface for which F= 0, which is the only spherical surface in 

the system. When e^ and €2 are of the same sign, this surface is 

entirely at an infinite distance, but when they are of opposite signs 

there is a plane or spherical surface at a finite distance for which 

the potential is zero. 

The equation of this surface is 

-^ + -^=0. (2) 

^1 ^2 
Its centre is at a point C in AB produced, such that 




and the radius of the sphere is 



AC: BC:: e^ : e, 



2 
2 » 



AB — i-2_ 
e^ — e^ 



The two points A and B are inverse points with respect to this 
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sphere, that is to say, they lie in the same radias, and the radius is 
a mean proportional between their distances from the centre. 

Since this* spherical surface is at potential zero, if we suppose 
it constructed of thin metal and connected with the earthy there 
will be no alteration of the potential at any point either outside or 
inside, but the electrical action everywhere will remain that due to 
the two electrified points A and B. 

If we now keep the metallic shell in connexion with the earth 
and remove the point B^ the potential within the sphere will become 
everywhere zero^ but outside it will remain the same as before. 
For the surface of the sphere still remains at the same potential, 
and no change has been made in the exterior electrification. 

Hence, if. an electrified point A be placed outside a spherical 
conductor which is at potential zero, the electrical action at all 
points outside the sphere will be that due to the point A together 
with another point B within the sphere, which we may call the 
electrical image of A. 

In the same way we may shew that if ^ is a point placed inside 
the spherical shell, the electrical action within the sphere is that 
due to B, together with its image A, 

157.] Definition of an Electrical Image, An electrical image is 
an electrified poiut or system of points on one side of a surface 
which would produce on the other side of that surface the same 
electrical action which the actual electrification of that surface 
really does produce. 

In Optics a point or system of points on one side of a mirror 
or lens which if it existed would emit the system of rays which 
actually exists on the other side of the mirror or lens, is called a 
virtual image. 

Electrical images correspond to virtual images in optics in being 
related to the space on the other side of the surface. They do not 
correspond to them in actual position, or in the merely approximate 
character of optical foci. 

There are no real electrical images, that is, imaginary electrified 
points which would produce, in the region on the same side of the 
electrified surface, an effect equivalent to that of the electrified surface. 

For if the potential in any region of space is equal to that due 
to a certain electrification in the same region it must be actually 
produced by that electrification. In fact, the electrification at any 
point may be found from the potential near that point by the 
application of Poisson's equation. 

VOL. 1. o 
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Let a be the radius of the sphere. 

Let/* be the distance of the electrified point A from the centre C 

Let e be the charge of this point. 

Then the image of the point is at B^ on the same radius of the 

sphere at a distance —^ y and the charge of the image is — ^ -^ • 

We have shewn that this image 
will produce the same effect on the 
opposite side of the sur&ce as the 
actual electrification of the surfiu^e 
does. We shall next determine the 
surfiice-density of this electrifica- 
tion at any point P of the spherical 
surfiu^, and for this purpose we shall 
make use of the theorem of Coulomb, 

Art. 80^ that if R is the resultant force at the surfiice of a conductor^ 

and (T the superficial density, 

R = 47r<r, 

R being measured away from the surfiu)e. 

We may consider R as the resultant of two forces, a repulsion 

€ , fl 1 . 

-j^ acting along APy and an attraction e ^ ^^ acting along PB. 

Resolving these forces in the directions oi AC and CP, we find 
that the components of the repulsion are 

^ along AC, and jp-^ along CP. 

Those of the attraction are 

1 2 1 

d CI 

Now BP = ~zr APj and BC = — , so that the components of 

the attraction may be written 

1 P 1 

The components of the attraction and the repulsion in the 
direction oi AC are equal and opposite, and therefore the resultant 
force is entirely in the direction of the radius CP. This only 
confirms what we have already proved, that the sphere is an equi- 
potential surface, and therefore a surface to which the resultant 
force is everywhere perpendicular. 
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The resultant force measured along CP, the normal to the surface 
in the direction towards the side on which A is placed^ is 

E^^ei- ^ -4o- (3) 

If A is taken inside the sphere f is less than a, and we most 
measure R inwards. For this case therefore 

In all cases we may write 

AL.Ad 1 - . 

^ = -" -cp~ AF^ ' ^^^ 

where AD, Ad are the segments of any line through A cutting the 
sphere, and their product is to be taken positive in all cases. 

158.] From this it follows, by Coulomb's theorem. Art. 80, 
that the surface-density at P is 

AD. Ad 1 ,«x 

^^-'a^Tcpap^^ ^^^ 

The density of the electricity at any point of the sphere varies 
inversely as the cube of its distance from the point A, 

The effect of this superficial distribution, together with that of 
the point A^ is to produce on the same side of the surface as the 
point A a potential equivalent to that due to e at A^ and its image 

^ ^-p at £, and on the other side of the surface the potential is 

everywhere zero. Hence the effect of the superficial distribution 
by itself is to produce a potential on the side of A equivalent to 

that due to the image — *^^ at By and on the opposite side a 

potential equal and opposite to that of e at A. 

The whole charge on the surfik^ of the sphere is evidently — ^^ 
since it is equivalent to the image at B. 

We have therefore arrived at the following theorems on the 
action of a distribution of electricity on a spherical surface, the 
surface-density being inversely as the cube of the distance from 
a point A either without or within the sphere. 

Let the density be given by the equation 

where C is some constant quantity, then by equation (6) 

C^^e^-^. (8) 

o 2 
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The action of this superficial distribution on any point separated 

from A by the surface is equal to that of a quantity of electricity 

— ^, or 4TraC 

AD. Ad 
concentrated at A. 

Its action on any point on the same side of the surfiice with A is 

equal to that of a quantity of electricity 

4TrCa^ 
/AD.Ad 

concentrated at B the image of A. 

The whole quantity of electricity on the sphere is equal to the 
first of these quantities if ^ is within the sphere, and to the second 
if ^ is without the sphere. 

These propositions were established by Sir W. Thomson in his 
original geometrical investigations with reference to the distribution 
of electricity on spherical conductors, to which the student ought 
to refer. 

159.] K a Efystem in which the distribution of electricity is 
known is placed in the neighbourhood of a conducting sphere of 
radius a, which is maintained at potential zero by connexion with 
the earth, then the electrifications due to the several parts of the 
system will be superposed. 

Let A^y A^y &c. be the electrified points of the system, y^^^, &c. 
their distances from the centre of the sphere, e^, e^y &c. their 
charges, then the images B^, B^, &c. of these points will be in the 

same radii as the points themselves, and at distances -^ > -^r &c. 
from the centre of the sphere, and their charges will be 

— ^^, — <?^-&c. 

The potential on the outside of the sphere due to the superficial 
electrification will be the same as that which would be produced by 
the system of images B^, JSg, &c. This system is therefore called 
the electrical image of the system A^, A^^ &c. 

If the sphere instead of being at potential zero is at potential V, 
we must superpose a distribution of electricity on its outer surface 
having the uniform surface-density 

r 



(T = 



Alia 
The effect of this at all points outside the sphere will be equal to 
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that of a quantity Va of electricity placed at its centre, and at 
all points inside the sphere the potential will be simply increased 
by r. 

The whole charge on the sphere due to an external system of 
influencing points A^y A.^, &c. is 

^= ra-^i-^-tf^^-fcc., (9) 

from which either the charge E or the potential V may be cal- 
culated when the other is given. 

When the electrified system is within the spherical sur&ce the 
induced charge on the surface is equal and of opposite sign to the 
inducing charge, as we have before proved it to be for every closed 
surface, with respect to points within it. 

160.] The energy due to the mutual action between an elec- 
trified point Cy at a distance f from the centre of the sphere greater 
than a the radius, and the electrification of the spherical surface 
due to the influence of the electrified point and the charge of the 
sphere, is 

where F is the potential, and E the charge of the sphere. 

The repulsion between the electrified point and the sphere is 
therefore, by Art. 92, 

Hence the force between the point and the sphere is always an 
attraction in thd following cases — 

(1) When the sphere is uninsulated. 

(2) When the sphere has no charge. 

(3) When the electrified point is very near the surface. 

In order that the force may be repulsive, the potential of the 

sphere must be positive and greater than ^t-ft' — 2\2' *^^ ^^ 
charge of the sphere must be of the same sign as e and greater. 

At the point of equilibrium the equilibrium is unstable, the force 



^ = «(t-7^) = ?(*-«;^> <"" 
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being an attsaction wbai the bodies ne a e ai e t and a ■nwilaiiMt 
whea ihef are tuiher off. 

Wben tibe deelrified point ie witiun the spherieal anifree the 
finee on the deetiified point ia ahvaya airaj ham the e en fa e of 
(he plenty and ia eqpnd to 

The aoifioe-denfltjr at the point of the iphere nearert to the 
dectrified point where it lies outside the sphere ia 






{'-'W^n- <•" 



4m« t ^ /(/-«)• 

The smftee-denaitj at the point of Ihe sphere fitfthest from the 
deetxified point is 



V. s 




When J?, the charge of the sphere^ lies between 

the electrification will be n^^tive next the electrified point and 
positive on the opposite side. There will b6 a circular line of division 
between the positively and the negatively electrified parts of the 
surface, and this line will be a line of equilibrium. 

If E = ea(—=L=^l). (14) 

the equipotential surface which cuts the sphere in the line of equi- 
librium is a sphere whose centre is the electrified point and whose 

radius is V/^—a^. 

The lines of force and equipotential surfaces belonging to a case 
of this kind are given in Figure IV at the end of this volume. 

Images in an Infinite Plane Conducting Surface. 

161.] If the two electrified points A and B in Art. 156 are 
electrified with equal charges of electricity of opposite signs, the 
surface of zero potential will be the plane, every point of which is 
equidistant from A and B, 
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Henoe^ if J be an electrified point whose charge is e^ and AB 
a perpendicular on the plane^ produce AD 
to £ so that DB = AB, and place at B 
a charge equal to — ^, then this charge 
at B will be the image of A, and will 
produce at all points on the same side of 
the plane as A, an effect equal to that 
of the actual electrification of the plane. 
For the potential on the side of A due 
to A and B fulfils the conditions that 
V^^— everywhere except at A, and 
that F" = at the plane, and there is only Fig. 8. 

one form of F" which can ftdfil these conditions. 

To determine the resultant force at the point P of the plane, we 

observe that it is compounded of two forces each equal to jp^ » 

one acting along AtP and the other along PB, Hence the resultant 
of these forces is in a direction parallel to AB and equal to 

e AB 
AP^' AP' 

Hence J?, the resultant force measured from the surface towards the 
space in which A lies, is 

2eAB 



R =- 



AP^ 



(15) 



and the density at the point P is 






eAD 



(16) 



On Electrical Inversion. 

162.] The method of electrical images leads directly to a method 
of transformation by which we may derive from any electrical 
problem of which we know the solution any number of other 
problems with their solutions. 

We have seen that the image of a point at a distance r from the 
centre of a sphere of radius iZ is in the same radius and at a distance 
/ such that f/=J?^. Hence the image of a system of points^ lines^ 
or surfaces is obtained from the original system by the method 
known in pure geometry as the method of inversion, and described 
by Chasles^ Salmon, and other mathematicians. 
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If A and B aie two points, J[ and V ^Suaa images^ being fhe 

eentie <^ inTeraion^ and J2 Ae radios iA tibe 
splisfo 01 in'veraiony 

Henoe the triangles OAB, OVJH are nmilar^ 
•nd AB.J[B.iOAiOBiiOA.OB.Bf. 

Ka quantify' of eiectrieify be placed at A, 
its potential at ^ will be ^ 

K^ be placed at J[ its potential at V will be 




In the theoiy of electrical images 

ei/iiOAiRi.Bi 0A\ 

Henoe ViViiBiOB, (17) 

or the potential at B dne to the electridty at ^ is to the potential 
at the image of ^ due to the electrical image of ^ as iS is to OB. 

Since this ratio depends only on OB and not on OA^ the potential 
at B due to any ay stem of electrified bodies is to that at V due 
to the image of the system as 22 is to OB. 

If r be the distance of any point A from the centre, and / that 
of its image A\ and if ^ be the electrification of J, and / that of ^, 
also if £, iS> JT be linear, superficial, and solid elements at A^ and 
L\ S\ K' their images at A\ and A, cr, p, \', a\ p the corresponding 
line-surface and volume-densities of electricity at the two points, 
V the potential at A due to the original system, and V the potential 
at A' due to the inverse system, then 

/ r R^ /2 s' R^ /* K' ^_^. 

.6 -^' 



r* ~ B? 


8 ~ 


r* 


R* K 


/ R 


/ 




X' r R 


e T 


= R' 




\ ~ R~ /' 


<T r' 


R» 




p' r» 5» 


(T "723 


= /3' 




p ~ J2» ~ /» 




r 


r 


B 




y 


B 


= /• 



!.*(18) 




If in the orig^inal system a certain surface is that of a conductor, 

* See Thomson and Tait's Natural Philosophy, § 515. 
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and has therefore a constant potential P, then in the transformed 

R 
system the image of the surface will have a potential P —y • But 

by placing at 0, the centre of inversion, a quantity of electricity 
equal to ^PR, the potential of the transformed surface is reduced 
to zero. 

Hence, if we know the distribution of electricity on a conductor 
when insulated in open space and charged to the potential P, we 
can find by inversion the distribution on a conductor whose form is 
the image of the first under the influence of an electrified point with 
a charge — PjB placed at the centre of inversion, the conductor 
being in connexion with the earth. 

163.] The following geometrical theorems are useful in studying 
cases of inversion. 

Every sphere becomes, when inverted, another sphere, unless 
it passes through the centre of inversion, in which case it becomes 
a plane. 

If the distances of the centres of the spheres from the centre of 
inversion are a and a% and if their radii are a and a\ and if we 
define the power of the sphere with respect to the centre of in- 
version to be the product of the segments cut off* by the sphere 
from a line through the centre of inversion, then the power of the 
first sphere is a^ — a^, and that of the second is a'^ — a'^. We 
have in this case 

fl " o "" a^-c? "■ R? ' (^^) 

or the ratio of the distances of the centres of the first and second 
spheres is equal to the ratio of their radii, and to the ratio of the 
power of the sphere of inversion to the power of the first sphere, 
or of the power of the second sphere to the power of the sphere 
of inversion. 

The centre of either sphere corresponds to the inverse point of 
the other with respect to the centre of inversion. 

In the case in which the inverse surfaces are a plane and a 
sphere, the perpendicular from the centre of inversion on the plane 
is to the radius of inversion as this radius is to the diameter of 
the sphere, and the sphere has its centre on this perpendicular and 
passes through the centre of inversion. 

Every circle is inverted into another circle unless it passes 
through the centre of inversion, in which case it becomes a straight 
line. 
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Hie angle between two sur£EU»8, or two lines at their intenectionj 
is not changed by inversion. 

Every circle which passes throngh a pointj and the image of that 
point with respect to a sphere^ cnts the sphere at right angles. 

Hence, any circle which passes throngh a point and cnts the 
sphere at right angles passes throngh the image of the point. 

164.] We may apply the mettiod of inversion to deduce the 
distribntion of electricity on an uninsulated sphere under the 
influence of an electrified point from the uniform distribution on 
an insulated sphere not influenced by any other body. 

K the electrified point be at A^ take it for the centre of inversion, 
and if ^ is at a distance / fiK>m the centre of the sphere whose 
radius is a, the inverted figure will be a sphere whose radius is a^ 
and whose centre is distant /^^ where 

a f f^—a^ 

The centre of either of these spheres corresponds to tilie inverse 
point of the other with respect to ^ or if (7 is tibie centre and \0 tbe 
inverse point of the first sphere, C will be the inverse point, and ^ 
tlie centre of the second. 

Now let a quantity / of electricity be communicated to the 
second sphere, and let it be uninfluenced by external forces. It 
will become uniformly distributed over the sphere with a siir&ce- 
density ^, ^ , ^^^^ 

Its action at any point outside the sphere will be the same as 
that of a charge / placed at JS' the centre of the sphere. 
At the spherical surface and within it the potential is 

P' = ^, (22) 

a constant quantity. 

Now let us invert this system. The centre JS' becomes in the 

inverted system the inverse point -B, and the charge ^ at -B' 

AB 
becomes ^'-w- at By and at any point separated fix)m B by the 

surface the potential is that due to this charge at B. 

The potential at any point P on the spherical surface, or on the 
same side as B, is in the inverted system 

e' R 
a' AP' 
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If we now superpose on this system a charge e at A^ where 

e^^^R, (23) 

the potential on the spherical snr&ce^ and at all points on the same 
side as B, will be reduced to zero. At all points on the same side 
as A the potential will be that due to a charge e at A, and a charge 

/^at^. 

But ^^^^e^^-e^. (24) 

as we found before for the charge of the image at B. 

To find the density at any point of the first sphere we have 

Substituting for the value of a in terms of the quantities be- 
longing to the first sphere^ we find the same value as in Art. 1 58, 

__^Z!Z^. (26) 

m 

On Finite Systems of Successive Images, 

165.] If two conducting planes intersect at an angle which is 
a submultiple of two right angles^ there will be a finite system of 
images which will completely determine the electrification. 

For let AOB be a section of the two conducting planes per- 
pendicular to their line of inter- 
section^ and let the angle of 

intersection AOB = -, let P 

n 

be an electrified pointy and let 

PO = r, and FOB = 6. Then, 

if we draw a circle with centre 

and radius OP, and find points 

which are the successive images 

of P in the two planes beginning 

with OB, we shall find Q^ for the Fig. 10. 

image of P in OB, P^ for the image of Q^ in OA, Q3 for that of P^ 

in OB, P3 for that of Q3 in OA, and Q^ for that of P3 in OB. 

If we had begun with the image of P in AO we should have 

found the same points in the reverse order Q^, P3, Q3, P3, Q^, 

provided AOB is a submultiple of two right angles. 
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For the alternate images P^^ P^^ P^ are ranged round the circle 
at angular intervals equal to 2A0B, and the intermediate images 
Qii Q2) Qz ^^^ ^^ intervals of the same magnitude. Henoe, if 
2AOB is a submultiple of 2?, there will be a finite number of 
images, and none of these will fall within the angle AOB, If, 
however, AOB is not a submultiple of w, it will be impossible to 
represent the actual electrification as the result of a finite series of 
electrified points. 

I( AOB = -, there will be n negative images Q^ Qg* ^^m ®^^^ 
ft 

equal and of opposite sign to P, and »— 1 positive images P^, 

P3, &c., each equal to P, and of the same sign. 

The angle between successive images of the same sign is — • 

If we consider either of the conducting planes as a plane of sym- 
metry, we shall find the positive and negative images placed 
symmetrically with regard to that plane, so that for every positive 
image there is a negative image in the same normal, and at an 
equal distance on the opposite side of the plane. 

If we now invert this system with respect to any point, the two 
planes become two spheres, or a sphere and a plane intersecting 

at an angle - , the influencing point P being within this angle. 
n 

The successive images lie on the circle which passes through P 
and intersects both spheres at right angles. 

To find the position of the images we may either make use of 
the principle that a point and its image are in the same radius 
of the sphere, and draw successive chords of the circle beginning 
at P and passing through the centres of the two spheres al- 
ternately. 

To find the charge which must be attributed to each image, take 
any point in the circle of intersection, then the charge of each 
image is proportional to its distance from this point, and its sign 
is positive or negative according as it belongs to the first or the 
second system. 

166.] We have thus found the distribution of the images when 
any space bounded by a conductor consisting of two spherical surfaces 

IT 

meeting at an angle - , and kept at potential zero, is influenced by 

an electrified point. 

We may by inversion deduce the case of a conductor consisting 
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IT 



of two spherical segments meeting at a re-entering angle - , charged 



n 




to potential unity and placed in &ee space. 

For this purpose we invert the system with respect to P. The 
circle on which the images formerly lay now becomes a straight 
line through the centres of the spheres. 

If the figure (11) represents 
a section through the line of 
centres AB, and if D, If are the 
points where the circle of in- 
tersection cuts the plane of the 
paper, then^ to find the suc- 
cessive images, draw DA a 
radius of the first circle^ and 
draw BCy JOB, &c., making 

angles-, — , &c. with DA. ^ig. H. 

n n 

The points C, B, &c. at which they cut the line of centres will 

be the positions of the positive images, and the charge of each 

will be represented by its distances from D. The last of these 

images will be at the centre of the second circle. 

To find the negative images draw JDP^ BQ, &c., making angles 

- > — , &c. with the line of centres. The intersections of these 
n n 

lines with the line of centres will give the positions of the negative 

images^ and the charge of each will be represented by its distance 

from D. 

The surface-density at any point of either sphere is the sum 

of the surface-densities due to the system of images. For instance, 

the surface-density at any point 8 of the sphere whose centre is 

J, is 

where A, B, C, &c. are the positive jseries of images. 

When S is on the circle of intersection the density is zero. 

To find the total charge on each of the spherical segments, we 
may find the surface-integral of the induction through that segment 
due to each of the images. 

The total charge on the segment whose centre is A due to the 
image at A whose charge is DA is 
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DA^^^^HDA + OA), 

where is the centre of the circle of intersection. 

In the same way the charge on the same segment due to the 
image at J9 is i {DB-\- OB), and so on, lines such as OB measured 
from to the left being reckoned negative. 

Hence the total charge on the segment whose centre is J is 

i (^^ + -D^ + -0C+ &c.) + i (OJ -f 05 + 0(7+ &c.), 
-i(2>P+i>Q + &c.)-.i(0P+0Q + &c.). 

167.] The method of electrical images may be applied to any 
space bounded by plane or spherical surfaces all of which cut one 
another in angles which are submultiples of two right angles. 

In order that such a system of spherical surfaces may exists every 
solid angle of the figure must be trihedral^ and two of its angles 
must be right angles, and the third either a right angle or a 
submultiple of two right angles. 

Hence the cases in which the number of images is finite are — 

(1) A single spherical surface or a plane. 

(2) Two planes, a sphere and a plane^ or two spheres intersectihg 

at an angle - • 
• n 

(3) These two surfaces with a third, which may be either plane 
or spherical, cutting both orthogonally. 

(4) These three surfaces with a fourth cutting the first two 
orthogonally and the third at an angle —y . Of these four surfaces 

one at least must be spherical. 

TVe have already examined the first and second eases. In the 
first case we have a single image. In the second case we have 
2n—l images arranged in two series in a circle which passes 
through the influencing point and is orthogonal to both surfaces. 
In the third case we have, besides these images, their images with 
respect to the third surface, that is, 4w — 1 images in all besides the 
influencing point. 

In the fourth case we first draw through the influencing point 
a circle orthogonal to the fii*st two surfaces, and determine on it 
the positions and magnitudes of the n negative images and the 
w — 1 positive images. Then through each of these 2 w points, 
including the influencing point, we draw a circle orthogonal to 
the third and fourth surfaces, and determine on it two series of 
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images^ n' in each series. We shall obtain in this way, besides the 
influencing point, ^nn'—X positive and Infi negative images. 
These \nvL points are the intersections of n circles with n' other 
circles^ and these circles belong to the two systems of lines of 
curvature of a cyclide. 

If each of these points is charged with the proper quantity of 
electricity, the surface whose potential is zero will consist oi n-\^n' 
spheres, forming two series of which the successive spheres of the 

first set intersect at angles - , and those of the second set at angles 

—7, while every sphere of the first set is orthogonal to every sphere 
m 

of the second set. 

Ca%e of Two Spheres cutting Orthogonally » See Kg. IV at the 

end of this volume. 

168.] Let A and By Fig. 1 2, be the centres of two spheres cutting 
each other orthogonally in I) and 
i/, and let the straight line BIX cut ^ 
the line of centres in C. Then C 
is the image of A with respect to 
the sphere B^ and also the image 
of B with respect to the sphere 
whose centre is A. If AB = a, 

BB = /3, then AB = x/^N^, and 
if we place at A, B, C quantities 

of electricity equal to a, /3, and — 




ap 



Fig. 12. 

respectively, then both 



spheres will be equipotential surfaces whose potential is unity. 

We may therefore determine from this system the distribution of 
electricity in the following cases : 

(1) On the conductor FBQB" formed of the larger segments of 
both spheres. Its potential is 1, and its charge is 



a+/3- 



^AB+BB-CB. 



This quantity therefore measures the capacity of such a figure 
when free from the inductive action of other bodies. 

The density at any point P of the sphere whose centre is Ay and 
the density at any point Q of the sphere whose centre is 5, are 
respectively 
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At tKe pofDto cf interaectioB, D, J^j ^^ doslj b a»o. 

If one of die q>lMfCs is tctj mneh lasger tiuHi the other, the 
densitj ai the Tcrtcx of the mailer q>Iiere ss ultimatelj tiiree times 
thst at the vertex of theh^ger sphere. 

(2) The lens VB(^ir formed by the two sooaillar a^pnmts of 

the spheres, charged with a qoantitj of electzieztj = , » 

and acted on bj points A and ^^ chaiged with qnautrties a and /3, 
is also at potential vnitj, and the densitj at anj p^ant k expressed 
bj the same fomnilae. 

(3) The meniscus UTI/f^ formed hjr the £ffi»eofce ^ the 
s^^ments charged with a quantity a, and acted on b j points B 



and Cj charged reqiectiTdjr with quantities ^ and , is also 

in eqoilibrimn at potential unity. 

(4) The other meniscus QDrif under the action of J and C. 

We may also deduce the distribution of electricity on the following 
mtemal surfiuxs. 

The hollow lens VDQ^D under the influence of the internal 
electrified point C at the centre of the circk DIf. 

The hollow meniscus under the influence of a point at the centre 
of the concave sui&oe. 

The hollow formed of the two larger segments of both spheres 
under the inflnence of the three points A, B, C. 

Bat, instead of working oat the solutions of these ^cases, we shall 
apply the principle of electrical images to determine the density 
of the electricity induced at the point P of the external surface of 
the conductor FBQI/ by the action of a point at charged with 
unit of electricity. 

Let OA = a, OB = b, OP = r, BP ^ p, 
AL = a, BB= ^, AB = >>/i=T^^ 

Invert the sjstem with respect to a sphere of radius unity and 
centre 0. 

The two spheres will remain spheres, cutting each other ortho- 
gonally, and ha\ing their centres in the same radii with A and B, 
If we indicate by accented letters the quantities corresponding to 
the inverted system. 



a = 



^^'= 7i — Si' « = 7i — Ts' ^ = 



«2-a2 ^-j32 a^-a^ ^ ^2_^2 
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If, in the inverted system, the potential of the surface is unity, 
then the densitjr at the point P^ is 

li, in the original system^ the density at P is o-^ then 



<r' " r^ ' 



and the potential is - . By placing at a negative charge of 

electricity equal to unity, the potential will become zero over the 
surface, and the density at P will be 

This gives the distribution of electricity on one of the spherical 
surfiu^es due to a charge placed at 0. The distribution on the 
other spherical surface may be found by exchanging a and 3, a and 
)3, and putting qor AQ instead of J9. 

To find the total charge induced on the conductor by the elec- 
trified point at 0, let us examine the inverted system. 

In the inverted system we have a charge ol at A\ and p^ at -B', 

and a negrative charcre , at a point C in the line A'S^. 

such that ACiCBi: a'^ : /3'2. 

If 0A'= a\ OF^ b\ 0C'= <f, we find 

Inverting this system the charges become 
and . ^'^ ^- ^^ 



Hence the whole charge on the conductor due to a unit of 
negative electricity at is 



« * Va^p^+b^a^-a^fi^ 
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SiHriMiat ^Oeetriei^ m Tine Sfieneml Surfaen wkiek 
Jnteraeet at Biffil Jnfiu. . 
109.] Lettlieiadiioftbei^diaMbeii, A y, titen 

Lrt PQJt, Fig. 1 3, be the feet 
of tike perpendicnlsn irom ABC 
on QiB oppositfl ndefl of the tii- 
■Dg^ and let be the inter- 
sedioa of perpendiailm. 

Hun B IB the inuge of £ in 
the B^ten y, and rIso the image 
of in the ^here ^. Aim O is 
the imsge of i* in the sphere a. 

Let ohugw a, J3, and y be 
I^Boed at ^ JS, end CL 

niot dw dhuge to be ^aoad 




^^^•+7'" 



V^ 



Aln .^ = •^f^T^ +T^^ ± ££ •> ih>t the chaiw st 0, con- 
Bidered BB the image of P, is 



■/W7+?^+^'' 



V? 



i+TS 



In the same way we may find the eysteai of images which are 
electrically equivalent to four spherical sorfaces at potential unity 
intersecting at right angles. 

If the radiuB of the fourth sphere is h, and if we make the charge 
at the centre of this sphere = 8, then the charge at the intersection 
of the line of centres of any two spheres, say a and p, with their 
plane of intersection, is 



V^^ 



1 



The charge at the intersection of the plane of any three centres 
ABC with the perpendicular from D is 



V?- 
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and the charge at the intersection of the four perpendicalars is 

1 



V 



JL JL i_ i 

^2 + ^2 + y2 + -52 



System of Four JSp/leres Intersecting at Right Angles under the 

Action of an Electrified Point. 

170.] Let the four spheres be A^BfijB^ and let the electrified point 
be 0. Draw four spheres Ai^ B^, Ci, D^, of which any one, A^^ 
passes through and cuts three of the spheres, in this case B, 
Cy and B, at right angles. Draw six spheres {ab), {ac)y (ad), (be), 
(bd), (cd), of which each passes through and through the circle 
of intersection of two of the original spheres. 

The three spheres B^, Ci, B^ will intersect in another point besides 
0. Let this point be called A^, and let B", C, and B^ be the 
intersections of C^y 2>i, A^y of 2>i, A^, B^, and of A^) -B^, (\ re- 
spectively. Any two of these spheres, A^^ B^y will intersect one of 
the six (cd) in a point (afb^). There will be six such points. 

Any one of the spheres, Ai, will intersect three of the six (ab), 
{ac\ [ad) in a point a\ There will be four such points. Finally, 
the six spheres {ab\ {ac\ (ad), [cd), (db), (be), will intersect in one 
point S. 

If we now invert the system with respect to a sphere of radius 
B and centre 0, the four spheres A, JS, C, B will be inverted into 
spheres, and the other ten spheres will become planes. Of the 
points of intersection the first four A\ B', C\ J/ will become the 
centres of the spheres, and the others will correspond to the other 
eleven points in the preceding article. These fifteen points form 
the image of in the system of four spheres. 

At the point A\ which is the image of in the sphere A, we 

must place a charge equal to the image of 0, that is, , where a 

a 

is the radius of the sphere A^ and a is the distance of its centre 

from 0. In the same way we must place the proper charges at 

F, c\ zy. 

The charges for each of the other eleven points may be found from 
the expressions in the last article by substituting a', )8', y\ h' for 
a> ^y y» ^y ^^d multiplying the result for each point by the distance 
of the point from 0, where 

«=— 12 — r2' P = ~Z2 — S2' y-— :5 — 72' * = 



P % 
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Two Spheres not Intersecting. 

171.] When a space is bounded by two spherical sor&ces which 
do not intersect^ the successive images of an influencing point 
within this space form two infinite series^ all of which lie beyond 
the spherical surfi^ces^ and therefore fulfil the coi\dition of the 
applicability of the method of electrical images. 

Any two non-intersecting spheres may be inverted into two 
concentric spheres by assuming as the point of inversion either 
of the two common inverse points of the pair of spheres. 

We shall begin^ therefore^ with the case of two uninsulated 
concentric spherical surfiices, subject to the induction of an elec- 
trified point placed between them. 

Let the Tadius of the first be b, and that of the second be^, and 
let the distance of the influencing point from the centre be r = b(f*. 

Then all the successive images will be on the same radius as the 
influencing point. 

Let Qo, Fig. 14, be the image of i^ in the first sphere, P^ that 
of Qo ^^ ^^ second sphere, Q^ that of P^ in the first sphere, and 
so on ; then 

op..oq. = i\ 

and 0P..0Q,_i = ««e2^, 
also OQq = ^^~", 
OP^ = fc«+2cr^ 

Hence OP, = ^^(-+2,0)^ 

If the charge of P is denoted by P, 
then 

Next, let Q{ be the image of P in the second sphere, P/ that of 
Qi in the first, &c., 




Fig. 14. 



P. =z Pe' 



TS 



0(2/= he^^-\ 

op;= ^^-2«^^ 

P: = Pe-*^, 



0P{= *^-2^, 
0Q;= be^'^ 



— u 




Of these images all the P's are positive, and all the Q's negative, 
all the P"s and Q's belong to the first sphere, and all the P's and 
Q^'s to the second. 
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The images within the first sphere form a converging eenes, the 
sum of which is 



charge on5 = -P^--. 



This therefore is the quantity of electricity on the first or interior 
sphere. The images outside the second sphere form a diverging 
series, but the surface-integral of each with respect to the spherical 
sor&ce is zero. The charge of electricity on the exterior epherical 
Bur&ce is therefore 

If we substitute for these expressions their values in terms of 
OA, OS, and OP, we find 

, , ^OA PB 

charge on ^=-P^-^. 

OP AB' 

If we suppose the radii of the spheres to become infinite, the case 
becomes that of a point placed between two parallel planes A and B. 
In this case these expressions become 

charge oa A = —P -j= , 

AP 
chai^ on B = —P-fb ■ 

173.] In order to pass from this case to that of any two spheres 
not intersecting each 
other, we begin by 
finding the two com- 
mon inverse points 0, 
Cf through which all 
circles pass that are 
orthogonal to both 
spheres. Then, invert- 
ing the system with 
respect to either of 
these pointsjthe spheres 

become concentric, as Rb.IC. 

in the first case. 

The radius OAPB on which the successiTe images lie becomes 
an arc of a circle throogh and (/, and the ratio of UP to OP is 




Sli iHWiniT uumm V^7^ 








• sJiTT^' «=rM^f^j» ^^^^0* 

Ib flw MM mqr if tt««MeflMffe iiiH«M of PmJ^J^JI, fee. 
«w ^'* ^i* <lif ^ 

»(«»0 * 90-^ •(P.O = «-«•; 

To iod tte dHBge «f asf imge P, we obnrre tint in 'tiie 
ioTOied figare Ht diarge if 

Id the origiiuil figure we most multiply this by tXP,. Henoe Uie 
charge of P^ in the dipolar figure is 



v^ 



(TP. 



P.orp 

If we make f = ^OP.C/P, and call f the parameter of the 
point P, then we may write 

P = -^P 

or the charge of any image is proportional to its parameter. 
If we make use of the curvilinear coordinates u and v, such that 



e 



u^^i, _ a?+ ^r^y^k 



., ^sinAf^ ^sinv 

then ;» = y > y =r = ; 

cosAtt— cosf ^ cos ^f»— cost; 
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afi + iy— i cot v)^ = i* oosec^t?, 
(x+icotAu)^ -^ y^ =^co8ecA*«, 

^/cos^w— cost? 
Since the charge of each image is proportdonal to its parameter, 
(, and is to be taken positively or negatively according as it is of 
the form P or Q, we find 

^ Pa/cos A«— cost; 

-r, = - . . 1 

VC0sA(« + 2*«r)— cost? 

^ __ P vcos Au— COS t; 



P'.= 



Q/=- 



\/cos A (2 a— «^— 2«ct) - cos t? 

P\/cosA«— cost; 
VCObA(«— 2«t!r)— cost; 

Pa/cos Att— cost; 



\/cosA(2)3— t^ + 2««r)— cost; 

We have now obtained the positions and charges of the two 
infinite series of images. We have next to determine the total 
charge on the sphere A by finding the sum of all the images within 
it which are of the form Q or P'. We may write this 

PvcosA«^— cost; ^,„i 



\/cos A (t^ — 2 « tsr) 7- cos V 

— PVcosAt^— cost; 2f»o / t/o ON 

^'*" VC06A(2a— f»— 2«cr)— cost; 

In the same way the total induced charge on P is 

P>/cosA«— cost; 2.-1 / , , ^ =1 

'"^ vcos*(»+2*w)— cost; 



— P>n/cps Aa— cos V 2, 



fSBOS 



*^ \/cosA(2)3— « + 2*«r)— cost; 



* In these expressions we must remember tkat 

2co8Att=e^ + e~*, 2smAtt=e^— e"^, 

and the other functions of u are deriyed from these by the same definitions as the 
corresponding trigonometrical functions. 

The method of applying dipolar coordinates to this case was giyen by Thomson in 
LiouviUe*8 Journal for 1847. See Thomson's reprint of Electrical Papers, ( 211, 212. 
In the text I have made use of the investigation of "Prot Betti, Nuovo OimerUo, 
Yol. XX, for the analytical method, bat I have retained the idea of electrical images as 
used by Thomson in his original inyestigation, PhU. Mag.^ 1853. 



■-"vm^ .^^- --^ 








^ 
B 








1 







f/if fl»# m^fUkfmd of mdneticfn cftAcftkBcfrc^BimA 
»ifi\ ttff iff« (Ki^dmi of cftp«dt7 of ^ 

To mhxihi^ ihem quAiiiitUMi in terms of a and i, the radii of the 
«}ftim'(iMf and of £f the distanoe between their centres^ we make use 
of ili» following quantities 

"7 * 

+ 14-^. 



mrmr 
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We may now write the hyperbolic sines in terms of jt?, q, r ; thus 

= 2:: 



'=• 2k 



issco 









2k 


r* 


■ l" 




2i 



9ab= - 2,:3i 



?M = Z.^0 1 

Proceeding to the actual calculation we find, either by this 
process or by the direct calculation of the successive images as 
shewn in Sir W. Thomson's paper^ which is more convenient for 
the earlier part of the series^ 

9aa-^ + ^2_J2 + {c^ ^ b^ + ac) {c^ ^ b^ ^ OC) "^^^ 

_ ab aH^ 03*8 

174.] We have then the following equations to determine the 
charges E^ and jEJ, of the two spheres when electrified to potentials 
V^ and V^ respectively, 

If we put ?aa?»-?a6* = i> = ^, 

and p^ = qi^iy, Pab = — ?a6 ^f Pbb = iaa -D'. 

whence PaaPvb -P<A =1^', 

then the equations to determine the potentials in terms of the 

charges are T. =i,„^,+A»^6, 

^h = Pak ^a + PU ^b> 

tiJii Paay Pahi ^^d Pth <u% the coefficients of potential. 
The total energy of the system is, by Art. 85, 



tt9 mofuc ufAjOL [174. 

; The lepaUon belweea Ae spliem it amntute, by Arts. 02, 93, 

wliere e jm Uie distance between the oentree of the spheres. 

Of these two ei pi essions tot the rqpnlnon^ the first, whieh 
eipi ' o sB OB it in terms of the potentials of the q[>heres and the 
variations x>f the ooefflci«ts of capaeitjr and indactiim, is the meet 
oonTenientliar caloqlaiion. 

We ham therafoxe to diflSarentiate tibe j's witii reipeet to e. 

Tbeae qnantHaes are eipmwod as fimctbns of i, c^ ^ and «, and 

most be dHbrantiated da flie si^posrtion tibat a and i are constant. 

From the equations 

siniasini^ 



iss asinias bmaifisz e 



mski 



find 



da 


maiaeoBiB 


3?- 


iniiilw ' 


dfi. 


ctmiamn.Ap 


af 


imnJkw 


dvf 
de~ 


1 

r 


dk 


cosiacosi^^ 


dc~ 


Sin A 'ST 



whence we find 

dq^a _ cos A acosAfi q^ ^jgcp (^g— g cos ^)8) cos h {a gr— a) 
"^ "" singer k ^#=0 c (sin*(«t!r— a))* 

dq^ __ cosAacoB^/3£«5 •^»=«>^cos^«^ 
rft? "" sin Act k ^t^^i (sinA^tj)* 

dljw, ^ cosAacosA/S 3^55 '^*=«(«(?+ioosAa)cosA(/3 + *«r) 
^ ~ sinAtsr k -^#=0 (sinA(/3-f *t!r))^ 

Sir William Thomson has calculated the force between two 
spheres of equal radius separated by any distance less than the 
diameter of one of them. For greater distances it is not necessary 
to use more than two or three of the successive images. 

The series for the difierential coefficients of the ^s with respect 
to c are easily obtained by direct differentiation 
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dq^_ab^ aH^Sc^-a*-b^) 



Distribution of Electricity on Two Spheres in Contact, 

175.] If we sappose the two spheres at potential unity and not 
infiaenced by any other point, then, if we invert the system with 
respect to the point of^ contact, we shall have two parallel planes, 

distant — and —^ from the point of inversion, and electrified by 

aCt aO 

the action of a unit of electricity at that point. 

There will be a series of positive images, each equal to unity, at 

distances *(- + ^) from the origin, where s may have any integer 

value from — ooto -foo. 

There will also be a series of negative images each equal to — 1, 
the distances of which from the origin, reckoned in the direction of 

1 A Iv 

a, are -+«(- + tJ- 
a ^a b^ 

When this system is inverted back again into the form of the 

two spheres in contact, we have a corresponding series of negative 

images, the distances of which from the point of contact are of the 

form — ^— T- 9 where s is positive for the sphere A and n^^tive 

for the sphere £. The charge of each image, when the potential 
of the spheres is unity, is numerically equal to its distance from the 
point of contact, and is alwa3rs negative. 

There will also be a series of positive images whose distances 
from the point of contact measured in the direction of the centre 

of a, are of the form -- 



1 A Iv 



When s is zero, or a positive integer, the image is in the sphere A. 
When « is a niegative integer the image is in the sphere B, 
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The chaige of eaoh image ii meMmed by its dietanoe from the 
origin and is alwajB podtiTe. 
The total ehaige of the flpheie A is tfaeref<»re 

Eadi of theae aeriee is infinite, but if we combine tiiem in the foim 

« _ ^•-* «^* 

^- ~ -*-! #(«+«) (#(a+«)-a) 

the aeriea beoomea eonvexging. 
In the same waj we find for tibe ehaige of ilie qpheie B, 



"" -^#-1 # 



(a+4){#(a+4)-4} 



The Taloea of J!^ and J^ axe not, ao fiur aa I know, ed^ieaaible 
in terms of known fbnetions. Their differenoe, however, is easity 
expressed, for 



irab ird 

cot 



a+4 a+* 
When the spheres are equal the charge of each for potential unity 

= fl^(l-i + i-i+&c.), 
= fllog,2 = 1.0986 a. 

When the sphere A is very small compared with the sphere B 
the charge on ^ is 

A, = -T- ^,^j -2 approximately ; 



or B.^-^. 



The charge on J3 is nearly the same as if ^ were removed, or 

The mean density on each sphere is found by dividing the charge 
by the sur&ce. In this way we get 
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E. It 



'a 



'^^ "" 471^2 ""245' 
E^ 1 



<^6 



4irJ^ 4wi 



TT^ 



<^a=y<^6. 



Hence, if a very small sphere is made to toaeh a very large one, 
the mean density on the small sphere is equal to that on the large 



7r2 



sphere multiplied by — -, or 1.644936. 

6 

Application of Electrical Inversion to the case of a Spherical Botol. 

176.] One of the most remarkable illustrations of the power of 
Sir W. Thomson's method of Electrical Images is furnished by his 
investigation of the distribution of electricity on a portion of a 
spherical surface bounded by a small circle. The results of this 
investigation, without proofs were communicated to M. Liouville 
and published in his Journal in 1847. The complete investigation 
is given in the reprint of Thomson^s Electrical Papers^ Article XV. 
I am not aware that a solution of the problem of the distribution 
of electricity on a finite portion of any curved sur&ce has been 
given by any other mathematician. 

As I wish to explain the method rather than to verify the 
calctdation, I shall not euter at length into either the geometry 
or the integration, but refer my readers to Thomson's work. 

Distribution of Electricity on an Ellipsoid. 

177.] It is shewn by a well-known method* that the attraction 
of a shell bounded by two similar and similarly situated and 
concentric ellipsoids is such that there is no resultant attraction 
on any point within the shell. K we suppose the thickness of 
the shell to diminish indefinitely while its density increases, we 
ultimately arrive at the conception of a surface-density varying 
as the perpendicular from the centre on the tangent plane, and 
since the resultant attraction of this superficial distribution on any 
point within the ellipsoid is zero, electricity, if so distributed on 
the surface^ will be in equilibrium. 

Hence, the surface-density at any point of an ellipsoid undis- 
turbed by external influence varies as the distance of the tangent 
plane from the centre. 

• Thomson and Tait's Natural PhUotophy, ( 620, or Art. 150 of this book. 
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Butribution of Electricity on a Disk, 

By making two of the axes of the ellipsoid equal, and making 
the third vanish, we arrive at the case of a circular disk, and. at an 
expression for the surface-density at any point P of such a disk 
when electrified to the potential Fand left undisturbed by external 
influence. If a- be the surface-density on one side of the disk, 
and if KPL be a chord drawn through the point P, then 

V 



2'n^^/KP.PL 

Application of the Principle of Electric Inversion, 
178.] Take any point Q as the centre of inversion, and let R 
be the radius of the sphere of inversion. Then the plane of the 
disk becomes a spherical surface passing through Q, and the disk 
itself becomes a portion of the spherical surface bounded by a circle. 
We shall call this portion of the surface the bowl. 

If 8' is the disk electrified to potential V and free from external 
influence, then its electrical image 8 will be a spherical segment at 
potential zero, and electrified by the influence of a quantity V'R of 
electricity placed at Q. 

We have therefore by the process of inversion obtained the 
solution of the problem of the distribution of electricity on a 
bowl or a plane disk when under the influence of an electrified 
point in the surface of the sphere or plane produced. 

Influence of an Electrified Point placed on the unoccupied part of the 

Spherical Surface, 

The form of the solution, as deduced by the principles already 
given and by the geometry of inversion, is as follows : 

If C is the central point or pole of the spherical bowl 4S, and 
if a is the distance from C to any point in the edge of the segment, 
then, if a quantity q^ of electricity is placed at a point Q in the 
surface of the sphere produced, and if the bowl S is maintained 
at potential zero, the density <r at any point P of the bowl will be 

"" "" 277^ QP2 'V «2_(7p2' 

CQ, CPy and QP being the straight lines joining the points, C, Q, 
and P. 

It is remarkable that this expression is independent of the radius 
of the spherical surface of which the bowl is a part. It is therefore 
applicable without alteration to the case of a plane disk. 
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Influefice of amy Number of Electrified Paints, 

Now let us consider the sphere as divided into two parts, one of 
which, the spherical segment on which we have determined the 
electric distribution, we shall call the bowl^ and the other the 
remainder, or unoccupied part of the sphere on which the in- 
fluencing point Q is placed. 

K any number of influencing points are placed on the remainder 
of the sphere, the electricity induced by these on any point of the 
bowl may be obtained by the summation of the densities induced 
by each separately. 

179.] Let the whole of the remaining surface of the sphere 
be uniformly electrified, the sur&ce-density being p, then the 
density at any point of the bowl may be obtained by ordinary 
integration over the surface thus electrified. 

We shall thus obtain the solution of the case in which the bowl 
is at potential zero, and electrified by the influence of the remaining 
portion of the spherical sur&ce rigidly electrified with density p. 

Now let the whole system be insulated and placed within a 
sphere of diameter /, and let this sphere be uniformly and rigidly 
electrified so that its surface-density is p\ 

There will be no resultant force within this sphere, and therefore 
the distribution of electricity on the bowl will be unaltered, but 
the potential of all points within the sphere will be increased by 
a quantity V where 

"^' 
Hence the potential at every point of the bowl will now be V. 

Now let us suppose that this sphere is concentric with the sphere 
of which the bowl forms a part, and that its radius exceeds that 
of the latter sphere by an infinitely small quantity. 

We have now the case of the bowl maintained at potential Fand 
influenced by the remainder of the sphere rigidly electrified with 
superficial densify P+/« 

180.] We have now only to suppose p-\-p= 0, and we get the 
case of the bowl maintained at potential V and free from external 
influence. 

If a is the density on either surface of the bowl at a given point 
when the bowl is at potential zero, and is influenced by the rest 
of the sphere electrified to density p, then, when the bowl is main- 
tained at potential F, we must increase the density on the outside 
of the bowl by p', the density on the supposed enveloping sphere. 
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The result ci tlie inTestigatkni is tbi^ if/ is tihe diameter of 
Ike sphere, a tiie chord of the rndins <^ the bowl, and r the dierd 
of the distaaoe ai P fix>m the pole of the bowl, then the soifiMd* 
dsQsitjr tr on the imside of the bowl is 

and the snrfiu^e-density on the outside of'the bowl at the same 
pdntis r 



2fl/ 

. In the calcolation of this result no operation is employed more 
abstrose tbui ordinary integration oTer part of a spherical sorfiMie. 
To complete the theory of the electrification of a qpherical bowl 
we only require the geometry of the inversion of qpherical siu&oes. 

181.] Let it be required to find the snrfiMe-denmiy induced at 
any point of the bowl by a quantity ; of electriciiy placed at a 
point Q, not now in the qpherical sur&ce produced. 

Invert the bowl with respect to Q, ihe radius of the sphere of 
inversion being B. The bowl 8 will be inverted into its image 8^, 
and Hie point P vnll have P^ fi>r its image. We have now to 
determine the densiiy y. at P' when the bowliS^ is maintained at 
potential F% such that ; s F^B, and is not influ^iced by any 
external force. 

The density o- at the point P of the original bowl is then 



O" = 



this bowl being at potential zero, and influenced by a quantity q of 

electricity placed at Q. 

The result of this process is as follows : 

Let the figure represent a section 
through the centre, 0, of the sphere, 
the pole^ C, of the bowl, and the in- 
fluencing point Q. i> is a point 
which corresponds in the inverted 
figure to the unoccupied pole of the 
rim of the bowl, and may be found 
by the following construction. 

Draw through Q the chords HQH' 
and FQF', then if we suppose the 
radius of the sphere of inversion to 
be a mean proportional between the 

segments into which a chord is divided at Q, H^P' will be the 
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image of EF. Bisect the arc F'CW in iT, so that Wiy^VB^ and 
draw l/QD to meet the sphere in J?. J? is the point required. 
Also through 0, the centre of the sphere, and Q draw HOQH* 
meeting the sphere in H and H\ Then if P be any point in the 
bowl, the surface^ensity at P on the side which is separated fiom 
Q by the completed spherical surface^ induced by a quantity q of 
electricity at Q, will be 

'^■" 2'n^ HH\PQ^XdQ\i^-CP^) Li>Q W-CP2>' Jj ' 

where a denotes the chord drawn from (7, the pole of the bowl, 
to the rim of the bowl. 

On the side next to Q the sur&ce-density is 

q QH.QH' 



0- + 



211^ HH\PQ^ 
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CHAPTER Xn. 



THboBT or ooHnroAU rmrcrioHs nr two ddoksions. 



Iffit.] Thi somber of indepoide&t cuea in wiiich tiie proUsm 
of eilectrioftl eqnilibrinm has been solved is very small. Tba meUiod 
of spherical harmomoe has been employed for spherical oondncton, 
and Hie metliods of electrical images and of inversion are still mora 
powerful in the cases to whioh they can be applied. 'Sha case of 
surfaces of the second d^ree is the only one, as fiv aa I know, 
in which both tiie eqnipotential gnrfiioea and the lines of force an 
known t^ien the lines of force are not plane onrves. 

But there is an important class of proUems in the tJieory of 
electrical eqaQibrinmj and in that of the oondootion of oorrenta, 
in which we have to consider space of two dimensions only. 

For instance, if throughout the part of the electric field under 
consideration, and for a considerable distance beyond it, .the surfaces 
of all the conductors are generated hy the motion of strught lines 
parallel to the axis of z, and if the part of the field where this 
ceases to be the case is so fiir &om the part considered that the 
electrical action of the distant part on the field may be neglected, 
then the electricity will be uniformly distributed along each gene- 
rating line, and if we consider a part of the field bounded by two 
planes perpendicular .to the axis of z and at distance unity, the 
potential and the distribution of electricity will be functions of x 
and y only, • 

"ii pdxdy denotes the quantity of electricity in an element whose 
base \b dxdy and height unity, and <r dt the quantity on an element 
of area whose base is the linear element dt and height unity, then 
the equation of Poiseon may be written 



dar^^ dy* 



+ 4)rp = 
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When there is no free electricity^ this is reduced to the equation 
ofLaplace, j;^y i^y 

The general problem of electric equilibrium may be stated as 
follows : — 

A continuous space of two dimensions, bounded by closed cuires 
C^y C^, &c. being given^ to find the form of a function, F, such that 
at these boundaries its value may be F^, Fj, &c. respectively, being 
constant for each boundary, and that within this space F may be 
everywhere finite, continuous^ and single valued^ and may satisfy 
Laplace's equation. 

I am not aware that any perfectly general solution of even this 
question has been given^ but the method of transformation given in 
Art. 190 is applicable to this case, and is much more powerful than 
any known method applicable to three dimensions. 

The method depends on the properties of conjugate functions of 
two variables. 



Definition of Conjugate Functions. 

183.] Two quantities a and ^ are said to be conjugate functions 
oix and y, if a+ \/ — 1 /3 is a function of or + \/— ly. 
It follows &om this definition that 

da dB :% da dS ^ ,,. 

^ = ^' ^^^ ^ + i = ^^ (^) 

d^a d^a _ d^0 ^/^ _ n fo\ 

Hence both functions satisfy Laplace's equation. Also 

2 -J7;i2 ■T7;i2 



da dp da dfi da 
dx dy dy da "^ dx 



da 



dpr d£\ 

dx\ dy 



= IP. (3) 



If a and y are rectangular coordinates, and if ds^ is the intercept 
of the curve (fi = constant) between the curves a and a+da, and 
ds2 the intercept of a between the curves /3 and /3 + ^/3, then 

^ = ^= ^-, (4) 

da dfi It 

and the curves intersect at right angles. 

If we suppose the potential F^^F^-f^a, where k is some con- 
stant, then F will satisfy Laplace's equation^ and the curves (a) will 
be equipotential curves. The curves {fi) will be lines of force^ and 

q2 
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the snrfiice-integTal of a surface whose projection on the plane of 
ay is the curve A£ will he A^b— ^^), where fij and ^b are the 
values of ^ at the extremities of the curve. 

If a series of curves corresponding to values of o in arithmetical 
progression is drawn on the plane, and another series corresponding 
to a scrieB of values of ^ having the same common difference, then 
the two series of curves will everywhere intersect at right angles, 
and, if the common difference is small enough, the elements into 
which the plane is divided will be ultimately little squares, whose 
sides, in diifereut jiarts of the field, are in different directions and of 
different magnitude, being inversely proportional to R. 

If two or more of the equipotential lines (a) are closed curves 
enclosing a continuous space between them, we may take these for 
the surfaces of conductors at potentials (^u + X-n^), [f'\, + i:a^, &e. 
respectively. The quantity of electricity upon any one of these 

between the lines of force (3, and jS^ will be — (i^a— /3i)- 

The number of equipotential lines between two conductors will 
therefore indicate their difference of potential, and the number of 
lines of force which emerge &om a conductor will indicate the 
quantity of electricity upon it. 

We must next state some of the most important theorems 
relating to conjugate functions, and in proving them we may nae 
either the equations (1), containing the differential coefficients, or 
the original definition, which makes use of imaginary' symbols. 

184.J Thborsu I. ^ir' andy are conjugate funetioni toith respect 

to X and y, and if z" and y are also conjugate Junctions mtA 
respect to sc and y, then the functions aT+af" and / +/' mil 
be conjugate functions with respect to x and y. 

For ^_^ d — -^■ 

dx dy' dx ~ dy ' 

therefore .^y+^T ^ ^(/H-.0 . 

ax dy 

., dof d^ , dx" (//' 

Also -j-=— -f-, and -;— = ^^— : 

ay da ay dx 

therefore dJ^+jy^_ dWW) 

dy dx 

OT X +fli"andy'+y are conjugate with respect to x andy. 



1 
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GrapAic Representation of a Function which is the Sum of Two 

Given Functions, 

Let a function (o) of x and y be graphically represented by a 
series of curves in the plane of a?y, each of these curves corre- 
sponding to a value of a which belongs to a series of such values 
increasing by a common difference, h. 

Let any other fiinction, /3, of x and y be represented in the same 
way by a series of curves corresponding to a series of values of j3 
having the same common difference as those of a. 

Then to represent the fimction a + /3 in the same way, we must 
draw a series of curves through the intersections of the two former 
series from the intersection of the curves (a) and ()8) to that of the 
curves (a+S) and ()3— 8), then through the intersection of {a + 21) 
and ()9— 28), and so on. At each of these points the fimction will 
have the same value, namely a-|-)8. The next curve must be drawn 
through the points of intersection of a and )8 + 8, of a+8 and j3, 
of a + 28 and ^-8, and* so on. The fimction belonging to this 
curve will be a + )3 + 8. 

Li this way, when the series of curves (a) and the series (/3) are 
drawn, the series (a+/3) may be constructed. These three series of 
curves may be drawn on separate pieces of transparent paper, and 
when the first and second have been properly superposed, the third 
may be drawn. 

The combination of conjugate functions by addition in this way 
enables us to draw figures of many interesting cases with very 
little trouble when we know how to draw the simpler cases of 
which they are compounded. We have, however, a far more 
powerful method of transformation of solutions, depending on the 
following theorem. 

185.] Theorem II. If x" and if' are conjugate functions with 
respect to the variables sf and y', and if af and ^ are conjugate 
functions with respect to x and y, then of' and y will he con^ 
jugate functions unth respect to x and y. 

dixf' ^ dsf' daf daf' d^f 
dx '~ daf dx djf dx^ 

df dif dif' daf 
djf dy dx dy 

_ df_ 

- dy ' 
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the soi&oe-integxal of a surfiioe whose projection on the plane of 
sBf 18 the ciUYe JJS will be iifin—PA^i where Pa and Ps are the 
i^ues of iS at the extremities of the cunre. 

If a series of oarves oorresponding to values of a in arithmetical 
progression is drawn on the plane, and another series oorresponding 
to a series of values of /3 having the same common difference, then 
the two series of carves will everywhere intersect at right angles^ 
and, if the common, difference is small enough, the elements into 
which the plane is divided will be ultimately little squares, whose 
odes, in different parts of the field, are in different directions and of 
different magnitude, being inversely proportional to B. 

If two or more of the equipotential lines (a) are dosed carves 

enclosing a continuous space between them, we may take these for 

the sur&ces of conductors at potentials (^+>(oi)j (F^+^^Oa)' ^* 

reqpeotivdy. The quantity of electricity upon any one of these 

k 
between tibie lines of force jS^ and p^ will be — (fi^—fi^. 

The number of equipotential lines between two conductors will 
theref(»e indicate their difference of potential, and the number of 
lines of force which emerge from a conductor will indicate the 
l»«.tity of eledridiy upon it. 

We must next state some of the most important theorems 
relating to conjugate functions, and in proving them we may use 
either the equations (1), containing the differential coefficients, or 
the original definition, which mak;es use of imaginary symbols. 

184.] Theorem I. If a?' and jf are conjugate jiinctions with respect 
to X and y^ and if x" and if' are also conjugate functions wit A 
respect to x and y, then the functions xf-^af' and rf -^-jf' toill 
he conjugate functions with respect to x and y. 



« 



For 



dx '^ dy\ dx "^ dy ^ 



therefore '-^^^ = 'S£pl 

ax dy 



Also 



therefore 



dy "^ dx' dy ^ dx * 

dy dx ' 



or X -\'af^ and ^ +y are conjugate with respect to x and y. 
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GrapAic Representation of a Function which is the Sum of Two 

Given Functions, 

Let a Ainctioii (o) of x and y be graphically represented by a 
series of curves in the plane of a?y, each of these curves corre- 
sponding to a value of a which belongs to a series of such values 
increasing by a common difference^ h. 

Let any other function, /3, of x and y be represented in the same 
way by a series of curves corresponding to a series of values of j3 
having the same common difference as those of a. 

Then to represent the fimction a + /3 in the same way, we must 
draw a series of curves through the intersections of the two former 
series from the intersection of the curves (a) and ()8) to that of the 
curves (a +5) and ()3— 8), then through the intersection of (a 4- 2 8) 
and (/3 — 28), and so on. At each of these points the function will 
have the same value, namely a -1-/3. The next curve must be drawn 
through the points of intersection of a and )9 + 8, of a+8 and /3, 
of a+28 and fi—h, and" so on. The fimction belonging to this 
curve will be a -f)3 -1-8. 

Li this way, when the series of curves (a) and the series (/3) are 
drawn, the series (a+/3) may be constructed. These three series of 
curves may be drawn on separate pieces of transparent paper, and 
when the first and second have been properly superposed, the third 
may be drawn. 

The combination of conjugate functions by addition in this way 
enables us to draw figures of many interesting cases with very 
little trouble when we know how to draw the simpler cases of 
which they are compounded. We have, however, a far more 
powerful method of transformation of solutions, depending on the 
following theorem. 

185.] Theorem II. If x" and ^' are conjugate functions with 
respect to the variables sf and ^ , and if af and ^ are conjugate 
functions with respect to x and y, then of' and 1/' will he con- 
jugate functions with respect to x and y. 

p dar_^ d^d^ daf' d/ 

dx "" dixf dx dif dx 

_ ^^ dfdaf 
"" ^^ ^y dof dy 

_ i^i. 
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nd liiennB the oonaHioiH tint c^ mkI /* Aodd be eoq^l^ 
ftmotJOM rf# and y. 

Tins m^ abo be dwwn from flie oiigniel ifafinHiDii ef eo wjagito 
fimetitau. Ytn ^^./^y k a finwitiia <£ ^^i/^/, nd 
V+^/^/ if a ftinetion dm + j/^f. Hmet, V+^/^y 
k a ftmction rf m+iZ—ly. 

In Oe mne wa^we may Aew tint if «^ and ji^ an onyagate 
fimetioiii <]f m ami y, &en « and jr an ootgngate fimotHnu td tf 

Una tbeonm majr be interpreted gnpl^edly at fijQom : — 

Let ^,/ht taken as reetaagolar oooidinatet, and let the curree 
Qcnteaponding to valnea of ^ and of jr* taken in regular arithmetioal 
aeriee be dnnm on p^ier. A doable eyvtem of curve's will thus be 
diawn ootting tlie paper into litdfl squaree. Let the papt^r be tiiea 
rated intk bnisontal and vertical Unes at eqmil intervals, and Icrt^ 
these linea be maded with the corresponding- raltips of jf and /. 

Next, let another piece of paper be takeQ in which « and y. are 
made rectangular coordinates and a donble system of onrres ^, ff 
is^ drawn, each cnrve being marked with the corresponding valne 
of y or if. This sjBtem of cnrrilineaT coordinates will correspond, 
point for point, to the rectilinear system of coordinates ^,/ aa die 
first piece of paper. 

Hence, if we take any number of points on the cnrre ai^ (m the 
first paper, and note the values of a^ and if at these points, and 
mark the corresponding points on the second paper, we shall find 
a number of p<unt8 on the transformed curve af'. If we do the 
same for all the carves ^, ^' on the first paper, we shall obtain on 
the second paper a doable series of carves «", /' of a different form, 
but having the some property of cutting the paper into little 
sqaares. 
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186.] Theobem in. If V %% any function of of and t^, and if of 
and y are conjugate Junctions of as and y, then 



//( 



+ 



)'">=H<^.*Z)^¥, 



dafi ' dy'^ 
the integration being between the same limits. 



For 



dr^dFd^ dFd/ 



+ 



dx dsf dx dif dx 



d^r d^r fdaf>^ 



d^r dx'd£ d^rdtf 



"^ daf dx'^ '^^ dx^' 



and 



d^r d^Vdaf 
dy^ "" daf^ dy 



d^r daf djf d^rdtf 

■^ ^rf/ dy dy^ dp dy 



2 



rfTrfV dVd^y' 
^ daf df '^ d^f^' 

Adding the last two equations^ and remembering the conditions 
of conjugate Amotions (1), we find 



d^r d^r _d^r /daf 
dx^'^ dy^^ dixf^^dx 



+ 



dy 



Hence 



I "^ djf* Vdx 
~ W* "*" rf/*-' ^H dy dy dxf' 



dy 



2 



) 



//( 



d^r d^r . 






-m 






dy 
dc^ *¥• 



If F is a potential, then, by Poisson's equation 

d^V d^V 

and we may write the resnlt 

Jj pdxdy =Jjp'da^d/, 

or the quantity of electricity in corresponding portions of two 
systems is the same if the coordinates of one system are conjugate 
functions of those of the other. 



MMHtmml JStearem am Qm/ngaie Ftmetiam. 

187.] Tnomf lY. ^ «^ ^^^fu ^^ ^^ ^ ^'^H* ^"^ ^"^"^ 
jngaU Jimetimu qf m ami y^ Hem^ if 

^^^H-HH^ and T ^ m^y^^m^y^, 
X amd Twill be eo^iyagaU fimB&om ifmamdy. 

For X+y^r= (#1+731 jrjj)(j^+y=ljrj. 

TaaoiaacV. J^ ^ be a sobsiiom of He ejmiiiam 

d^ 

B and 9 will be em^tgaU Jwnetiane if m ami j. 

For JZ and 9 ftre conjugate fbnctiona of -^ and -^^ and thess 
aceocnyngate fonelionBof «andjr. ^ 



EuMPLB I. — ImeerAm. 

188.] As an example of the general method of transformation 
let us take the case of inversion in two dimensions. 

If is a fixed point in a plane, and OA a fixed direction^ and 
if r = OT = ae^y and B = AOT^ and if a?, y are the rectangxdar 
coordinates of P with respect to 0, 

p = log -^/^T?, ^ = tan-i J , 

a=z aei'coBO, y=:aef*em$f^ 

p and ^ are conjugate functions of x and y. « 

If p^ = Mp and $" =z nOy p^ and ^ will be conjugate Amotions of p 
and ^. In the case in which n = — 1 we have 

/ = y, and er^-e, (e) 

which is the case of ordinary inversion combined with turning the 
figure 180** round OA. 

Inversion in Two Dimensions, 
In this case if r and / represent the distances of corresponding 
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points from 0, e and / the total electrification of a body^ 8 and 8^ 
superficial elements^ F and V solid elements, <r and tr surface- 
densities, ,p' and p' volume densities, ^ and ^^ corresponding po- 
tentialSj 

r" 8" r^" a^' Vr^^a^' 



e ^ o- "" a^ "" /* p. "" a* "" /* 



(7) 



Example II. — Electric Images in Two Dimensions. 

189.] Let A be the centre of a circle of radius ^Q = d, and let 
^ be a charge at A^ then the potential 
at any point P is 

^ = 2Elog-^; (8) ^ 

and if the circle is a section of a hollow 
conducting cylinder, the surface-density 

at any point Q is — —j • ^*K- 17. 

Invert the system with respect to a point 0, making 

^0 = wi, and a^ = (wi^-l)^^ ; 

then we have a charge at Af equal to that at A, where AA^ = — 

The density at Q^ is 




E }fi--AA 



i2 



27rd Aq;^ 

and the potential at any point P' within the circle is 

^' = ^ = 2J?^(logd-log^, 

= 2E (log OP'-log^'P'-logiw). (9) 

This is equivalent to a combination of a charge E at A^y and a 
charge — ^ at 0, which is the image of J', with respect to the 
circle. The imaginary charge at is equal and opposite to that 
at A. 

If the point P' is defined by its polar coordinates referred to the 
centre of the circle, and if we put 

p = logr— log J, and p^ = logX4'— log J, 
then AF^^bef^y AA'=bePo, AOz=zber^; (10) 
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and the potential at tbe point (/>, tf } is 

— JPlog(<f^— 2^tf^oo8d+««^) + 2i»^. (11) 
This 18 tbe potential at tbe point (p, ^ dae to a charge i?, phoed 

at tbe point (^, 0\ with the condition that when p s 0, ^ = 0. 
In ibis case p and tf are tiie cimjagate fimctaons in equations (5) : 

p is tibe kgariibm €f tbe ratio of the radios vector of a point to 

the radios of tbe diele, and tf is an angl<^ 

TbB centre is tbe only singnlar point in this flyston of coordinates, 

and the Une-integial of / -^A round a closed carve is zero or 2vy 
afomrding as the dosed ODxve ezdndes or indodes tbe centre. 

SZAXFIB in. — iVSmMMlV 2hM{^!lf^^ 

t 

19K} Now let a and fi be anj oonjng»te fbnctions of w and /, 
such that the ear?es (a) are eqnipotential corves, and tbe carves 
(jS) are lines of fines doe to.s eystan consisting rf a cluu!ge of half 
a nnit at tbe origin^ and an electrified qrstem duposed in any 
BHinier at a certain distance firom tbe origin. 

Let OS suppose tbftt the carve for which tbe potential is a^ is 
a closed carve, sadi Ibflt no part of tbe electrifiyed qrstem eioq^ 
half-onit at the origin lies within this curve. 

Then all the curves (a) between this curve and the origin will be 
dosed curves surrounding the origin, and all the curves (fi) will 
meet in the origin, and will cut the curves (a) orthogonally. 

The. coordinates of any point within the curve (qq) will be determ- 
ined by the values of a and j3 at that pointy and if the point travels 
round one of the curves a in the positive direction, the value of j3 
will increase by 2?r for each complete drcuit. 

If we now suppose the curve (o^) to be the section of the inner 
surfiice of a hollow cylinder of any form maintained at potential 
zero under the influence of a charge of linear density i? on a line of 
which the origfin is the projection^ then we may leave the external 
electrified system out of consideration, and we have for the potential 
at any point (a) within the curve 

<^ = 2^(a-ao), (12) 

and for the quantity of electridty on any part of the curve c^ 
between the points corresponding to ^ and P29 

Q = 2S{p,^p,). (13) 

« See GreUe's Journal, 1861. 



I90.] neumakn's transformation. 235 

If in thifi way, or in any other, we have determined the dis- 
tribution of potential for the case of a given cnrve of section when 
the charge is placed at a given point taken as origin^ we may-pass 
to the case in which the charge is placed at any other point by an 
application of the general method of transformation. 

Let the values of a and j3 for the point at which the charge is 
placed be Oj and p^ then substituting in equation (11) a-^a^ for p, 
and j3— jSi for ^, we find for the potential at any point whose co- 
ordinates are a and /3, 

<^ = ^ log (1 - 2 (?*-•! cos (;3 -;3i) + <?*<—• i>) 
-J?log (l-2(f+i-2-oco8()8-i8i) + ^C+»i-«-o)) + 2J?(ai-ao). (14) 

This expression for the potential becomes zero when a=ao, and is 
finite and continuous within the curve o^ except at the point o^jSi, 
at which point the first term becomes infinite, and in its immediate 
neighbourhood is ultimately equal to 2JElog/, where / is the 
distance firom that point. 

We have therefore obtained the means of deducing the solution 
of Green's problem for a charge at any point within a closed curve 
when the solution for a charge at any other point is known. 

The charge induced upon an element of the .curve Oq between the 
points P and p + dfihj a charge JE placed at the point o^ jSj is 

2^ 1 -.2<?(i-o)cos (p^p^ + e^i^-'^) ^' ^^^^ 

From this expression we may find the potential at any point 
ttj fii within the closed curve, when the value of the potential at 
every point of the closed curve is given as a function of j3, and 
there is no electrification within the closed curve. 

For^ by Theorem II of Chap. Ill, the part of the potential at 
Oj fiif due to the maintenance of the portion dp of the closed curve 
at the potential F, is n F, where n is the charge induced on dp by 
unit of electrification at o^jSi. Hence, if F* is the potential at a 
point on the closed curve defined as a function of p, and the 
potential at the point a, Py within the closed curve^ there being no 
electrification within the curve, 

. ^ i. r*' (i -,«(»i-ao) )rrf/3 . ,jg. 

^ 2TtJQ 1 -2 <?(•!— o) COS (/3-i8i) + <?«(•!— o)* ^ ^ 
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ExAMPiA IV.^ — JHHriiutiou qf Eleeifieity near am Edge of a 
Qmiuetar farmed by Two Plane Faeea. 

191.] In tibie case of an infinite plane &oe of a oondactor charged 
^th electricitjr to the sai&oe-densiiy (Tot we find for the potential 
at a distance jr from the plane 

where Ob the yaloe of the potential of the conductor itself. 

Aasome a straight line in the plane as a polar adsj and transform 
into polar ooordinateSj and we find for the potential 

r= C— 4ir(j0atf^sind, 

and for the qnantitjr of electriaty on a parallelogram of breadth 
makj, and length ae^ measured bom. the axis 

Now let ns make p = np' and ss nO^, then^ sinc^ p^ and t^ are 
conjugate to p and tf , the equations 

r =s C— 4 ir ff^ad^f^ on ntT 

and E^a^ae^f^ 

expteBB a possible distribution i>f electricil^ and of potential. 

If we write r for aef^, r w91 be the distance fiiom the axis, and 
the angle, and we shall have 



r* 



a ^ 

F will be equal to C whenever »^ = ir or a multiple of tt. 

Let the edge be a salient angle of the conductor, the inclination 
of the faces being a, then the angle of the. dielectric is 2V— a, so 
that when ^=2?r— a the point is in the other face of the conductor. 
We must therefore make 

n (2 IT— a) = TT, or « = • 

27r— a 



Then r= C-4ir<Toa Q"' 'sin-^. 



Z«-— A 



The surface-density a at any distance r from the edge is 



a— IT 
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When the angle is a salient one a is less than tt, and the snr&ce- 
densitjr varies according to some inverse power of the distance 
&om the edge, so that at the edge itself the density becomes 
infinite^ although the whole charge reckoned from the edge to any 
finite distance from it is always finite. 

Thus, when a==0 the edge is infinitely sharp, like the edge of a 
mathematical plane. In this case the density varies inversely as 
the square root of the distance from the edge. 

When a = - the edge is like that of an equilateral prism, and the 
density varies inversely as the f power of the distance. 

When a = - the edge is a right angle, and the density is in- 
versely as the cube root of the distance. 

2 TT . . 

When a = — the edge is like that of a regular hexagonal prism, 

and the density is inversely as the fourth root of the distance. 

When a = IT the edge is obliterated, and the density is constant. 

When o = ^ TT the edge is like that in the inside of the hexagonal 
prism, and the density is directly as the square root of the distance 
from the edge. 

When a=f TT the edge is a re-entrant right angle, and the density 
is directly as the distance from the edge. 

When a=f TT the edge is a re-entrant angle of GO**, and the 
density is directly as the square of the distance from the edge. 

In reality, in all cases in which the density becomes infinite at 
any point, there is a discharge of electricity into the dielectric at 
that point, as is explained in Art. 55. 

Example V. — Ellipses and Hyperbolas. Fig. X. 

192.] We have seen that if 

a?! = ^ cos ^, ^1 = ^ sin ^, (1 ) 

sc and y will be conjugate Amotions of ^ and yjf. 

Also, if ^Fg = ^ cos yjf, ^2 = — ^ sin ^, (2) 

^2 and ^2 ^11 ^® conjugate functions. Hence, if 

2a?=^i+a?2=(^ + ^)cosV^, 2y=j^i + y2=(^— ^)sin^, (3) 

X and y will also be conjugate functions of ^ and ^. 

In this case the points for which ^ is constant lie in the ellipse 
whose axes are ^-f ^* and e*— ^*. 
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Tbe TpciabB far iddisli i|r is constant lie in the hyperbola whose 
axesaze 2oosi|r and Sain^. 

On tiie axis of », betwem 4^ ss — 1 and a^ + l, 

^ a Oj ^ = cos-* «. (4) 

On the axis of jt, beyond these limits on either side, ve have 

w> 1, ^»0, ^=log(«+y«»-l), (6) 

ar<— 1, V^"BV| ^ = log(>/«*— 1— «). 

Henee^ if ^ is the potential fiinotion^ and ^ the fanction of flowj 
we have iiie ease of deotrioity flowing from the negative to the 
positive side ci the axis of m through the space between tiie pcMnts 
— 1 and + If the parts of the axis beyond these limits being 
impervious to deetrieity. 

Sinoe^ in tiiis cascj the teis of jr is a line of flow, we may sixppom 
it also imperviotis to dectricHj. 

We.may also consider the ellipses to be seetions of tiie eqid- 
potential sorflioei doe to an indefinitely hmg flat oondnctor of 
bieadtili 2, dmsf^ wfth half a nmt dP deetrieity per nnit of length. 

If we mak« ^ thii potefiftad fimetion, and ^ the fonctsm of ftaw, 
the ease beoMlii that of as inflnite j^bme fiom whieh a stiq^ of 
breadth 2 has been ont away and the pfa&e on one side charged to 
potential w wh& the otibar rttAains at aero. 

These cases may be considered as particular cases of the quadric 
surfaces treated of in Chapter X. The forms of the curves are 
given in Fig. X. 

Example VI. — Rg. XI. 
198.] Let us next consider of and y as functions of a and y, where 

y = b logA/^+p, / = i tan-i f » (6) 

of and y will be also conjugate functions of ^ and yjt. 

The carves resulting from the transformation of Fig. X with 
respect to these new coordinates are given in Fig. XI. 

J£ af and if are rectangular coordinates, then the properties of the 
axis of X in the first figure will belong to a series of lines parallel 
to 2^ in the second figure for which y's hfltfy where n' is any 
integer. 

The positive values of y on these lines will correspond to values 
of a; greater than unity, for which, as we have already seen, 

1^ 






yff = nv, = log(a?+ Va?2-.l) = logV<?* + V<?* —1/. (7) 
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The Degative values of ^ on the same lines will correspond to 
values oim less than unity, for which, as we have seen, 

= 0, ^ = cos-^ X = cos-^ e^. (8) 

The properties of the axis of jf in the first figure will belong to 
a series of lines in the second figure parallel to ai^ for which 

/ = «^(»'-hi). (9) 

The value of ^ along these lines is ^ = tt (^'+7) for all points 
both positive and negative, and 

* = log(y-hyy« + l) = logU*+Vtf* +1/. (10) 

194.] If we consider ^ as the potential function^ and ^ as the 
function of flow^ we may consider the case to be that of an in- 
definitely long strip of metal of breadth ish with a non-conducting 
division extending from the origin indefinitely in the positive 
direction, and thus dividing the positive part of the strip into two 
separate channels. We may suppose this division to be a narrow 
slit in the sheet of metal. 

K a current of electricity is made to flow along one of these 
divisions and back again along the other, the entrance and exit of 
the current being at an indefinite distance on the positive side of 
the origin^ the distribution of potential and of current will be given 
by the functions ^ and ^ respectively. 

If, on the other hand, we make ^ the potential, and ^ the 
ftmction of flow^ then the case will be that of a current in the 
general direction of y^ flowing through a sheet in which a number 
of non-conducting divisions are placed parallel to ^r, extending from 
the axis of y to an indefinite distance in the negative direction. 

195.] We may also apply the results to two important cases in 
statical electricity. 

(1) Let a conductor in the form of a plane sheet, bounded by a 
straight edge but otherwise unlimited^ be placed in the plane of xz 
on the positive side of the origin, and let two infinite conducting 
planes be placed parallel to it and at distances \'nh on either side. 
Then, if ^ is the potential function, its value is for the middle 
conductor and \ tt for the two planes. 

Let us consider the quantity of electricity on a part of the middle 
conductor, extending to a distance 1 in the direction of Zj and from 
the origin to ar = a. 

The electricity on the part of this strip extending from d?i to ^Tg 
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Hence from the origin to ^= a ibe oinoimt ia 

J=^log(*'^ + \/*»'-l). (II) 

If a IB laige compared with &, this beoomea 



a+6'\og,2 



(12) 



Hence the quantity of electcici^ on tiie plane bounded by the 
fftraight edge le greater than it would have been if the dectricity 
had been uniformly distributed over it with tiie aame density that 
it has at a distance from the boondaiy, and it ia eqnal to the 
quantity of electricity having Qis same onifonn Bor&ce-density, 
but extending to a breadth oqoal to ilog,2 beyond the acbial 
bonndary of the plate. 

This imaginary uniform distribotioD is indicated by the dotted 
straight lines in Fig. XI. llie vertical lines represent lines of 
force, and the horizontal lines eqmpotential snrfiwes, on the hypo- 
thesis that the density ia unifinin over both jdanes, piodnoed to 
infinity in all directions. 

196.] Electrical condensers are stnnetiiaes formed of a pUte 
placed midway between two parallel plates extending considenbly 
beyond the intermediate one on all sides. If the radius of curvatare 
of the boundary of the intermediate plate ie great compared with 
the distance between the plates, we may treat the boundary as 
approximately a straight line, and calculate the capacity of the 
condenser by supposing the intermediate plate to have ils area 
extended by a strip of uniform breadth round its boundary, and 
assuming the Bur&ce-deneity on the extended plate the same as 
it is in the parts not near the boundsry. 

Thus, if £ be the actoal area of the plate, L its circumference, 
and S the distance between the Urge plates, we have 

6 = -B, (13) 

and the breadth of the additional strip is 

a='^-^-B, (14) 

w 

so that the extended area is 

5'= S + Bl-log,2. (15) 
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The capaciiy of the middle plate is 



2Tr B 2'jr^B 

Correction /or the Thickness of the Plate. 

Since the middle plate is generally of a thickness which cannot 
be neglected in comparison with the distance between the platesj 
we may obtain a better representation of the facts of the case by 
supposing the section of the intermediate plate to correspond with 
the curve ^ = ^'. 

The plate will be of nearly uniform thickness^ p = 2byff\ at a 
distance from the boundary, but will be rounded near the edge. 

The position of the actual edge of the plate is found by putting 
y = 0, whence 0^= 4 log cos f'. (1 7) 

The value of ^ at this edge is 0, and at a point for which j^= a 
it is a + b log^ 2 

b 

Hence the quantity of electricity on tbe plate is tbe same as 
if a strip of breadth , B. ,„ irflv ,,a\ 

had been added to the plate, the density being assumed to be every- 
where the same as it is at a distance from the boundary. 

Density near the Edge. 
The surface-density at any point of the plate is 



e 



T 



_1_^ 1 

4 Tt da/ "" 4ird /"a? 



1 / jjl ..4f: \ 

= — i U + 4^ ^ + Jtf ^-fccj. 

4ir6 



(19) 



The quantity within brackets rapidly approaches unity as o/ 
increases, so that at a distance from the boundary equal to n times 
the breadth of the strip a, the actual density is greater than the 

normal density by about ^^^^ of the normal density. 

In like manner we may calculate the density on the infinite planes 

X 

= ^ ^' . (20) 

V<?* +1 
When af=iO, the density is 2'^ of the normal density. 

YOL. I. K 
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At • times the breadtii of the strip on the positive side, the 
density is less than the nornud density by about ^in* 

At • times the breadth of the strip on the negative side, the 
density is about — of the nonnal density. 



These results indicate the degree of accuracy to be expected in 
applying this method to pktes of limited extent^ or in which 
irregularities may exist not very fiur from the boundary. The same 
distribution would exist in the case of an infinite series of similar 
plates at equal distances, the potentials of. these plates being 
alternately + Fand — F. In this case we must take the distance 
between tiie plates equal to B, 

197.] (2) The second case we shall consider is that of an infinite 
series of planes parallel to wm at distances B^vb, and all cut off by 
the plane cSyz^ so that they extend only on the negative side of this 
plane. If we make ^ the potential function, we may regard these 
phmes as conductors at potential zero. 

Let us consider the curves for which is constant. 

When y= nvi, that is, in the prolongation of each of the planes, 

we have 4^= 41ogi(^ + r^) (21) 

when y^ss: («i+i)^v, that is, in tiie intermediate positions 

af^h\og\{^-er^). (22) 

Hence, when ^ is large, the curve for which ^ is constant is 
an undulating line whose mean distance from the axis of ^ is 
approximately ^ ^ ^ {il>-log, 2), (23) 

and the amplitude of the undulations on either side of this line is 



**i«»":*3S- ^^*^ 



When is large this becomes be^^^, so that the curve approaches 
to the form of a straight line parallel to the axis of ^ at a distance 
a from <d) on the positive side. 

If we suppose a plane for which sf =i a, kept at a constant 
potential while the sjrstem of parallel planes is kept at a different 
potential, then, since 4^ = a -f i log^ 2, the surface-density of 
the electricity induced on the plane is equal to that which would 
have been induced on it by a plane parallel to itself at a potential 
equal to that of the series of planes, but at a distance greater 
than that of the edges of the planes by b log 2, 
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If ^ is the distance between two of the planes of the seriee^ 
B =z IT by BO that the additional distance is 

a =5^-?^. (26) 

198.] Let US next consider the space included between two of 
the equipotential surfaces, one of which consists of a series of parallel 
waves, while the other corresponds to a large value of <!>, and may 
be considered as approximately plane. 

If i> is the depth of these undulations from the crest to the trough 
of each wave^ then we find for the corresponding value of ^, 

D 

<^=41og^. (26) 

The value of :/ at the crest of the wave is 

6 log 4 (^ + <r-*). (27) 

Hence, if ^ is the distance from the crests of the waves to the 
opposite plane, the capacity of the system composed of the plane 
surface and the undulated surface is the same as that of two planes 
at a distance A + a where 

«'=vlog.— ^- (28) 

199.] If a single groove of this form be made in a conductor 
having the rest of its surface plane^ and if the other conductor is 
a plane surface at a distance A, the capacity of the one conductor 
with respect to the other will be diminished. The amount of this 

diminution will be less than the - th part of the diminution due 

fi 

to n such grooves side by side^ for in the latter case the average 

electrical force between the conductors will be less than in the 

former case, so that the induction on the surface of each groove wiU 

be diminished on account of the neighbouring grooves. 

If Z is the length, B the breadth, and JD the depth of the groove, 

the capacity of a portion of the opposite plane whose area is 8 will be 

^ « J^ _?L . (29) 

^ttA 4tt A.A + a 

If A is large compared with B or a,- the correction becomes 



4ir« A^ -,- 

1+e « 

R 2 
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and for a slit of infinite depths patting 2) ss oo, the oorreotion is 

£§^.^' (") 

To find the smfiuM-denflity on the series of parallel plates we 

1 dyU 
most find ^^j-^ whesa ^ s 0. We find 

1 1 



<r = 






(32) 



The avenge density on the pUme plate at distance A firom the 
edges of the series of plates is or = — ^, Hence, at a distance firom 
the edge of one of the plates equal to na the soifiu^e-density is 

. of this average density. 

200.] Let ns next attempt to dedace from these xesalts the 
distribution of deotrioity in the fig^ure fonned by rotating the 
plane of the figure about the aads /^ -^B, In this case, Poisson's 
equation will assume the fi^rm 

Let us assume F=^, the function given in Art. 193, and determine 
the value of p from this equation. We know that the first two 
terms disappear, and therefore 

K we suppose that, in addition to the surface-density already 
investigated, there is a distribution of electricity in space according 
to the law just stated, the distribution of potential will be repre- 
sented by the curves in Fig. XI. 

Now from this figxure it is manifest that -^ is generally very 

small except near the boundaries of the plates, so that the new 
distribution may be approximately represented by what actually 
exists, namely a certain superficial distribution near the edges of 
the plates. 

K therefore we integrate / \pdafditf between the limits y=:0 and 

y^=-i, and from 0^'=— oo to d?=s+oo, we shall find the whole 

additional charge on one side of the plates due to the curvature. 
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/•*" j,_ /■+- J l^_ d^ 

y_. '* ^ ~y_. 4 w (22+/) <& *"' 

Integrating with respect to /, we find 

= li^ + isS?-*"- ^^'^ 

This is the total quantity of electricity which we must suppose 
distributed in space near the positive side of one of the cylindric 
plates per unit of circumference. Since it is only close to the edge 
of the plate that the density is sensible, we may suppose it all 
condensed on the surface of the plate without altering sensibly its 
action on the opposed plane surface, and in calculating the attraction 
between that surface and the cylindric sur&ce we may suppose this 
electricity to belong to the cylindric surface. 

The superficial charge on the positive surface of the plate per 
unit of length would have been — |, if there had been no curvature. 

Hence this charge must be multiplied by the factor (l + i -p-) 
to get the total charge on the positive side. 

In the case of a disk of radius B placed midway between two 
infinite parallel plates at a distance £, we find for the capacity 
of the disk i>2 i « 

^^2^^«^B + \£. (38) 



£ 



Theory of TliorMorCs Ouard-ring. 

201.] In some of Sir W. Thomson's electrometers, a large plane 
sur&ce is kept at one potential, and at a distance a from this sur&oe 
is placed a plane disk of radius R surrounded by a large plane plate 
called a Guard-ring with a circular aperture of radius B! concentric 
with the disk. This disk and plate are kept at potential zero. 

The interval between the disk and the gfuard-plate may be 
regarded as a circular groove of infinite depth, and of breadth 
R-^Ry which we denote by B. 



Tbe chaxge on tiie did: due to unit potentiil of the hige didc, 

•nppoiing the denrity unifismi, would be -jt* 

Ihe dM^ge on one aide of a stniglit groove of Inraadfli B and 
kngth L = 2«J^ and of infinite depth, woold be 

. MB 

But nnoe the groove is not itnught,<biit has a xadins of onrvatnie 
M^ this must be moltqplied bjr the fiustor (l -f i -p-)* 
The whole chaxge on the dkk ia therefore 






8^ 8J J+oT 

IDm Talne of a oannot be gsnter tiian 



(40) 



a s 



If ^ la arnaU compared with either J or JB tiiia ea^reasion will 
giTC a anffidentlhjr good approadniation to the du^ge on the diak 
dne to iinitjr of difiiarenoe of potential. The xatio of J to JZ 
may have any valne^ bat the radii of the large diak and of the 
guard-ring must exceed R by several multiples of A, 

Example VII.— Kg. XII. 

202.] Helmholtz, in his memoir on discontinuous fluid motion'^, 
has pointed out the application of several formulae in which the 
coordinates are expressed as functions of the potential and its 
conjugate function. 

One of these may be applied to the case of an electrified plate 
of finite size placed parallel to an infinite plane surface connected 
with the earth. 

Since x^^ Aifi and y^=: Ayff, 

and also X2 = Aef^coByjf and y, = ^ ^ '^^ ^' 

are conjugate fonctions of and yjf, the fnnctions formed by adding 
Xi to a?2 andy^ to y^ will be also conjugate. Hence, if 

X = Aip-i-Aei^ cos yjt, 
y = Ayjf-^Aef^Bmylf, 

• KdnigL AkacL der Wistenschaften, zu Berlin, April 23, 1868. 
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then X and y will be conjugate with respect to ^ and ^^ and ^ and 
^ will be conjugate with respect to x and y. 

Now let X and y be rectangular coordinates, and let ^^ be the 
potential, then k(^ will be conjugate to ^\/r, h being any constant. 

Let us put >/r = IT, then y = -4ir, x =i A (0—^*). 

If ^ varies from — oo to 0, and then from to +oo^ a; variee 
from —00 to —A and frt)m —-4 to — oo. Hence the equipotential 
sur&ce for which ^^=ir is a plane parallel to ar at a distance b = it A 
from the origin, and extending from — oo to a; = — ^. 

Let us consider a portion of this plane^ extending from 

X = '^{A-\-a)to X = —A and from z = to z = c^ 

let us suppose its distance from the plane o{ xz to be ^ = b ^ An^ 
and its potential to be F= kyfr = kir. 

The charge of electricity on any portion of this part of the plane 
is found by ascertaining the values of (f) at its extremities. 

If these are ^ and <f>^y the quantity of electricity is 

— c*(<^-^). 

We have therefore to determine ^ from the equation 

X = — (J-fa) = A (0—^), 

<f> will have a negative value (p^ and a positive value ^g at the edge 
of the plane, where a? = — -4, ^ = 0. 

Hence the charge on the negative side is ^cit<f>i, and that on 
the positive side is ^^^2* 

K we suppose that a is large compared with A, 

*2=log{^+l+log(^4-l+&c.)}- 

If we neglect the exponential terms in ^ we shall find that the 
charge on the negative surface exceeds that which it would have 
if the superficial density had been uniform and equal to that at a 
distance from the boundary^ by a quantity equal to the charge on a 

strip of breadth A= - with the uniform superficial density. 

The total capacity of the part of the plane considered is 
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The totd duagt k CF, aal liie ■ttweaon tomidi tlie infinite 
flue is 

A 

T||e aqpnpoteotial finMi aiid lilies of fimoe aie given in Kg. XtL 

BLMMWSMYnL—neofyqfmGntimg^ParalUW^ Kg.XIIL 

206.] In many electriod instrameniB m wiie gnting is need ta 
|cenrent certain parts of the appaiatns ficom being dectrified hf 
]BdDofei0n. We kntm that if a conductor be entiidjr sanoanded 
by a metalli c Te ss ol at the same potential with itseU^ no eketneity 
can be indnced <ni liie svfiuse of the conductor by any electrified 
body oatside tiie vesseL The condnetor^ however^ when completely 
sanoanded by mefad^ cannot be Boesk, and tiierafoie, in certain cases, 
an apertare is left wfaidi is covered with a grating of fine wire. 
Let nsinTCstigate the eflbet of this grating in diminishing the 
ellhct of dectrical indaetion* We ehall siqppose the grating to 
consist of a series of parallel wirte in one plane and at equal 
intervals^ the diameter of the wires being small compared with the 
distance between them, while the nearest portions of the electrified 
bodies on the one side and of the protected conductor on the other 
are at distances fiom the -plane of the screen, which are considerable 
compared with the distance between consecutive wires. 

204.] The potential at a distance / firom the axis of a straight 
wire of infinite length charged with a quantity of electricity X per 
unit of length is r=-2Xlog/ + a (1) 

We may express this in terms of polar coordinates referred to an 
axis whose distance firom the wire is unity, in which case we must 

™*^® /« = l + 2rco8d + r2, (2) 

and if we suppose that the aads of reference is also charged with 
the linear density K^, we find 

r = -Xlog(1^2rcosd+r2)-2X'logr+a (3) 

If we now make 

r = e « > = , (4) 
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then, by the theory of conjugate fonetionfi^ 

r = -XlogU-2<?« cos^^^ +e^ /-2X'log<? • +(7, (6) 

a 

where x and y are rectangular coordinates^ will be the value of the 

potential due to an infinite series of fine wires parallel to 2r in the 

plane of yz, and passing through points in the axis of x for which 

07 is a multiple of a. 

Each of these wires is charged with a linear density X. 

. The term involving X' indicates an electrification^ producing a 

4irX' 
constant force in the direction of y. 

The forms of the equipotential surfiEuses and lines of force when 
X'= are given in Fig. XIII. The equipotential sur&ces near the 
wires are nearly cylinders, so that we may consider the solution 
approximately true^ even when the wires are cylinders of a dia- 
meter which is finite but small compared with the distance between 
them. 

The equipotential surfaces at a distance from the wires become 
more and more nearly planes parallel to that of the grating. 

If in the equation we make y = b^ a quantity large compared 
with a, we find approximately, 

Tj = - 1^1 (X+XO + C nearly. (6) 

Or 

If we next make y ^^b^ where ^g is a negative quantity large 
compared with a, we find approximately^ 

r^ = ^ t^2 (X -XO + C nearly. (7) 

Or 

If c is the radius of the wires of the grating, c being small 
compared with a, we may find the potential of the grating itself 
by supposing that the surface of the wire coincides with the equi- 
potential surface which cuts the plane o{yz at a distance c from the 
axis of 2, To find the potential of the grating we therefore put 
X = Cj and y ^ 0, whence 

r=-2Xlog28in— 4-a (8) 

205.] We have now obtained expressions representing the elec- 
trical state of a system consisting of a grating of wires whose 
diameter is small compared with the distance between them^ and 
two plane conducting surfSEU^es, one on each side of the grating, 
and at distances which are great compared with the distance 
between the wires. 
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The eaibet-denmtj 9, on the fint plane is got finom tbe eqin- 
That on the teoond pfauie ^^ ^^^^''i^ ^^ equation (7) 

Ifwenowwrite .^ _ -_ kg.(2«n^'). (11) 

and dBminate A and A' from the eqmtkns (6), (7), (8), (9), (10), 
we find 

4,.,(«,+«,+ ^«)=r.(i + 2^)-r,-r^«. (12) 
4..r,(i,+«,+ *-^«) = -r, + r.(i + 2^)-r!^. (13) 

When the wiies are infinitdy thin, a beeomeB infinite, and the 
tenns in whidi it is the denominator disappear, so that the case 
is reduced to that of two paiaUel phuies without a grating in- 
terposed. 

If the grating is in metallic oommnnication with one of the 
planes, sqr the firsts F^ F]|, and the right-hand side of the equation 
for a^ becomes F^— F^. Hence the density tr^ induced on the first 
plane when the grating is interposed is to that which would have 
been induced on it if the grating were removed^ the second plane 

being maintained at the same potential, as 1 to 1 + 



2*162 



0(61 + ^2) 

We should have found the same value for the effect of the gating 
in diminishing the electrical influence of the first surface on the 
second, if we had supposed the grating connected with the second 
surface. This is evident since b^ and 62 enter into the expression 
in the same way. It is also a direct result of the theorem of 
Art. 88. 

The induction of the one electrified plane on the other through 
the grating is the same as if the grating were removed, and the 
distance between the planes increased from d^ 4- 62 to 



*i+*2 + 2 



*i*2 



a 

If the two planes are kept at potential zero, and the grating 
electrified to a given potential, the quantity of electricity on the 
grating will be to that which would be induced on a plane of equal 
area placed in the same position as 

261*2 is to 2 61 62 + a (61 4- 62)- 
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This investigation is approximate only when d^ and b^ arel^rge 
compared with a, and when a is large compared with c. The 
quantity a is a line which may be of any magnitade. It becomes 
infinite when c is indefinitely diminished. 

If we suppose c := \a there will be no apertures between the 
wires of the gratings and therefore there will be no induction 
through it. We ought therefore to have for this case a = 0. The 
formula (1 1), however^ gives in this case 

a = - ^log,2, =-0.11a, 

which is evidently erroneous, as the induction can never be altered 
in sign by means of the grating. It is easy, however, to proceed 
to a higher degree of approximation in the case of a grating of 
cylindrical wires. I shall merely indicate the steps of this process. 

Method of Approximation, 

206.] Since the wires are cylindrical, and since the distribution 
of electricity on each is symmetrical with respect to the diameter 
parallel to y, the proper expansion of the potential is of the form 

r= Cologr+^C^f^coBie, (14) 

where r is the distance from the axis of one of the wires, and the 
angle between r and y, and, since the wire is a conductor, when 
r is made equal to the radius V must be constant, and therefore 
the coefficient of each of the multiple cosines of 6 must vanish. 

For the sake of conciseness let us assume new coordinates £, ri, &c. 
such that 

a(=2'nx, a?y = 2iry, ap = 2irr, a)3 = 2 7rd, &c. (15) 
and let F^ = log (€'»+^ + €-('»+^)-2 cos f). (16) 

Then if we make 

dF d^F 

dri'^'^d^' 

by gr^^'^g proper values to the coefficients A we may express any 
potential which is a function of r; and cos f, and does not become 
infinite except when ry +)3 = and cos f = 1. 

When )3 = the expansion of F in terms of p and is 

^0 = 2logp4-A^p*cos2^— ^^T^p*cos4d+&c. (18) 

For finite values of )8 the expansion of -P is 

i?p=/3+2log(l-C-'') + y^^pCOs0-p--pj|^/()«CO82« + &C. (19) 



F=A^F+A,^+J^^+bc. (17) 
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J^ tiw flM0 of Ae gntinff with t«ro eaadatting pbnes niuM 
•qiMtioiManfs:— /S^mdfs^tiist of tiuphne cftiiegntaig 
baoir 9 » Or Ain will be tm mfistte mmb of imigw of ilw 
gnting. Ih» finfc leriM will ffonart of d» gntmg itwlf ioeeAar 
«^ an infinita nnM (^ inwigM <ni bodi adn, «qinl and ahnilarij 
dbetrified. Hie nai of iluM in^;nH7 e^inden lie in ^maem 
-flriion flqodiaaa m of the fimi 

• bcn^ u intagw . 
19te Mcntd Mtieewill omut of m infiiiite eanes of imgei fiv 

which the coefficients J,,, J^, A^, &c. aic equal ami oppMite io the 
nme qnantitiee in the grating itself, while Jj , A^ fee. tie equal 
and of the same sign. The axes of these images are is phniMi wlioee 
eqaations are of the form 

T = 2/3^1 2m((3, + ^J, (21) 

M being an integer. 

The potential dne to any finite series of soch imigai wiH d^potd 
CD whether the number of images ie odd or even. Hokoe the 
potential due to an infinite series is indeterminate, bat if we add to 
it the function £t] + (7, the conditions of the problem will be ■offiaani 
to determine the electrical distribudon. 

We may first determine T, and V^, the potentnli of the two 
eondttdang; planee, in terms of the ooefflciente A^, A^, fcc., and of 
B and C. We most then detennine (Tj and v^, the sor&ce-denraty 
at any point of these planee. The mean values of <r, and a^ are 
given by the equations 

4 w<r, = J^-B, 4T<r, = A^+B. (22) 

We must then expand tite potentd^ due to the grating itself 
and to all the images in terms of p and coanes of multiples of 6, 
adding to the restdt BpeosB+C. 

The terms indepmdent of $ then give V tiie potential of the 
grating, and tlie coefficient of the cosine of each multiple of 6 
equated to zero g^ves an equation between the indeterminate co- 
efficieuta. 

In this way as many equations may be foond as are sufficient 
to elinunate all these coefficients and to leave two equations to 
determine (t^ and o-, in terms of V^, F^, and V. 

These equations will be of the form 

K-r= 4ir<r,(«, + o— y)+4ircr,{a+y), 

r^-r= 4wff,(a+).)+4ircr,(i,+a-y). (23) 
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The qoantiiy of electricity induced on one of the planes protected 
by the grating, the other plane being at a given difference of 
potential, will be the same as if the plates had been at a distance 

(a=20MM±AAcilf3: instead of *,+*,. 

The values of a and y are approximately as follows, 

+ 2tf « U + « « + tf « + &c./ + &c.J' (24) 

y=3-^q^«— :i;;ir 1;;^ +*«• ^^^^ 



CHAPTER Xm. 



BLBGTBOSTATIO IKSTBUMENTS. 

0» EleetroHatie IntirumenU. 

Thb instammentB wbioh we haye to oonnder at present may be 
divided into tbe following claaaeB : 

(1) Eleotzieal machineB for the prodnotion and aagmentation of 
electrification. 

(2) Moltipliersj for increasing electrification in a known ratio. 

(3) Electrometers, for the measnrement of electric potentials and 
charges. 

(4) Accomnlators, for holding large electrical charges. 

JBleeirieal Maciines. 

207.] In the common electrical machine a plate or cylinder of 
glass is made to reyolve so as to rab against a sorfaoe of leather, 
on which is spread an amalgam of ziqc and mercury. The surface 
of the glass becomes electrified positively and that of the rubber 
negatively. As the electrified surface of the glass moves away 
from the negative electrification of the rubber it acquires a high 
positive potential! It then comes opposite to a set of sharp metal 
points in connexion with the conductor of the machine. The posi- 
tive electrification of the glass induces a negative electrification 
of the points, which is the more intense the sharper the points 
and the nearer they are to the glass. 

When the machine works properly there is a discharge through 
the air between the glass and the points, the glass loses part of 
its positive charge, which is transferred to the points and so to 
the insulated prime conductor of the machine^ and to any other 
body with which it is in electric communication. 

The portion of the glass which is advancing towards the rubber 
has thus a smaller positive charge than that which is leaving it 
at the same time^ so that the rubber, and the conductors in com* 
munication with it, become negatively electrified. 
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The highly positive 8ur£Eu;e of the glass where it leaves the 
rubber is more attracted by jhe negative charge of the rubber than 
the partially discharged surface which is advancing towards the 
rubber. The electrical forces therefore act as a resistance to the force 
employed in turning the machine. The work done in turning the 
machine is therefore greater than that spent in overcoming ordinary 
friction and other resistances, and the excess is employed in pro- 
ducing a state of electrification whose energy is equivalent to this 
excess. 

The work done in overcoming friction is at once converted into 
heat in the bodies rubbed together. The electrical energy may 
be also converted either into mechanical energy or into heat. 

If the machine does not store up mechanical energy^ all the 
energy will be converted into heat, and the only difference between 
the heat due to friction and that due to electrical action is that the 
former is gfenerated at the rubbinfif surfaces while the latter may be 
generated in conductors at a distance * 

We have seen that the electrical charge on the surface of the 
glass is attracted by the rubber. If this attraction were sufficiently 
intense there would be a discharge between the glass and the 
rubber, instead of between the glass and the collecting points. To 
prevent this, flaps of silk are attached to the rubber. These become 
negatively electrified and adhere to the glass, and so diminish the 
potential near the rubber. 

The potential therefore increases more gradually as the glass 
moves away from the rubber, and therefore at any one point there 
is less attraction of the charge on the glass towards the rubber, and 
consequently less danger of direct discharge to the rubber. 

In some electrical machines the moving part is of ebonite instead 
of glass, and the rubbers of wool or fur. The rubber is then elec- 
trified positively and the prime conductor negatively. 

Tke Electrophone of Folia, 

208.] The electrophorus consists of a plate of resin or of ebonite 
backed with metal, and a plate of metal of the same size. An 
insulating handle can be screwed to the back of either of these 
plates. The ebonite plate has a metal pin which connects the metal 

'^ It 18 probable that in many cases where dynamical enei]gy is converted into heat 
by friction, part of the energy may be first transformed into electrical energy and 
then converted into heat as the electrical energy is spent in maintaining currents of 
short circuit dose to the rabbing surfaces. See Sir W. Thomson. ' On the Electro- 
dynamic Qualities of Metals.' PhU, Tram,, 1856, p. 650. 
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plate with the metal back of the ebonite plate when the two plates 
are in contact. 

The ebonite plate is electrified negatively by rubbing it with 
wool or cat's skin. The metal plate is then brought near the 
ebonite by means of the insulating handle. No direct discharge 
passes between the ebonite and the metal plate, but the potential 
of the metal plate is rendered n^^ative by induction^ so that when 
it comes within a certain distance of the metal pin a spark passes, 
and if the metal plate be now carried to a distance it is found 
to have a positive charge which may be communicated to a con- 
ductor. The metal at the back of the ebonite plate is found to 
have a negative charge equal and opposite to the charge of the metal 
plate. 

In using the instrument to charge a condenser or accumulator 
one of the plates is laid on a conductor in communication with 
the earth, and the other is first laid on it, then removed and applied 
to the electrode of the condenser^ then laid on the fixed plate and 
the process repeated. IS the ebonite plate is fixed the condenser will 
be charged positively. If the metal plate is fixed the coudenser will 
be charged negatively. 

The work done by the hand in separating the plates is always 
greater than the work done by the electrical attraction during the 
approach of the plates, so that the operation of charging the con- 
denser involves the expenditure of work. Part of this work is 
accounted for by the energy of the charged condenser, part is spent 
in producing the noise and heat of the sparks, and the rest in 
overcoming other resistances to the motion. 

On Machines producing Electrification hy Mechanical Work, 

209.] In the ordinary frictional electrical machine the work done 
in overcoming friction is far greater than that done in increasing 
the electrification. Hence any arrangement by which the elec- 
trification may be produced entirely by mechanical work against 
the electrical forces is of scientific importance if not of practical 
value. The first machine of this kind seems to have been Nicholson^s 
Revolving Doubler, described in the Philosophical Transactions for 
1788 as ^an instrument which by the turning of a Winch produces 
the two states of Electricity without friction or communication with 
the Earth.' 

210.] It was by means of the revolving doubler that Volta 
succeeded in developing from the electrification of the pile an 
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electrification capable of affecting his electrometer. Instruments 
on the same principle have been invented independently bj Mr. 
C. F. Varley * and Sir W. Thomson. 

These instruments consist essentially of insulated conductors of 
various forms, some fixed and others moveable. The moveable 
conductors are called Carriers^ and the fixed ones may be called 
Inductors, Beceivers^ and Regenerators. The inductors and receivers 
are so formed that when the carriers arrive at certain points in 
their revolution they are almost completely surrounded by a con- 
ducting body. As the inductors and receivers cannot completely 
surround the carrier and at the same time allow it to move freely 
in and out without a complicated arrangement of moveable pieces, 
the instrument is not theoretically perfect without a pair of re- 
generators, which store up the small amount of electriciiy which 
the carriers retain when they emerge from the receivers. 

For the present, however, we may suppose the inductors and 
receivers to surround the carrier completely when it is within them, 
in which case the theory is much simplified. 

We shall suppose the machine to consist of two inductors A and 
C, and of two receivers B and L, with two carriera F and 0. 

Suppose the inductor A to be positively electrified so that its 
potential is A^ and that the carrier Fha within it and is at potential 
F, Then, if Q is the coefficient of induction (taken positive) between 
A and F^ the quantity of electricity on the carrier will be Q (F—A). 

If the carrier, while within the inductor, is put in connexion with 
the earth, then jP= 0, and the charge on the carrier will be — QA^ 
a negative quantity. Let the carrier be carried round till it is 
within the receiver £, and let it then come in contact with a spring 
so as to be in electrical connexion with £, It will then, as was 
shewn in Art. 32, become completely discharged, and will com- 
municate its whole negative charge to the receiver £, 

The carrier will next enter the inductor C, which we shall suppose 
charged negatively. While within C it is put in connexion with 
the earth and thus acquires a positive charge, which it carries off 
and communicates to the receiver D, and so on. 

In this way, if the potentials of the inductors remain always 
constant, the receivers B and J9 receive successive charges, which 
are the same for every revolution of the carrier, and thus every 
revolution produces an equal increment of electricity in the re- 
ceivers. 

* Specification of Patent, Jan. 27. 1860, No. 206. 
VOL. I. S 
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Bnfc bf pnttiiig the indnetor A in oommimiealion i 



potenftiab 

of tiie indncfam will be contiiHudty iaaxued, and tiie qnaniify 
of ckebrieilgr oommiiiiicttted to tiie reoeiTcn in emh lefdMaon will 
aontinninj ineraaoe. 

For inttenoe^ let the poimtial of J and be IT, and fliat of B 
and Q r, and wben fhe canier k witliin J lei tiie diaige on A 
tad C be 4P» and tiiat on the eanw s^ then^ ainoe ihe potential 
of the canier k aero, being in contact with earth, its dbaige if 
gsB-^QU. The carrier enterg Jwitb thk charge and commnniMitBa 
ittoJB. If the cqpadiyofJJandCk J?, thdr potential win be 

changed fiNxm r to r— J^ ZT: * 

K the oAer carrier baa at the same time carried a diaige ---Ql^ 
fixnn C toD, it will change tiie potential of A and tnm U to 

17— ^ F^ if Q^ k the eoeflkient of indnction between the carrier 

and C, and A the capadtj of A and D. I^ therrfore, U^ and ^ 
be the potentiak of tiie two indncton after n half revolnticHia, and 
C^^i and r«^| after »+ 1 half reFolotiona, 

o & 

If we write «■ = -^ and a* = -3^ , we find 

Ji A 

Hence 
f^- = ^i ((1 -i'£)"+ (1 +i»?)") + f To ((1 -i>j)--(l +i>j)-), 

^- = I f^o ((1 -i^?)*-(l +i^?)-) + To ((1 -!??)•+ (1 +!??)•). 

It appears from these equations that the qoAuMtj pU-^-qV con- 
tinoally diminishes^ so that whatever be the initial state of elec- 
trification the receivers are ultimately oppositely electrified^ so that 
the potentials of A and J3 are in the ratio oip to —9. 

On the other hand, the quantity joE^—jrf^ continually increases, 
so that, however little pU may exceed or fell short of j' Fat first, 
the difierence will be increased in a geometrical ratio in eacb 



oUj = o:~ ^ K, 



Y ^ Y !£ 37 
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revolution till the electromotive forces become so great that the 
insulation of the apparatus is overcome. 

Instruments of this kind may be used for various purposes. 

For producing a copious supply of electricity at a high potential, 
as is done by means of Mr. Yarley's large machine. 

For adjusting the charge of a condenser^ as in the case of 
Thomson's electrometer^ the charge of which can be increased or 
diminished by a few turns of a very small machine of this kind, 
which is then called a Beplenisher. 

For multiplying small differences of potential. The inductors 
may be charged at first to an exceedingly small potential, as, for 
instance, that due to a thermo-electric pair, then, by turning the 
machine, the difference of potentials may be continually multiplied 
till it becomes capable of measurement by an ordinary electrometer. 
By determining by experiment the ratio of increase of this difference 
due to each turn of the machine, the original electromotive force 
with which the inductors were charged may be deduced from the 
nimiber of turns and the final electrification. 

In most of these instruments the carriers are made to revolve 
about an axis and to come into the proper positions with respect 
to the inductors by turning an axle. The connexions are made by 
means of springs so placed that the carriers come in contact with 
them at the proper instants. 

211.] Sir W. Thomson*, however, has constructed a machine for 
multiplying electrical charges in which the carriers are drops of 
water falling out of the inside of an inductor into an insulated 
receiver. The receiver is thus continually supplied with electricity 
of opposite sign to that of the inductor. If the inductor is electrified 
positively, the receiver will receive a continually increasing charge 
of negative electricity. 

The water is made to escape from the receiver by means of a 
funnel, the nozzle of which is almost surrounded by the metal of 
the receiver. The drops falling from this nozzle are therefore 
nearly free from electrification. Another inductor and receiver of 
the same construction are arranged so that the inductor of the 
one system is in connexion with the receiver of the other. The 
rate of increase of charge of the receivers is thus no longer constant, 
but increases in a geometrical progression with the time, the 
charges of the two receivers being of opposite signs. This increase 
goes on till the falling drops are so diverted from their course by 

♦ Proc. R. S., June 20, 1867. 
s % 
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the electrical action tliat they fall outside of the receiver or even 
Btritc the inductor, 

In tUia instrument the energ-y of the electrification is drawn 
from that of the falling drops. 

213.] Several other electrical machines have been constructed 
in which the principle of electric induction is employed. Of these 
the most remarkable is that of Holtz, in which the carrier is a g:lass 
plat« varnished with gnim-lac and the inductors are pieces of 
pasteboard. Sparks are prevented from passing between the parts 
of the apparatus by means of two glass plates, one on each side 
of the revolving carrier plate, Tliis machiue is found to be very 
effective, and not to be much affected by the state of the atmo- 
sphere. The principle is the eamo as in the revolving doubler and 
the instnimentfi developed out of the same idea, but as the carrier 
IB an insulating plate and the inductors are imperfect conductors, 
the complete explanation of the action is more difficult than in 
the case where the carriers are good conductors of known form 
and are charged and discharged at definite points. 

ZI8.3 In the electrical machines already described sparks occor 
whenever the carrier comes in 
contact with a conductor at a 
different potential from its 

.J Jg \ \ Now we have shewn that 

I ]t \q, I^ whenever this occurs there is 

1 \ JV j a loss of energy, and therefore 

\ / / ^^ whole work employed in 

turning the machine is not con- 
verted into electrification in an 
available form, but part is spent 
p^ ^- in producing tlie heat and noise 

of electric sparks. 
I have therefore thought it d^irable to shew how an electrical 
machine may be constructed which is not subject to this loss of 
e£Sciency. I do not propose it as a useful form of machine, but 
as an example of the method by which the contrivance called in 
heat-engines a regenerator may be applied to an electriod machine 
to prevent loss of work. 

In the figure let A, £, C, A, B, C represent hoUow fixed 
conductors, so arranged that the carrier P passes in succession 
within each of them. Of these A, ^ and B, S nearly surround the 
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carrier when it is at the middle point of its passage^ but C, C do not 
cover it so much. 

We shall suppose A, B^ C io be connected with a Leyden jar 
of great capacity at potential T, and A\ -B', (7 to be connected with 
another jar at potential — V\ 

P is one of the carriers moving in a circle from A U> Cy &c., 
and touching in its course certain springy, of which a and c^ are 
connected with A and Af respectively, and e, ^ are connected with 
the earth. 

Let us suppose that when the carrier P is in the middle of A 
the coefficient of induction between P and ASa —A, The capacity 
of P in this position is greater than A^ since it is not completely 
surrounded by the receiver A, Let it be -i + a. 

Then if the potential of P is E/", and that of J, T, the charge 
on P will be {AJta)U^Ar. 

Now let P be in contact with the spring a when in the middle 
of the receiver A^ then the potential of P is V^ the same as that 
of Ay and its charge is therefore a V, 

If P now leaves the spring a it carries with it the charge aV. 
As P leaves A its potential diminishes^ and it diminishes still more 
when it comes within the influence of (f, which is negatively 
electrified. 

If when P comes within C its coefficient of induction on C is 
— C, and its capacity is C' + c', then, if i7 is the potential of P 
the charge on P is 

{(r-\-<f)U-\-(rrz=.ar. 
If e'r= av, 

then at this point U the potential of P will be reduced to zero. 

Let P at this point come in contact with the spring ^ which is 
connected with the earth. Since the potential of P is equal to that 
of the spring there will be no spark at contact. 

This conductor C", by which the carrier is enabled to be connected 
to earth without a sparky answers to the contrivance called a 
regenerator in heat-engines. We shall therefore call it a Re- 
generator. 

Now let P move on, still in contact with the earth-spring /, till 
it comes into the middle of the inductor P, the potential of which 
is V. If — P is the coefficient of induction between P and B at 
this point, then, since U= the charge on P will be — PF". 

When P moves away from the earth-spring it carries this charge 
with it. As it moves out of the positive inductor B towards the 
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m igltin raecmr ^ H§ potential will be incrcssing-lv- negatine. Ai 
Qnf middlfl of ^, if it vetuned its chuge, it« jioteotUl wonld be 

mAilBVim gna ter tbao t^T* its nnmerical valae will be greater 
iban tbai of F^. Knoe there » wome point iiofore i' raachea the 
middle of J' iriwraita potential ■• —V. At this point ki it twine 
in eonteet with tiie negative raomTn'-epring a'. There will be no 
qNtik nnce the two bodies are at tiie mn^ potential. Let P move 
Ml to the middle of A', still in omtaet with the Eprin^, and therefore 
at tiifl Mine potenttri witJi A. Daring this motion it commanicaites 
a negative ohaige to A, At tiie middle of A' it leaves the spring 
and caniee away a ch^ie —^f towardi; the positive regenerator 
O, where its potential is reduced to xcto and it touches tjie earth- 
s^ing a. It then slides along the earth-Epring into the negative 
in&ietor .5', dozing which motion it aoqnires a poaitiTe dyoge^^' 
^riiidi it finally oommnnieates to the poaitiTe reoeiw A, and Ae 
cycle of operat^ms is repeated. 

Daring this ^^de tiie poeitire teoerrar has lost a d>aig« a^aad 
gained a diaige V^V. Henoe the total g^ of pontive eketrio^ 
is B7'-aT. 

Similarly the total gain of negatiTe electricity is BV—dT'. 

By making the iodoctors so as to be as close to the snrfiue of 
the carrier as is consistent with insulation, B and B may be made 
large, and by making the receivers so as nearly to sorronnd the 
carrier when it is within them, a and a' may be made vety small, 
and then the charges of both the Leyden jars will be increased in 
every revolution. 

The conditions to be lalGUed by the regenerators are 
C7' = a7, and CY^^aT. 

Since a and «' are small the regenerators do not reqnire to be 
either lai^ or very close to the carriers. 

On El^eiromeUrt and Electro»eope». 

214.] An electrometer is an instmment by means of which 
electrical charges or electrical potentials may be measared. In- 
struments by means of which the existence of electric chaiges or 
of differencsB of potential may be indicated, but which are not 
capable of aSbrding numerical measures, are called Electroscopes. 

An electroscope if sufiSciently sensible may be used in electrical 
measurements, provided we can make the measurement depend on 
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the absence of electrification. For instance^ if we have two charged 
bodies A and B we may use the method described in Chapter I to 
determine which body has the greater charge. Let the body A 
be carried by an insulating support into the interior of an insulated 
closed vessel C. Let C be connected to earth and again insulated. 
There will then be no external electrification on C. Now let A 
be removed, and B introduced into the interior of C> and the elec- 
trification of C tested by an electroscope. If the charge of -B is 
equal to that of A there will be no electrification, but if it is grater 
or less there will be electrification of the same kind as that of B, or 
the opposite kind. 

Methods of this kind, in which the thing to be observed is the 
non-existence of some phenomenon, are called null or zero methods. 
They require only an instrument capable of detecting the existence 
of the phenomenon. 

In another class of instruments for the registration of phe- 
nomena the instrument may be depended upon to g^ve always the 
same indication for the same value of the quantity to be registered, 
but the readings of the scale of the instrument are not proportional 
to the values of the quantity, and the relation between these 
readings and the corresponding value is unknown, except that the 
one is some continuous function of the other. Several electrometers 
depending on the mutual repulsion of parts of the instnmient 
which are similarly electrified are of this class. The use of such 
instruments is to register phenomena, not to measure them. Instead 
of the true values of the quantity to be measured, a series of 
numbers is obtained, which may be used afterwards to determine 
these values when the scale of the instrument has been properly 
investigated and tabulated. 

In a still higher class of instruments the scale readings are 
proportional to the quantity to be measured, so that all that is 
required for the complete measurement of the quantity is a know- 
ledge of the coefficient by which the scale readings must be 
multiplied to obtain the true value of the quantity. 

Instruments so constructed that they contain within themselves 
the means of independently determining the true values of quan- 
tities are called Absolute Instruments. 



Coulomh^s Torsion Balance. 
215.] A great number of the experiments by which Coulomb 
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mtal laws of electricity were made by me»- 
mring flw Ohm ba t wa n two small fl]>heres charged with electricity, 
one of friiicli irw fizad while the other was held id equilibrium by 
two tomm, the «lflotrica1 action between the spheres, and the 
Unimttl dMtioifyora glass fibre or metal wire. See Art. 3g. 
. Tha IjaluM of tonioii congiste of a horizontal arm of gum-Uc. 
fliqwnded by » fine win or glass fibre, and carrying at one end a 
mie wpban.at Mbc pith, smoothly gilt. The suspension wire ts 
fatned abore to fite veHical axis of an arm which caa bo moved 
mtnd ft lumsontil graduated circle, so ae to twist the upper end 
of tbe vin about hs own axis any number of degrees. 

fHte wlurfe of this apparatus is enclosed in a case. Another little 
■pbwe is BO moonted cm an insulating stem that it can be charged 
and intTodooed into the case through a hole, and brought so that 
iti oentie ooincidee witii a definite point in the horizontal circle 
deaoribed by the nupended sphere. 'Hw poettion of Hie sM p nidad 
^>hien is aeoertained by means of a graduated cude eagnved on 
tbe eyltndrioal glasa oaae of Hie inatrnment. 

Now aappoae both tpheres cfaatged, and the toapoided i^h«n 
in eqoilibrinm in a known position such iSbai tbe tonion-nnn nakw 
an ftngfe $ with the ladins throngh the oentie of the fixed apbera. 
The distance of 1^ oentrea is then 2amn^0, iriiere a is the ndios 
of the tornon-arm, and if ^ is the force between the epheies Vbe 
moment of this force about the axis of torsion is .Fa coe i 0. 

Iiet both spheres he completely discharged, and let tbe torsion* 
arm now be in equilibrium at an angle <p with the radios through 
the fixed sphere. 

Then the angle through which the electrical force twisted the 
toraion-arm must have been & —<p, and if M is the moment of 
the torsional elasticity of the fibre, we shall have tbe equation 

Hence, if we can ascertain M, we can determine F, the actual 
force between the spheres at the distance 2 a sin ) 0. 

To find M, the moment of torsion, let / be the moment of inertia 
of the torsion-arm, and T the time of a double vibration of the arm 
under the action of the torsional elasticity, then 

M= —IT'. 

In all electrometers it is of the greatest importance to ttnow 
what force we are measuring. The force acting on the suspended 
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sphere is due partly to the direct action of the fixed sphere^ but 
partly also to the electrification^ if any, of the sides of the case. 

If the case is made of glass it is impossible to determine the 
electrification of its surface otherwise than by very difficult mea- 
surements at every point. If, however^ either the case is made 
of meta], or if a metallic case which almost completely encloses the 
apparatus is placed as a screen between the spheres and the glass 
case, the electrification of the inside of the metal screen will depend 
entirely on that of the spheres^ and the electrification of the glass 
case will have no influence on the spheres. In this way we may 
avoid any indefiniteness due to the action of the case. 

To illustrate this by an example in which we can calculate all 
the efi*ects^ let us suppose that the case is a sphere of radius d, 
that the centre of motion of the torsion-arm coincides with the 
centre of the sphere and that its radius is a ; that the charges on 
the two spheres are E^ and U^, and that the angle between their 
positions is 6; that the fixed sphere is at a distance a^ from the 
centre, and that r is the distance between the two small spheres. 

Neglecting for the present the efiect of induction on the dis- 
tribution of electricity on the small spheres^ the force between 
them will be a repulsion 

and the moment of this force round a vertical axis through the 

centre will be 

EE^ aai sin 6 

The image of Ei due to the spherical surface of the case is a point 

in the same radius at a distance — with a char&re — J^ — . and the 

moment of the attraction between E and this image about the axis 
of suspension is 

. a — sm ^ 

EE, A 



=EE^ 



1 3a2 — 2 — cos^-f —i> 
aa^ sind 



*'{l-2ycose?+-^|- 
If i, the radius of the spherical case^ is large compared with a 
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nnd ffl,, the distancos of the spheres from the centre, we may neg-leot 
the second and third terms of the factor in the denominator. The 
whole moment tending to turn the torsion-arm may then be written 

^^ Elfctrometers/oT IJte MeoiHrement of PotentiaU. 

216.] In all electrometers the moveable part is a body charged 
with electricity, and its potential is different from that of certain 
of the fised parts round it. "When, as in Coulomb's method, an 
insulated body having a certain charge is used, it ie the char^ 
which IB the direct object of measurement. We may, however, 
connect the balls of Coulomb's electrometer, by means of fine wires, 
with different conductors. The charges of the balls will then 
depend on the values of the potentials of these conductors and on 
the potential of the case of the instrument. The charge on each 
ball will be approximately equal to its radius multiplied by the 
excess of its potential over that of the case of the instrument, 
provided the radii of the balls are small compared with their 
distances from each other and from the sides or opening of the 
case. 

Coulomb's form of apparatus, however, is not well adapted for 
measurements of this kind, owing to the smallneea of the force 
between spheres at the proper distances when the difference of po- 
tentials ie small. A more convenient form is that of the Attracted 
Disk Electrometer. The first electrometers on this principle were 
constructed by Sir W. Snow Harris*. They have since been 
brought to great perfection, both in theory and construction, by 
SirW. Thomson t. 

When two disks at different potentials are brought face to &ce 
with a small interval between them there will be a nearly uniform 
electrification on the opposite &ees and very little electrification 
on the backs of the disks, provided there are no other conductors 
or electrified bodies in the neighbourhood. The charge on the 
positive disk will he approximately proportional to its area, and to 
the difference of potentials of the disks, and inversely as the distance 
between them. Hence, by making the areas of the disks large 

• Phil Tram. 1884. 

+ See HD eiceUont report on Electremetere by Sir W. Thomaon. Btport of (Kt 
BritiA Jnodation, Dundea, 1867. 
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and the distance between them small^ fl small di£Eerenee of potential 
may give rise to a measurable force of attraction. 

The mathematical theory of the distribution of electricity over 
two disks thus arranged is given at Art. 202, but since it is im- 
possible to make the case of the apparatus so large that we may 
suppose the disks insulated in an infinite space, the indications of 
the instrument in this form are not easily interpreted numerically. 

217.] The addition of the guard-ring to the attracted disk is one 
of the chief improvements which Sir W. Thomson has made on the 
apparatus. 

Instead of suspending the whole of one of the disks and determ- 
ining the force acting upon it^ a central portion of the disk is 
separated from the rest to form the attracted disk^ and the outer 
ring forming the remainder of the disk is fixed. In this way the 
force is measured only on that part of the disk where it is most 
regular, and the want of uniformity of the electrification near the 
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Fig. 18. 

edge is of no importance^ as it occurs on the guard-ring and not 
on the suspended part of the disk. 

Besides this^ by connecting the guard-ring with a metal case 
surrounding the back of the attracted disk and all its suspending 
apparatus, the electrification of the back of the disk is rendered 
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impomible, for it is part of the inner eurface of a closed hoUoir , 
conductor all at the sHtat potential. 

Thomson's Al>solate Electrometer therefore conaiste eesentiallf 
of two parallel plates at different potentials, one of which is made 
60 that a certain area, no part of which is near the ed^ of tfae 
ptnte, is moveable under the action of electric force. To fix our 
ideas we may euppose the attracted disk and ^uard-nng uppermost. 
The fixed disk is horizontal, and is mounted on an ineulatiug stem 
which has a measurable vertical motion given to it by means of 
a micrometer screw. The guard-ring' is at least ae large as the 
fixed disk ; its lower surface is truly plane and parallel to the fixed 
disk. A delicate balance is erected on the guard-ring to which 
is suspended a light moveable disk which almost fills the circular 
aperture in the guard-ring without rubbing against ite sides. The 
lower surface of the suspended disk must be truly plane, and we 
must have the means of knowing when its plane coincides with that 
of the lower sur^e of the gnard-ring, eo as to form a single plane 
intermpted only by the narrow interval lietween the diak and its 
guard -ring. 

For this purpose the lower disk is screwed up till it is in contact 
with the guard-ring, and the suspended disk is allowed to rest 
Qpon the lower disk, so that its lower surface is in the same plane 
as that of the guard-ring. Its jiosition with resi>ect to the guard- 
ring is then ascertained by means of a system of fidncial marks. 
Sir W. Thomson generally uses for this purpose a black hair 
attached to the moveable part. This htai moves up or down just 
in front of two black dots on a white enamelled ground and is 
viewed along with these dote by means of a piano convex lens with 
the plane side next the eye. If the hair as seen throngh the lens 
appears straight and bisects the interval between the black' dote 
it is said to be in its sighted potition, and indicates that the sus- 
pended disk with which it moves is in ite proper position as regards 
height. The horizontality of the suspended disk may he tested by 
comparing the reflexion of part of any object from its upper sur&ce 
with that of the remainder of the same object from the upper 
surface of the guard-ring. 

The balance is then arranged so that when a known weight ia 
placed on the centre of the suspended disk it is in equilibriam 
in its sighted position, the whole apparatus being freed from 
electrification by putting every part in metallic communication. 
A metal case is placed over the gutud-ring so as to enclose the 
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balance and suspended disk^ sufficient apertures being left to see 
the fiducial marks. 

The guard-ring, case, and suspended disk are all in metallic 
communication with each other, but are insulated from the other 
parts of the apparatus. 

Now let it be required to measure the difference of potentials 
of two conductors. The conductors are put in communication with 
the upper and lower disks respectively by means of wires, the 
weight is taken off the suspended disk, and the lower disk is 
moved up by means of the micrometer screw till the electrical 
attraction brings the suspended disk down to its sighted position. 
We then know that the attraction between the disks is equal to 
the weight which brought the disk to its sighted position. 

K ^ be the numerical value of the weight, and g the force of 
gravity, the force is Wg^ and if ^ is the area of the suspended 
disk, B the distance between the disks, and V the difference of the 
potentials of the disks, 

w„- ^'"^ 



-W-: 
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If the suspended disk is circular, of radius iZ, and if the radius of 
the aperture of the guard-ring is iZ', then 

J = i,r(i2* + i?'^)* and r=4i)^_^. 

218.] Since there is always some uncertainty in determining the 
micrometer reading corresponding to jD = 0, and since any error 

* Let us denote the radios of the suspended disk by i{, and that of the aperture 
of the guard-ring by iJ', then the brcMuith of the annular intenral between the 
disk and the ring will be B^K—R. 

If the distance between the suspended disk and the large fixed disk is />, and 
the difference of potentials between these disks is F, then, by the investigation in 
Art. 201, the quantity of electricity on the suspended disk will be 

^ I 82) SD D + aJ 

where a-5^^^, or a =0. 220686 (B'-B). 

If the surfiM^ of the guard-ring is not exactly in the plane of the surface of 
the suspended disk, let us suppose that the distance between the fixed disk and 
the guard-ring is not D but D-k-z—iy, then it appears from the investigation in 
Art. 225 that there will be an additional charge of electricity near the edge of 
the disk on account of its height z above the general surface of the guard-ring. 
The whole charge in this case is therefore 

^ -fB^^R'* B?-R* a R+B.^ -,,, 4w(B + Br) \ 
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in Uie position of tbe auspeiided disk is most impottaut when D 
b small. Sir W. Thomson prefers to make all hie tDeararemei 
depend on diflerencce of tbe electromotive force V. Thos, if V and 
V are tiro potentJalE, and D and 1/ the corresponding distanoes, 

r- r = (li-lT) */!Z^ . 

For inBtance, in order to meaeore the electromotiTe force <^ a 
galvanic battery, two electrometers are used. 

By means of a condeceer, kept charged if necessary by a re- 
pleniaher, tbe lower diuk of tbe principal electrometer is maintained 
at a constant potential. This ia tested by connecting the lower 
disk of the principal electrometer with the lower disk of a eecondary 
electrometer, the suspended diek of which is connected with the 
earth. Tbe distance between tbe diaka of the secondary elec- 
trometer and the force required to bring the suspended disk to 
it£ sighted position being constant, if we raise the potential of the 
condenser till the secondary electrometer is in its sighted position, 
we know that the potential of the lower disk of tbe principal 
electrometer exceeds that of the earth by a constant quantity which 
we may call f. 

If we DOW connect tbe positive electrode of the battery to eartli, 
and connect the saspended disk of tbe principal electromet«T to tbe 
negative electrode, the difference of potentials between the disks 
will be V+v, if r is the electromotive force of the battery. Let 
H be tbe reading of the micrometer in this case, and let J/ be the 
reading when the suspended disk is connected with earthy tlien 



In this way a small electromotive force v may be meaanred 
by the electrometer with the disks at conveniently measurable 
distances. When the distance is too small a small change of 
absolute distance makes a great change in the force, since the 

and in Uie eipreasion for the kttnctioa we most Bubatitnte for A, the arek of the 
disk, the corrected qnuitit; 

where A — »diiis of goipinided disk, 

R= Didius of aperture Id the ^OBrd-iiiig, 
D >E dUtADce betweeo fixed &nd nupended diiki, 
D' ' diilAnce between fixed disk uid guud-riiiK, 
II - 0.220835(Ji'-J0. 
When a U Email compared with D we d»j neglect the tecond tenn, and when 
IZ—D ii imall we maj neglect the lact term. 
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force varies inversely as the square of the distance^ so that any 
error in the absolute distance introduces a large error in the result 
unless the distance is large compared with the limits of error of 
the micrometer screw. 

The effect of small irregularities of form in the surfaces of the 
disks and of the interval between them diminish according to the 
inverse cube and higher inverse powers of the distance^ and what- 
ever be the form of a corrugated surface, the eminences of which 
just reach a plane sur&ce, the electrical effect at amy distance 
which is considerable compared to the breadth of the corrugations, 
is the same as that of a plane at a certain small distance behind 
the plane of the tops of the eminences. See Arts. 197, 198. 

By means of the auxiliary electrification, tested by the auxiliary 
electrometer, a proper interval between the disks is secured. 

The auxiliary electrometer may be of a simpler construction, in 
which there is no provision for the determination of the force 
of attraction in absolute measure, since all that is wanted is to 
secure a constant electrification. Such an electrometer may be 
called a gauge electrometer. 

This method of using an auxiliary electrification besides the elec- 
trification to be measured is called the Heterostatic method of 
electrometry, in opposition to the Idiostatic method in which the 
whole effect is produced by the electrification to be measured. 

In several forms of the attracted disk electrometer, the attracted 
disk is placed at one end of an arm which is supported by being 
attached to a platinum wire passing through its centre of gravity 
and kept stretched by means of a spring. The other end of the 
arm carries the hair which is brought to a sighted position by 
altering the distance between the disks, and so adjusting the force 
of the electric attraction to a constant value. In these electro- 
meters this force is not in general determined in absolute measure, 
but is known to be constant, provided the torsional elasticity of 
the platinum wire does not change. 

The whole apparatus is placed in a Leyden jar, of which the inner 
surface is charged and connected with the attracted disk and 
guard-ring. The other disk is worked by a micrometer screw and 
is connected first with the earth and then with the conductor whose 
potential is to be measured. The difference of readings multiplied 
by a constant to be determined for each electrometer gives the 
potential required. 

219.] The electrometers already described are not self-acting, 
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bot require for each obeerration an adjuetmeiit of a micrometer 
screw, or some other moTement nhich most be made hy the 
observer. They are therefore not fitted to act aa self- registering in- 
strumeute, which mtiet of themselves move into the proper positioD. 
This condition is fulfilled by Thomaon's Quadrant Electrometer. 

The electrical principle on which this instrumeat is founded may 
bo til us explained : — 

A and J{ are two fixed conductors which may be at the same 
or at different potentials. & is a moveable conductor at a high 
potential, which is eo placed that part of it is opposite to fcfa« 
aurfavu of A and part opposite to that of B, and that the proportions 
of these parts are altered as C moves. 

For this purpose it is most convenient to make C moveable about 
an axis, and make the opposed surfaces of A, of B, and of C portions 
of surfaces of revolution about the same axis. 

In this way the distance between the surface of C and the 
opposed surfaces of .^ or of £ remains always the same, and the 
motion of C in the positive direction simply increases the area 
opposed to B and diminishes the area opposed to A. 

If the poteutials of A and B are equal there will be no force 
urging C from A to B, but if the potential of C differs from that 
of B more than from that of A, then C will tend to move so ae 
to increase the area of its siirface opposed to B. 

By a suitable arrangement of the apparatus this force may be 
made nearly constant for different positions of C within certain 
limits, so that if C is suspended by a torsion fibre, its deflexiona 
will be nearly proportional to the difference of potentials between 
A and B multiplied by the difference of the potential of C from 
the mean of those of A and B. 

C is maintained at a high potential by means of a condenser 
provided with a replenisber and tested by a gauge electrometer, 
and A and B are connected with the two conductors the difference 
of whose potentials is to be measured. The higher the potential 
of C the more sensitive is the instrument. This electrification of 
C, being independent of the electrification to be measured, places 
this electrometer in the heterostatic class. 

We may apply to this electrometer the general theory of systems 
of conductors given in Arts. 93, 127. 

Let A, B, C denote the potentials of the three conductors re- 
spectively. Let a,b,c\x their respective capacities, p the coefficient 
of induction between B and C, q that between C and A, and r that 



219-] 



QIJADRAKT ELECTBOMETSB. 



273 



between A and B. All tiiese coefficiente will in general vary with 
the position of C, and if C7 is so arranged that the extremities of A 
and B are not near those of C7 as long as the motion of C is confined 
within certain limits, we may ascertain the form of these coefficients. 
If B represents the deflexion of C from A towards B^ then the part 
of the surface of A opposed to C will diminish as 6 increases. 
Hence if ^ is kept at potential 1 while B and C are kept at potential 
0, the charge on A will be a^a^^aOy where a^ and a are 
constants, and a is the capacity of A. 

If A and B are symmetrical, the capacity oi Biab = h^-^-aB. 

The capacity of C is not altered by the motion^ for the only 
efiect of the motion is to bring a difierent part of C opposite to the 
interval between A and B. Hence c ^ Cq. 

The quantity of electricity induced on C when B is raised to 
potential unity ia p ^ p^—aO, 

The coefficient of induction between A and (7 is j = JqH- a^. 

The coefficient of induction between A and B is not altered by 
the motion of C, but remains r = r^. 

Hence the electrical energy of the system is 

q=:\A^a-^\B^bJ^\C^c-^BCp-\-CAq^ABT, 

and if is the moment of the force tending to increase 0^ 

dO 
= -j^ ^ A^B^C being supposed constant, 

= ^iA^a-^iB^a^BCa'\-CAa; 

or = a{A^B) (C-4U+J?)). 

In the present form of Thomson's Quadrant Electrometer the 
conductors A and B are in the form of 
a cylindrical box completely divided 
into four quadrants^ separately insu- 
lated^ but joined by vrires so that two 
opposite quadrants are connected with 
A and the two others with B. 

The conductor C is suspended so as 
to be capable of turning about a 
vertical axis^ and may consist of two 
opposite flat quadrantal arcs supported 
by their radii at their extremities. 




Fig. 19. 



In the position of equilibrium these quadrants should be partly 
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witliin A and pwtiy within B, aud the supporting ndii shooM 
be tmr the iniiidl« of the qaadrantu of the hollow base, so that 
tbc diriiiioDK of tfa« Ims and the estremiti«E and enppnrts of C 
nur be ft* far fn>m each uthi-r to, possible. 

The eondoetDr C U kept penuaneiitly at a bigh potential bj 
being connected with the inner coating of the Leyden jar which 
forma tho case of the instrument. B and A are connected, the firat 
with the earth, and the other with the body whose potential is to be 
measured. 

If the potential of this body is zero, and if the instromeot ba 
ill b4J°>^™*'°^< th«ru oa^t to be no furce tending to make C move^ 
but if the potential of J ix of tbe i»me sign as that of C, then 
G will tend \f> move from ^ to B with a nearly uniform force, and 
the suspension ap|karatua will be twisted till an equal force is 
called into play and produces e4|uilibrium. For deflexions n-ithin 
cerl&iu limits the deflexions of C will l>e proportional to the 
product {A-B)KC-\{A-^B\). 

By increasing the potenLi&l of C the sensibility of the instroment 
may be increased, and for small values oi\{A-'rB) the force will be 
nearly proportional \a[A.S)C. 



On ike Mtantremtnl of Electric Potential. 

220.] In order to determine large differences of potential in ab- 
solute measure we may employ the attracted disk electrometer, and 
compare the attraction with the effect of a weight. If at the same 
time we measure the difference of potential of the same oondactors 
by means of the quadrant electrometer, we shall ascertain the 
abeolate value of certain readings of the scale of the quadrant 
electrometer, and in this way we may deduce the value of the scale 
readings of the quadrant electrometer in terms of the potential 
of the suspended part, and the moment of torsion of the suspenaioo 
apparatus. 

To ascertain the potential of a charged conductor of Enite size 
we may connect the conductor with one electrode of the electro- 
meter, while the other is connected to earth or to a body of 
constant potential. The electrometer reading will give the potential 
of the conductor after the division of its electricity between it 
and the part of the electrometer with which it is put in contact. 
If K denote the capacity of the conductor, and K' that of this part 
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of the electrometer, and if F, V* denote the potentials of these 
bodies before making contact, then their common potential after 
making contact will be 

Hence the original potential of the conductor was 

If the conductor is not large compared with the electrometer^ 
K' will be comparable with Ky and unless we can ascertain the 
values of K and K^ the second term of the expression will have 
a doubtful value. But if we can make the potential of the electrode 
of the electrometer very nearly equal to that of the body before 
making contact^ then the uncertainty of the values of K and K' 
will be of little consequence. 

If we know the value of the potential of the body approximately, 
we may charge the electrode by means of a * replenisher' or other- 
wise to this approximate potential, and the next experiment will 
give a closer approximation. In this way we may measure the 
potential of a conductor whose capacity is small compared with 
that of the electrometer. 

To Measure the Potential at any Point in the Air, 

221.] First Method. Place a sphere, whose radius is small com- 
pared with the distance of electrified conductors, with its centre 
at the given point. Connect it by means of a fine wire with the 
earth, then insulate it, and carry it to an electrometer and ascertain 
the total charge on the sphere. 

Then, if F be the potential at the given point, and a the 
radius of the sphere, the charge on the sphere will be — Fa= Q, 
and if V be the potential of the sphere as measured by an elec- 
trometer when placed in a room whose walls are connected with 
the earth, then ^ -rrf 

whence T-f V = 0, 

or the potential of the air at the point where the centre of the 
sphere was placed is equal but of opposite sign to the potential of 
the sphere after being connected to earth, then insulated, and 
brought into a room. 

This method has been employed by M. Delmann of Creuznach in 

T 2 
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maMDring the potential at a certain height abore tfaa earHi'a 



Second MMod. We haTO aoppoaed the wfhete phoed aft the 
giren point and fint connected to earth, and then inenhrfiedj aad 
carried into a apace anrronnded with conducting matter at pote n tial 



Now let na aoppoae a fine insalated wire carried fiom tfaa eke- 
trode of the electrometer to the pkoe where the potential la to 
be meaaured. Let the sphere be first diacharged completely. TUa 
maj be done bj putting it into the inaide of a Teawl of the 
metal which nearlj sorromidB it and mating it tooch the 
Now let the sphere thna diacharged be carried to the end of the 
wire and made to touch it. Since the aphere ia not electrified it 
will be at the potential of the air at the pkce. If the decfanode 
wire ia at the same potential it will not be afiected bj the eontactt, 
but if the electrode ia at a different potential it will bj contact 
with the aphere be made nearer to that of the air than it waa 
before. Bj a ancoeaaion of auch operations, the sphere being 
altematelj discharged and made to touch the dectrode, the poten- 
tial of the electrode of the electrometer will continually aiqproach 
that of the air at the given point. 

222.] To measure the potential of a conductor without tonching 
it, we may measure the potential of the air at any point in the 
neighbourhood of the coDductor^ and calculate that of the conductor 
from the result. If there be a hollow nearly surrounded by the 
conductor, then the poteutial at any point of the air in this hollow 
will be very nearly that of the conductor. 

In this way it has been ascertained by Sir W. Thomson that if 
two hollow conductors, one of copper and the other of zinc, are 
in metallic contact, then the potential of the air in the hollow 
surrounded by zinc is positive with reference to that of the air 
in the hollow surrounded by copper. 

Tiird Method. If by any means we can cause a succession of 
small bodies to detach themselves from the end of the electrode, 
the potential of the electrode will approximate to that of the sur- 
rounding air. This may be done by causing shot, filings, sand, or 
water to drop out of a funnel or pipe connected with the electrode. 
The point at which the potential is measured is that at which 
the stream ceases to be continuous and breaks into separate parts 
or drops. 

Another convenient method is to fasten a slow match to the 
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electrode. The potential is very soon made equal to that of the 
ail* at the burning end of the match. Even a fine metallic point 
is sufficient to create a discharge by means of the particles of the 
air when the difierence of potentials is considerable, but if we 
wish to reduce this difference to zero, we must use one of the 
methods stated above. 

If we only wish to ascertain the sign of the difference of the 
potentials at two places, and not its numerical value, we may cause 
drops or filings to be discharged at one of the places from a nozzle 
connected with the other place, and catch the drops or filings 
in an insulated vessel. Each drop as it fiiUs is charged with a 
certain amount of electricity, and it is completely discharged into 
the vessel. The charge of the vessel therefore is continually ac- 
cimiulating, and after a sufficient number of drops have fallen, the 
charge of the vessel may be tested by the roughest methods. The 
sign of the charge is positive if the potential of the nozzle is positive 
relatively to that of the surrounding air. 



MEASUREMENT OF SURFACE-DENSITY OF ELECTRIFICATION. 

Theory of the Proof Plane. 

228.] In testing the results of the mathematical theory of the 
distribution of electricity on the surface of conductors, it is necessary 
to be able to measure the surface-density at different points of 
the conductor. For this purpose Coulomb employed a small disk 
of gilt paper fastened to an insulating stem of gum-lac. He ap- 
plied this disk to various points of the conductor by placing it 
so as to coincide as nearly as possible with the surface of the 
conductor. He then removed it by means of the insulating stem, 
and measured the charge of the disk by means of his electrometer. 

Since the sur&ce of the disk, when applied to the conductor, 
nearly coincided with that of the conductor, he concluded that 
the surface-density on the outer sur&ce of the disk was nearly 
equal to that on the surface of the conductor at that place, and that 
the charge on the disk when removed was nearly equal to that 
on an area of the surface of the conductor equal to that of one side 
of the disk. This disk, when employed in this way, is called 
Coulomb's Proof Plane. 

As objections have been raised to Coulomb's use of the proof 
planCj I shall make some remarks on the theory of the experiment. 
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The experiment consists in bringing a small oondnctiiig bo^ 
into contact with the sorfiice of the conductor at the point when 
the density is to be measured, and then removing the bodj and 
determining its charge. 

We have first to shew that the charge on the small bpdj when 
in contact with the conductor is proportional to the snr&o^ 
density which existed at the point of contact before the small body 
was placed there. 

We shall suppose that all the dimensions of the small body, and 
especially its dimension in the direction of the normal at the point 
of contact* are small compared with either of the radii of oorvatore 
of the conductor at the point of contact. Hence the variation of 
the resultant force due to the conductor supposed rigidly electrified 
within the space occupied by the small body may be neglected, 
and we may treat the mvrbce of the conductor near the small body 
as a plane surface. 

Now the charge which the small body will take by contact with 
a plane sur&ce will be proportional to the resultant force normal 
to the surfiu^, that is^ to the surface-density. We shall ascertain 
the amount of the charge for particular forms of the body. 

We have next to shew that when the small body is removed.no 
spark will pass between it and the conductor, so that it will carry 
its charge with it. This is evident, because when the bodies are 
in contact their potentials are the same, and therefore the density 
on the parts nearest to the point of contact is extremely small. 
When the small body is removed to a veiy short distance from 
the conductor, which we shall suppose to be electrified positively, 
then the electrification at the point nearest to the small body is 
no longer zero but positive, but, since the charge of the small body 
is positive, the positive electrification close to the small body will 
be less than at other neighbouring points of the surface. Now 
the passage of a spark depends in general on the magnitude of the 
resultant force, and this on the surface-density. Hence, since we 
suppose that the conductor is not so highly electrified as to be 
discharging electricity from the other parts of its surface, it will 
not discharge a spark to the small body from a part of its surface 
which we have shewn to have a smaller surface-density. 

224.] We shall now consider various forms of the small body. 

Suppose it to be a small hemisphere applied to the conductor so 
as to touch it at the centre of its flat side. 

Let the conductor be a large sphere, and let us modify the form 
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of the hemisphere so that its surface is a little more than a hemi- 
sphere, and meets the surface of the sphere at right angles. Then 
we have a case of which we have already obtained the exact solution. 
See Art. 168. 

If A and B be the centres of the two spheres cutting each other 
at right angles, Blf a diameter of the circle of intersection, and C 
the centre of that circle, then if F is the potential of a conductor 
whose outer surface coincides with that of the two spheres, the 
quantity of electricity on the exposed surface of the sphere A is 

\r{AI)^BB^AC^CB^BC\ 
and that on the exposed surface of the sphere B is 

kV^ABJ^BB-^rBC-CB'-AC), 

the total charge being the sum of these, or 

r{ABArBB^CB\ 

If a and /3 are the radii of the spheres, then, when a is large 
compared with )9, the charge on JS is to that on ^ in the ratio of 

4 a'* ^ 3 a 6 a^ ^ 

Now let <r be the uniform surface-density on A when B is re- 
moved, then the charge on A is 

4 TT a^ o", 
and therefore the charge on B is 

3 7r)32(r(l + i ^ + &C.V 
V 3 a ^ 

or, when B is very small compared with a, the charge on the 

hemisphere B is equal to three times that due to a surfiwje-density o- 

extending over an area equal to that of the circular base of the 

hemisphere. 

It appears from Art. 175 that if a small sphere is made to touch 
an electrified body, and is then removed to a distance from it, the 
mean surface-density on the sphere is to the sur£Eu;e-density of the 
body at the point of contact as w* is to 6, or as 1.646 to 1. 

225.] The most convenient form for the proof plane is that of 
a circular disk. We shall therefore shew how the charge on a 
circular disk laid on an electrified surface is to be measured. 

For this purpose we shall construct a value of the potential 
function so that one of the equipotential surfaces resembles a circular 
flattened protuberance whose general form is somewhat like that of 
a disk lying on a plane. 
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Let <r be the BaAce^Aieamty of a plane, wbioh m dull wapptm 
to be thst of «^. 
The potential doe to this dectrification will be 

Now let two disks of *iadias a be rigidlj electrified witii aiuiae^ 
densities —</ and +cr^ Let the first of these be placed on the plane 
otsy with its centre at the origin, and the second parallel to it at 
the very small distance e. 

Then it maj be shewn, as we shaQ see in tiie tiMxny of ma^ 
netism, that the potential of the two disks at anj point ia •» 0^0^ 
where u is the solid angle subtended by the edge of either diak at 
the point. Hence the potential of the whdie system will be 

The fonns of the equipotential sorfiuses and lines of indoetion 
are given on the left-hand side of Fig. XX, at the end of Vol. IL 

Let ns trace the ferm of the sorfiMse for whidi Fss 0. Tida 
snrfiuse is indicated by the dotted line. 

Patting the distance of any point from the axis of iff s r, then, 
when r is mach less than a, and e is small, 

« = 2v— 2v- +ftc. 

a 

Hence^ for valnes of r considerably less than a, the equation ef 

the zero equipotential surface is 

zc 

=— 4w (T^-f 2 7r<r'c— 2 wo-' h&c. ; 

a 



a c 



or z^ = 



2(r+(r'- 
a 



Hence this equipotential surface near the axis is nearly flat. 

Outside the disk, where r is greater than a, co is zero when z is 
zero, so that the plane of xy is part of the equipotential sur&ce. 

To find where these two parts of the surface meet^ let us find at 

dV 
what point of this plane -^ = 0. 

When r is very nearly equal to a 

dV ^ 2f/c 

= —4^0-4- 



dz r—a 

Hence^ when 

dF ^ a'c 



dz -^' '^"^^27r<7 

The equipotential surface T = is therefore composed of a disk* 
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like figure of radios Tq, and nearly uniform thickness 2q, and of the 
part of the infinite plane of xy which lies beyond this figure. 

The surface-integral over the whole disk gives • the charge of 
electricity on it. It may be. founds as in the theory of a circular 
current in Part IV, to be 

Q = i'naac{log 2}-f woTo*. 

The charge on an equal area of the plane surface is ir o- Tq^, hence 

the charge on the disk exceeds that on an equal area of the plane 

in the ratio of . ^ ^ , Sirr , .^ 

1 + 8 - log to unity, 

where z is the thickness and r the radius of the disk, z being sup- 
posed small compared with r. 

On Electric Accumulators and the Measurement of Capacity. 

226.] An Accumulator or Condenser is an apparatus consisting 
of two conducting surfaces separated by an insulating dielectric 
medium. 

A Leyden jar is an accumulator in which an inside coating of 
tinfoil is separated from the outside coating by the glass of which 
the jar is made. The original Leyden phial was a glass vessel 
containing water which was separated by the glass from the hand 
which held it. 

The outer surface of any insulated conductor may be considered 
as one of the surfaces of an accumulator, the other being the earth 
or the walls of the room in which it is placed, and the intervening 
air being the dielectric medium. 

The capacity of an accumulator is measured by the quantity of 
electricity with which the inner surface must be charged to make 
the difference between the potentials of the surfaces unity. 

Since every electrical potential is the sum of a number of parts 
found by dividing each electrical element by its distance from a 
point, the ratio of a quantity of electricity to a potential must 
have the dimensions of a line. Hence electrostatic capacity is a 
linear quantity, or we may measure it in feet or metres without 
ambiguity. 

In electrical researches accumulators are used for two principal 
purposes, for receiving and retaining large quantities of electricity 
in as small a compass as possible, and for measuring definite quan* 
tities of electricity by means of the potential to which they raise 
the accumulator. 
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For the nAmxtian of eketriod dungw 
more perfiwt than the Leyden jar. Tbm jmofal part cf fhe 
ariaei from the electricitj ereepiiig along the dan^ 
of the glaM from the one ooatiiig to the ofllier. TbimwmyhtABAiBk 
in a great degree hj artifieiall j diying the air willim flie jar, aal 
hj Tanushing the eurfaoe of the glaae where it is 0a|MJ ae d to tfct 
atmoephere. In Sir W. Thomaon's eleotroaoopea Aero ia a ngj 
■mall percentage of Ices from day to daj. and I bdi gw tliat wmt 
of this loes can be traced to direct oondoctioii eiHiflr tiwo^gk m 
or through glaas when the glasa ia good, but tiiat it 
from saperiicial oondnction along the Tariona inanhiting' 
glaas sarfrces of the inatniment. 

In CuHi, the same electrician haa commimieated m lii in^ B te 
solphoric acid in a. huge bnlb irith a long neck, and haa fhoi 
meticall J sealed the neck hj tanng it, so that the diaige 
pletel^ rarroonded by glaasy and after some yean the dmga was 
found still to be retained. 

It is only, howeyer, when coldj that glass inanlatwi in Ais 
way, for the charge escapes at once if the ^aas ia boated to 
a temperatore below lOO^C. 

When it is desired to obtain great c^MUSity in nnall rompasij 
accumulators in which the dielectric is sheet caoatchooc, mioa, or 
pa[>cr impregnated with paraffin are convenient. 

227.] For accumulators of the second class, intended for the 
m(*aHurement of quantities of electricity, all solid dielectrics most be 
employed with great caution on account of the property which they 
poHBCss called Electric Absorption. 

The only safe dielectric for such accumulators is air, which has 
tills inr*x)nycnience, that if any dust or dirt gets into the narrow 
s]:>ace lictween the opposed surfaces, which ought to be occupied only 
by air, it not only alters the thickness of the stratum of air, but 
may establish a connexion between the opposed surfaces, in which 
case the accumulator will not hold a charge. 

To determine in absolute measure, that is to say in feet or metres, 
the capacity of an accumulator, we must either first ascertain its 
form and size, and then solve the problem of the distribution of 
electricity on its opposed surfaces, or we must compare its capacity 
with that of another accumulator, for which this problem has been 
solved. 

As the problem is a very difficult one, it is best to begin with an 
accumulator constructed of a form for which the solution is known. 
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Thus the capacity of an insulated sphere in an unlimited space is 
known to be measured by the radius of the sphere. 

A sphere suspended in a room was actually used by MM. Eohl- 
rausch and Weber, as an absolute standard with which they com- 
pared the capacity of other accumulators. 

The capacity, however, of a sphere of moderate size is so small 
when compared with the capacities of the accumulators in common 
use that the sphere is not a convenient standard measure. 

Its capacity might be greatly increased by surrounding the 
sphere with a hollow concentric spherical surface of somewhat 
greater radius. The capacity of the inner surface is then a fourth 
proportional to the thickness of the stratum of air and the radii of 
the two surfaces. 

Sir W. Thomson has employed this arrangement as a standard of 
capacity, but the difficulties of working the surfaces truly spherical^ 
of making them truly concentric, and of measuring their distance 
and their radii with sufficient accuracy^ are considerable. 

We are therefore led to prefer for an absolute measure of capacity 
a form in which the opposed surfaces are parallel planes. 

The accuracy of the surface of the planes can be easily tested, 
and their distance can be measured by a micrometer screw, and 
may be made capable of continuous variation, which is a most 
important property of a measuring instrument. 

The only difficulty remaining arises from the fact that the planes 
must necessarily be bounded, and that the distribution of electricity 
near the boundaries of the planes has not been rigidly calculated. 
It is true that if we make them equal circular disks, whose radius 
is large compared with the distance between them, we may treat 
the edges of the disks as if they were straight lines, and calculate 
the distribution of electricity by the method due to Helmholtz, and 
described at Art. 202. But it will be noticed that in this case 
part of the electricity is distributed on the back of each disk, and 
that in the calculation it has been supposed that there are no 
conductors in the neighbourhood, which is not and cannot be the 
case in a small instrument. 

228.] We therefore prefer the following arrangement^ due to 
Sir W. Thomson, which we may call the Guard-ring arrangement, 
by means of which the quantity of electricity on an insulated disk 
may be exactly determined in terms of its potential. 
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Fig. 20. 



The Guard-ring Accumulator. 
Bb \a 9k cylindrical vessel of conductiDg material of which the 
outer surface of the upper fiu5e is accurately plane. This upper 

surface consists of two parts, 
a disk Ay and a hroad ring^ 
IBB surrounding the disk, 
separated from it by a very 
small interval all rounds just 
sufficient to prevent sparks 
passing. The upper surface 
of the disk is accurately in 
the same plane with that of 
the guard-ring. The disk is 
supported by pillars of insulating material GG, C is a metal disk, 
the under surface of which is accurately plane and parallel to BB. 
The disk C is considerably larger than A. Its distance from A 
is adjusted and measured by means of a micrometer screw^ which 
is not g^ven in the figure. 

This accmnulator is used as a measuring instrument as follows : — 
Suppose C to be at potential zero, and the disk A and vessel Bb 
both at potential V. Then there will be no electrification on the 
back of the disk because the vessel is nearly closed and is all at the 
same potential. There will be very little electrification on the 
edges of the disk because BB is at the same potential with the 
disk. On the face of the disk the electrification will be nearly 
uniform, and therefore the whole charge on the disk will be almost 
exactly represented by its area multiplied by the surface-density on 
a plane, as given at Art. 124. 

In fact, we learn from the investigation at Art. 201 that the 
charge on the disk is 

^(R' + Bf^ Bf^-R^ 






I SA SA A 

where R is the radius of the disk, R that of the hole in the guard- 
ring, A the distance between A and C, and a a quantity which 

cannot exceed (R^R) -^ • 

If the interval between the disk and the guard-ring is small 
compared with the distance between A and C, the second term will 
be very small, and the charge on the disk will be nearly 

jrR^ + R^ 
^—SA—' 
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Now let the vessel £bhe put in connexion with the earth. The 
charge on the disk A will no longer be uniformly distributed, but it 
will remain the same in quantity, and if we now discharge J we 
shall obtain a quantity of electricity, the value of which we know 
in terms of F, the original difference of potentials and the measur- 
able quantities iZ, R and A. 

On the Comparison of the Capacity of Accumulators, 

229.] The form of accumulator which is best fitted to have its 
capacity determined in absolute measure from the form and dimen- 
sions of its parts is not generally the most suitable for electrical 
experiments. It is desirable that the measures of capacity in actual 
use should be accumulators having only two conducting surfaces^ one 
of which is as nearly as possible surrounded by the other. The 
guard-ring accumulator, on the other hand^ has three independent 
conducting portions which must be charged and discharged in a 
certain order. Hence it is desirable to be able to compare the 
capacities of two accumulators by an electrical process^ so as to test 
accumulators which may afterwards serve as secondary standards. 

I shall first shew how to test the equality of the capacity of two 
guard-ring accumulators. 

Let A be the disk, B the guard-ring with the rest of the con- 
ducting vessel attached to it, and C the large disk of one of these 
accumulators, and let A\ B^ and C be the corresponding parts of 
the other. 

If either of these accumulators is of the more simple kind, having 
only two conductors, we have only to suppress IB or B^ y and to 
suppose ^ to be the inner and C the outer conducting surface. C 
in this case being understood to surround A. 

Let the following connexions be made. 

Let B be kept always connected with C\ and B> with (7, that is, 
let each guard-ring be connected with the large disk of the other 
condenser. 

(1) Let A be connects with B and C and with /, the electrode 
of a Leyden jar, and let A! be connected with B^ and C and with 
the earth. 

(2) Let A^ -B, and C be insulated from /. 

(3) Let A be insulated from B and C\ and ^ from B and C. 

(4) Let B atid C be connected with B and C and with the 
earth. 

(6) Let A be connected with A'. 
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(6) Ijet A and A' be connected with an electroscope E. 
Wc may express these connexions as follows : — 



(1) 


(l=C = B- = 


=J' 


1 


A = 


^B=V=J. 


(2) 


« = C=B-= 


=J' 


1 


J = 


=£=€■ \J. 


m 


a = C = B 


^' 


1 


A 


Ji=c: 


w 


o = C=y 


J- 


1 


A 


B=C'=o. 


(5) 


tl=:C=S 


^' 


= 


A 


-B=C'=o. 


(6) 


ti = C=S 


J'= 


E= 


.A 


B=(/=i>. 



Here the sign of equality expresses electrical connexion, and the 
vertical stroke exprossce insulation. 

In (1) thi* two accumulators are charged oppositely, so that A is 
positive and J" negative, the charges on A and A' being uniformly 
distributed on the upper surface opposed to the large disk of each 
accumulator. 

In (2) the jar is removed, and in (3) the charges on A and A' are 
insulated. 

In (4) the guard-rings are connected with the large disks, so that 
the charges on A and A', though unaltered in magnitude, are now 
distributed over their whole surface. 

In (5) A is connected with A'. If the charges are equal and of 
opposite signs, the electrification will be entirely destroyed, and 
in (6) this is t^ted by means of the electroscope K 

The electroscope H will indicate positive or negative electrifioatioD 
according as A or A' baa the greater capacity. 

-By means of a key of proper construction, the whole of these 
operations can be performed in due succession in a very small 
fraction of a second, and the capacities adjusted till no electii- 
fication can be detected Ly the electroscope, and in this way the 
capacity of an accumulator may be adjusted to be equal to that of 
any other, or to the sum of the capacities of several accumulators, 
so that a system of accumulators may be formed, each of which has 
its capacity determined in absolute measure, i. e. in feet or in metres, 
while at the same time it is of the construction most snitable for 
electrical experiments. 

This method of comparison will probably be found usefiil in 
determining the specific capacity for electrostatic induction of 
different dielectrics in the form of plates or disks. If a disk of 
the dielectric is interposed between A and C, the disk being con- 
siderably lai^r than A, then the capacity of the accumulator will 
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be altered and made equal to that of the same accumalator when A 
and C are nearer together. If the accumulator with the dielectric 
plate^ and with A and C at distance x^ is of the same capacity as 
the same accumulator without the dielectric^ and with A and C at 
distance x\ then^ if a is the thickness of the plate, and K its specific 
dielectric inductive capacity referred to air as a standard, 

The combination of three cylinders, described in Art. 127, has 
been employed by Sir W. Thomson as an accumulator whose capa- 
city may be increased or diminished by measurable quantities. 

The experiments of MM. Gibson and Barclay with this ap- 
paratus are described in the Proceedings of the Royal Society^ Feb. 2, 
1871, and Phil. Tpans.^ 1871, p. 573. They found the specific in- 
ductive capacity of paraffin to be 1.975, that of air being unity. 



PART n. 



ELECTROKINBMATICS, 



CHAPTEB L 

THS ELEGTBIC CURRENT. 

280.] Wh ba^e seen, in Art. 45, tbat when a conductor is in 
electrical equilibrium the potential at eveiy point of the conductor 
must be the same. 

If two conductors A and B are charged with electricitjr so that 
the i>otential of ^ is higher than that of B, then, if thqr are put 
in communication by means of a metallic wire C touching both of 
them, part of the charge of A will be transferred to B, and the 
potentials of A and B will become in a very short time equalized. 

231.] During this process certain phenomena are observed in 
the wire C, which are called the phenomena of the electric conflict 
or current. 

The first of these phenomena is the transference of positive 
electrification from A to B and of negative electrification from B 
to A. This transference may be also efiected in a slower manner 
by bringing a small insulated body into contact with A and B 
alternately. By this process, which we may call electrical con- 
vection, successive small portions of the electrification of each body 
are transferred to the other. In either case a certain quantity of 
electricity, or of the state of electrification, passes from one place 
to another along a certain path in the space between the bodies. 

Whatever therefore may be our opinion of the nature of elec- 
tricity, we must admit that the process which we have described 
constitutes a current of electricity. This current may be described 
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as a current of positive electricity from ^ to -B, or a current of 
negative electricity from ^ to ^, or as a combination of these two 
currents. 

According to Fechner's and Weber's theory it is a combination 
of a current of positive electricity with an exactly equal current 
of negative electricity in the opposite direction through the same 
substance. It is necessary to remember this exceedingly artificial 
hypothesis regarding the constitution of the current in order to 
understand the statement of some of Weber^s most valuable ex- 
perimental results. 

If, as in Art. 36, we suppose P units of positive electricity 
transferred from AtoB, and iV^ units of negative electricity trans- 
ferred from -B to J in unit of time^ then, according to Weber's 
theory, P=zN, and P or iVis to be taken as the numerical measure 
of the current. 

We^ on the contrary, make no assumption as to the relation 
between P and N, but attend only to the result of the current, 
namely, the transference of P+iV^ of positive electrification from A 
to P, and we shall consider P-f iV the true measure of the current; 
The current, therefore, which Weber would call 1 we shall call 2. 

On Steady Currents. 

232.] In the case of the current between two insulated con- 
ductors at difierent potentials the operation is soon brought to 
an end by the equalization of the potentials of the two bodies, 
and the current is therefore essentially a Transient current. 

But there are methods by which the difierence of potentials of 
the conductors may be maintained constant, in which case the 
current will continue to flow with uniform strength as a Steady 
Current. 

Tke Voltaic Battery. 

The most convenient method of producing a steady current is by 
means of the Voltaic Battery. 

For the sake of distinctness we shall describe Darnell's Constant 
Battery : — 

A solution of sulphate of zinc is placed in a cell of i>orous earth- 
enware, and this cell is placed in a vessel containing a saturated 
solution of sulphate of copper. A piece of zinc is dipped into the 
sulphate of zinc, and a piece of copper is dipped into the sulphate 
of copper. Wires are soldered to the zinc and to the copper above 
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the Burface of the liquid. This combiiuitioii is called a cell or 
element of DanieU's battery. See Art. 272. 

233.] If the cell ie inaulated by being placed on a non-con- 
ducting etand, and if the wire connected with the copper is pnt 
in contact with an insulated conductor A, and the wire connected 
with the zinc is put in contact with H, another insulated conductor 
of the same metal as A, then it may be shewn by meauB of a delicate 
electrometer that the potentiid of A exceeds that of £ by a eertain 
quantity. This difTerencc of potentials is called tlie ElectromotiTa 
Force of the Daniell's Cell. 

If A and B are now disconnected from the cell and pat in 
communication by means of a wire, a transient current jusses 
through the wire from A io B, and the potentials of A and B 
become equal. A and B may then be charged again by the cell, 
and the process repeated as long as the cell will work. But if 
A and B he connected by means of the wire C, and at the same 
time connected with the battery as before, then the cell will main- 
tain a constant current through C, and also a constant difiercnce 
of potentials between A and B. This difference will not, as we 
shall see, be equal to the whole electromotive force of the cell, for 
part of this force is spent in maintaining the current through the 
cell itself. 

A number of cells placed in series so that the zinc of the first 
cell is connected by metal with the copper of the second, and 
BO on, is called a Voltaic Battery. The electromotive force of 
each a battery is the sum of the electromotive forces of the cells 
of which it is composed. If t^e hatteiy is insalated it may be 
charged with electricity as a whole, but the potential of the copper 
raid will always exceed that of the zinc end by the electromotive 
force of the battery, whatever the absolute value of either of these 
potentials may be. The cells of the battery may be of very varioaa 
construction, containing different chemical substances and different 
metals, provided they are such that chemical action does not go 
on when no current passes. 

234.] Let us now consider a voltaic battery with its ends insalated 
from each other. The copper end will be positively or vitreously 
electrified, and the zinc end will be negatively or resinously electrified. 

Let the two ends of the battery he now connected by means 
of a wire. An electric current will commence, and will in a very 
short tune attain a constant value. It is then said to be a Steady 
Current. 
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Properties of the Current. 

235.] The current forms a closed circuit in the direction from 
copper to zinc through the wires, and firom zinc to copper through 
the solutions. 

If the circuit be broken by cutting any of the wires which 
connect the copper of one cell with the zinc of the next in order, the 
current will be stopped^ and the potential of the end of the wire 
in connexion with the copper will be found to exceed that of the 
end of the wire in connexion with the zinc by a constant quantity, 
namely^ the total electromotive force of the circuit. 

Electrolytic Action of the Current. 

286.] As long as the circuit is broken no chemical action goes 
on in the cells, but as soon as the circuit is completed, zinc is 
dissolved from the zinc in each of the Darnell's cells, and copper is 
deposited on the copper. 

The quantity of sulphate of zinc increases, and the quantity of 
sidphate of copper diminishes unless more is constantly supplied. 

The quantity of zinc dissolved and also that of copper deposited is 
the same in each of the Daniels's cells throughout the circuit, what- 
ever the size of the plates of the cell^ and if any of the cells be of a 
difierent construction, the amount of chemical action in it bears 
a constant proportion to the action in the Daniell's cell. For 
instance, if one of the cells consists of two platinum plates dipped 
into sulphuric acid diluted with water, oxygen will be given off 
at the surface of the plate where the current enters the liquid, 
namely, the plate in metallic connexion with the copper of Daniell's 
cell^ and hydrogen at the sur&ce of the plate where the current 
leaves the liquid, namely, the plate connected with the zinc of 
Daniell's cell. 

The volume of the hydrogen is exactly twice the volume of the 
oxygen given off in the same time, and the weight of the oxygen is 
exactly eight times the weight of the hydrogen. 

In every cell of the circuit the weight of each substance dissolved, 
deposited^ or decomposed is equal to a certain quantity called the 
electrochemical equivalent of that substance, multiplied by the 
strength of the current and by the time during which it has 
been flowing. 

For the experiments which established this principle, see the 
seventh and eighth series of Faraday's Experimental JResearchee; 
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and for an investigation of the apparent exceptions to the mlej see 
Miller's Ckemieal Pkyne9 and Wiedemann's Galvanismns. 

287.] Substances which are decomposed in this way are called 
Electrolytes. The process is called Electrolysis. The places where 
the current enters and leaves the electrolyte are called Electrodes. 
Of these the electrode by which the current enters is called the 
Anode, and that by which it leaves the electrolyte is called the 
Ckdiode. The components into which the electrolyte is resolved 
are called Ions : that which appears at the anode is called this 
Anion, and that which appears at the cathode is caUed the Cation. 

Of these terms, which were^ I believe^ invented by Earaday with 
the help of Dr. Whewell, the first three^ namely^ electrode^ elec- 
trolysis, and electrolyte have been generally adopted, and the mode 
of conduction of the current in which this kind of decomposition 
and transfisr of the components takes place is called lElectrolytic 
Conduction. 

If a homogeneous electrolyte is placed in a tube of variable 
section, and if the electrodes are placed at the ends of tiiis tube, 
it is found that when the current passes, the anion appears at 
the anode and the cation at the cathode, the quantities of these 
ions being dectrochemically equival^t, and such as to be together 
equivalent to a certain quantity of the electrolyte. In the other 
parts of the tube, whether the section be large or small, uniform 
or varying, the composition of the electrolyte remains unaltered. 
Hence the amount of electrolysis which takes place across every 
section of the tube is the same. Where the section is small the 
action must therefore be more intense than where the section is 
large, but the total amount of each ion which crosses any complete 
section of the electrolyte in a given time is the same for all sections. 

The strength of the current may therefore be measured by the 
amount of electrolysis in a g^ven time. An instrument by which 
the quantity of the electrolytic products can be readily measured 
is called a Voltameter. 

The strength of the current, as thus measured, is the same 
at every part of the circuit, and the total quantity of the elec- 
trolytic products in the voltameter after any given time is pro- 
portional to the amount of electricity which passes any section in 
the same time. 

238.] If we introduce a voltameter at one part of the circuit 
of a voltaic battery, and break the circuit at another part, we may 
suppose the measurement of the current to be conducted thus. 
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Let the ends of the broken circuit be A and By and let A be the 
anode and B the cathode. Let an insulated ball be made to touch 
A and B alternately, it will carry from ^ to ^ a certain measurable 
quantity of electricity at each journey. This quantity may be 
measured by an electrometer, or it may be calculated by mul- 
tiplying the electromotive force of the circuit by the electrostatic 
capacity of the ball. Electricity is thus carried from ^ to ^ on the 
insulated ball by a process which may be called Convection. At 
the same time electrolysis goes on in the voltameter and in the 
cells of the battery, and the amount of electrolysis in each cell may 
be compared with the amount of electricity carried across by the 
insulated ball. The quantity of a substance which is electrolysed 
by one unit of electricity is called an Electrochemical equivalent 
of that substance. 

This experiment would be an extremely tedious and troublesome 
one if conducted in this way with a ball of ordinary magnitude 
and a manageable battery, for an enormous number of journeys 
would have to be made before an appreciable quantity of the electro- 
lyte was decomposed. The experiment must therefore be considered 
as a mere illustration, the actual measurements of electrochemical 
equivalents being conducted in a different way. But the experi- 
ment may be considered as an illustration of the process of elec- 
trolysis itself, for if we regard electrolytic conduction as a species 
of convection in which an electrochemical equivalent of the anion 
travels with negative electricity in the direction of the anode, while 
an equivalent of the cation travels with positive electricity in 
the direction of the cathode^ the whole amount of transfer of elec- 
tricity being one unit^ we shall have an idea of the process of 
electrolysis^ which, so &r as I know, is not inconsistent with known 
£a<;ts, though, on account of our ignorance of the nature of electricity 
and of chemical compounds, it may be a veiy imperfect repre- 
sentation of what really takes place. 

Magnetic Action of the Current. 

239.] Oersted discovered that a magnet placed near a straight 
electric current tends to place itself at right angles to the plane 
passing through the magnet and the current. See Art. 475. 

If a man were to place his body in the line of the current so 
that the current from copper through the wire to zinc should flow 
from his head to his feet, and if he were to direct his face towards 
the centre of the magnet, then that end of the magnet which tends 
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to pcfiit to the north would, when the corrent flows, tend to point 
towBids the niftn's right hand. 

Hie nature and laws of this electromagnetic actum will be dia- 
giwnd when we come to the fourth part of this treatise. What 
we are eonoemed with at present is the taet that the electric 
corrent has a magnetic action which is exerted outside the corrent, 
and bjr which its existence can be ascertained and its intensitf 
measored without breaking the circuit or introducing anything into 
the current itself* 

The amount of the magnetic action has been ascertained to be 
strictly proportional to the strength of the current as measored 
by the products of electrolysis in the voltameter, and to be qoita 
independent of the nature of the conductor in which the current 
is flowing, whether it be a metal or an electrolyte. 

240.] An instrument which indicates the strength of an electric 
current by its magnetic effects is called a Oalyanometer. 

Galvanometers in general consist of one or more coils of silk- 
covered wire within which a magnet is suspended with its axis 
horizontal. When a current is passed through the wire the magnet 
tends to set itself with its axis perpendicular to the plane of the 
coils. If we suppose the plane of the coils to be placed parallel 
to the plane of the earth's equator, and the current to flow round 
the coil from east to west in the direction of the apparent motion 
of the sun^ then the magnet within will tend to set itself with 
its magnetization in the same direction as that of the earth con- 
sidered as a great magnet^ the north pole of the earth being similar 
to that end of the compass needle which points south. 

The galvanometer is the most convenient instrument for mea- 
suring the strength of electric currents. We shall therefore assume 
the possibility of constructing such an instrument in studying the 
laws of these currents, reserving the discussion of the principles of 
the instrument for our fourth part. When therefore we say that 
an electric current is of a certain strength we suppose that the 
measurement is effected by the galvanometer. 
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CONDUCTION AND RBSISTANCB. 

241.] Ip by means of an electrometer we determine the electric 
potential at different points of a circuit in which a constant electric 
current is maintained^ we shall find that in any portion of the 
circuit consisting of a single metal of uniform temperature through- 
out, the potential at any point exceeds that at any other point 
farther on in the direction of the current by a quantity depending 
on the strength of the current and on the nature and dimensions 
of the intervening portion of the circuit. The difference of the 
potentials at the extremities of this portion of the circuit is called 
the External electromotive force acting on it. If the portion of 
the circuit under consideration is not homogeneous, but contains 
transitions from one substance to another^ &om metals to elec- 
trolytes, or from hotter to colder parts, there may be, besides the 
external electromotive force. Internal electromotive forces which 
must be taken into account. 

The relations between Electromotive Force, Current, and Resist- 
ance were first investigated by Dr. G. S. Ohm, in a work published 
in 1827, entitled Die Galvanische Kette MathematiscA Bearbeiiei, 
translated in Taylor's Scientific Memoirs, The result of these in- 
vestigations in the case of homogeneous conductors is commonly 
called * Ohm's Law.' 

Ohm^a Law, 

The electromotive force acting between the extremitiee of any part 
of a circuit is the product of the strength of the current and the 
Resistance of that part of the circuit. 

Here a new term is introduced, the Resistance of a conductor, 
which is defined to be the ratio of the electromotive force to 
the strength of the current which it produces. The introduction 



296 oovDucnoK ahd BBsmijrca. [242. 

of fhis tenn would have been <^ no scientific ndne mham Olxm 
bad shewn^ as he did eaqierinientally^ that it eor reip on da to » leal 
physical quantity, that is, that it has a definite valne wliieli is 
altered only when the natoie of the condnctor is altered. 

In the fiist place, then, the resistance iji a condnctor ia inde- 
pendent of the streng^ ci the coirait flowing through it. 

In the second pkce the resistance is independent ci the deetiie 
potential at which the condnctor is maintained, and of the denaifey 
of the distribution of electricity on the sm&ce of the conductor. 

It depends entirely on the nature of the material of which the 
conductor is composed, the state of aggregation of its partsi, and its 
temperature* 

The resistance of a conductor may be measured to within one 
ten thousandth or even one hundred thousandth part of its vafaifl^ 
and so many oonductors have been tested that our assursnce of the 
truth of Ohm^s Law is now vexy high. In the sixth chapter we 
shall trace its applications and consequences. 

Oeneratian of Heat by tie CurretU. 

%4li.'\ We have seen that when an electromotiye force causes 
a current to flow through a conductor, electricily is transfisrred 
from a place of higher to a place of lower potentiaL If the transfer 
had been made by convection, that is, by carrying successiye 
charges on a ball from the one place to the other, work would have 
been done by the electrical forces on the ball, and this might have 
been turned to account. It is actually turned to account in a 
partial manner in those dry pile circuits where the electrodes have 
the form of bells, and the carrier ball is made to swing like a 
pendulum between the two bells and strike them alternately. In 
this way the electrical action is made to keep up the swinging 
of the pendulum and to propagate the sound of the bells to a 
distance. In the case of the conducting wire we have the same 
transfer of electricity from a place of high to a place of low potential 
without any external work being done. The principle of the Con- 
servation of Energy therefore leads us to look for internal work in 
the conductor. In an electrolyte this internal work consists partly 
of the separation of its components. In other conductors it is 
entirely converted into heat. 

The energy converted into heat is in this case the product of 
the electromotive force into the quantity of electricity which passes. 
But the electromotive force is the product of the current into the 
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resistance, and the quantity of electricity is the product of the 
current into the time. Hence the quantity of heat multiplied hy 
the mechanical equivalent of unit of heat is equal to the square of 
the strength of the current multiplied into the resistance and into 
the time. 

The heat developed by electric currents in overcoming the re- 
sistance of conductors has been determined by Dr. Joule^ who 
first established that the heat produced in a given time is pro- 
portional to the square of the current, and afterwards by careful 
absolute measurements of all the quantities concerned^ verified the 
equation JH^C^Rt, 

where / is Joule's dynamical equivalent of heat^ H the number of 
units of heat, C the strength of the current, R the resistance of the 
conductor, and t the time during which the current flows. These 
relations between electromotive force, work, and heat, were first fully 
explained by Sir W. Thomson in a paper on the application of the 
principle of mechanical effect to the measurement of electromotive 
forces *. 

248.] The analogy between the theory of the conduction of 
electricity and that of the conduction of heat is at first sight almost 
complete. If we take two systems geometrically similar, and such 
that the conductivity for heat at any part of the first is proportional 
to the conductivity for electricity at the corresponding part of the 
second, and if we also make the temperature at any part of the 
first proportional to the electric potential at the corresponding point 
of the second, then the flow of heat across any area of the first 
will be proportional to the flow of electricity across the corre- 
sponding area of the second. 

Thus, in the illustration we have given, in which flow of elec- 
tricity corresponds to flow of heat, and electric potential to tem- 
perature, electricity tends to flow &om places of high to places 
of low potential, exactly as heat tends to flow from places of high 
to places of low temperature. 

244.] The theory of potential and that of temperature may 
therefore be made to illustrate one another; there is, however, one 
remarkable difference between the phenomena of electricity and 
those of heat. 

Suspend a conducting body within a closed conducting vessel by 
a silk thread, and charge the vessel with electricity. The potential 

* PhU. Mag., Dec. 1851. 
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of the vessel and of all within it will be instantly ndaed, bot 
however long and however powerfbUj the vessel be electrified, and 
whether the body within be allowed to come in contact with ihe 
vessel or not, no signs of electrification will appear within the 
vessdy nor will the body within shew any electrical effect when 
taken out. 

Bat if the vessel is raised to a high temperatme^ the body 
within will rise to the same temperatore^ but only after a con- 
siderable time, and if it is then taken out it will be found hot» 
and will remain so till it has continaed to emit heat for some time. 

The difference between the phenomena consists in the httA that 
bodies are capable of absorbing and emitting heat, whereas they 
have no corresponding property with respect to electricily . A body 
cannot be made hot without a certain amount of heat being 
supplied to it, depending on the mass and specific heat of the body, 
but the electric potential of a body may be raised to any extent 
in the way already described without conmmnicating any deetridty 
to the body. 

245.] Again, suppose a body first heated and then placed inside 
the closed vessel. The outside of the vessel will be at first at the 
temperature of surrounding bodies, but it will soon get hot, and 
will remain hot till the heat of the interior body has escaped. 

It is impossible to perform a correspondiDg electrical experiment. 
It is impossible so to electrify a body, and so to place it in a 
hollow vessel, that the outside of the vessel shall at first shew no 
signs of electrification but shall afterwards become electrified. It 
was for some phenomenon of this kind that Faraday sought in 
vain under the name of an abisolute charge of electricity. 

Heat may be hidden in the interior of a body so as to have no 
external action, but it is impossible to isolate a quantity of elec- 
tricity so as to prevent it from being constantly in inductive 
relation with an equal quantity of electricity of the opposite kind. 

There is nothing therefore among electric phenomena which 
corresponds to the capacity of a body for heat. This follows at 
once from the doctrine which is asserted in this treatise, that 
electricity obeys the same condition of continuity as an incom- 
pressible fluid. It is therefore impossible to give a bodily charge 
of electricity to any substance by forcing an additional quantity of 
electricity into it. See Arts. 61, 111, 329, 334, 
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ELECTROMOTIVE FORCE BETWEEN BODIES IN CONTACT. 

The Potentials of Different Substances in Contact. 

246.] If we define the potential of a hollow conducting vessel 
as the potential of the air inside the vessel, we may ascertain this 
potential by means of an electrometer as described in Part I, 
Art. 222. 

If we now take two hollow vessels of difierent metals^ say copper 
and zinc, and put them in metallic contact with each other, and 
then test the potential of the air inside each vessel, the potential 
of the air inside the zinc vessel will be positive as compared with 
that inside the copper vessel. The difference of potentials depends 
on the nature of the surface of the insides of the vessels^ being 
greatest when the zinc is bright and when the copper is coated 
with oxide. 

It appears from this that when two different metals are in 
contact there is in general an electromotive force acting from the 
one to the other, so as to make the potential of the one exceed 
that of the other by a certain quantiiy. This is Volta's theory of 
Contact Electricity. 

If we take a certain metal, say copper^ as the standard^ then 
if the potential of iron in contact with copper at the zero'potential 
is /, and that of zinc in contact with copper at zero is Z^ then 
the potential of zinc in contact with iron at zero will be Z— /. 

It appears from this result^ which is true of any three metals, 
that the differences of potential of any two metals at the same 
temperature in contact is equal to the difference of their potentials 
when in contact with a third metal, so that if a circuit be formed 
of any number of metals at the same temperature there will be 
electrical equilibrium as soon as they have acquired their proper 
potentials, and there will be no current kept up in the circuit. 
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S4i7.] If, however, the circait consiBt of two metals and an elee- 
trolyte, tbo electrolyte, according to Volta's theory, tends to rednee 
tb« potentiolfl of tho metale in oontact with it to equalitjr, go tbat 
the oleotromotire force at the metallic jonctioD is no loDgrr halanced, 
and a oonUnuoo* current u> kept up. The energy of this carreBl 
if ruppliod by the chemical action which t^es place between tlM 
etoetrolyte and the metals. 

248,] The electric effect may, however, be produced witboot 
ehfitnical action if by any other means we can produce an equsli- 
Htion of the pottintiala of two metals in contact. Has, in as 
npcrinwDt due to Sir W. Thomson*, a copper fbn&el ia placed in 
eontttct with a vertical zinc cylinder, so that when copper filings 
■TO allowed to pass through the fimnel, they sepante &om each 
other and from the fiinncl near the middle of the zinc cylinder. 
Mod llum iiiii into an iiuuhilcd rccdvei placed below. IW xeoeivec 
ft tluo finmd to be ohatged negativelyj and tiie drngs iaaaaMa 
H the filing! oontinne to poor into it At the aunB tisw flie me 
egdindm witli the copper fimnel in it beoomM ebtacgai men and 
more poritively. 

If now the zino oylioder were bonneoted with tbe reeniw bj' a 
wire, tlwre wonld be a podtive OQirent in the wire fiontiwcyfiader 
to the noeiTer. The itream of copper filings, eadi filmg tdiaiged 
negatively by induction, constitutes a negative current &om the 
funnel to the receiver, or, in other words, a poaitive current from 
the receiver to the copper funnel. The positive current, therefore, 
pastes through the air (by the filings) from zinc to copper, and 
thruu^h tlio metallic junction from copper to zinc, just as in the 
ordinary voltaic arrangement, but in this case the force which keeps 
up the current is not chemical action but gravity, which causes the 
filings to fall, in spite of the electrical attraction between the 
positively charged funnel and the negatively charged filings. 

240.] A remarkable confirmation of the theory of contact elec- 
tricity is supplied by the discovery of Peltier, that, when a current 
of electricity crosses the junction of two metals, the junction ia 
heated when the current is in one direction, and cooled when it 
is in the other direction. It must be remembered that a current 
in its passage through a metal always produces heat, because it 
meets with resistance, so that the cooling effect on the whole 
conductor must always be less than the heating effect. We most 
therefore distinguish between the generation of heat in each metal. 
North Brituh Bevitu), ISei, p. 353 ; and Proe. B: S., Juoe 20, 1887. 
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due to ordinary resistance^ and the generation or absorption of heat 
at the junction of two metals. We shall call the first the frictional 
generation of heat by the current, and, as we have seen, it is 
proportional to the square of the current^ and is the same whether 
the current be in the positive or the negative direction. The second 
we may call the Peltier effect, which changes its sign with that 
of the current. 

The total heat generated in a portion of a compound conductor 
consisting of two metals may be expressed by 

where H is the quantity of heat^ / the mechanical equivalent of 
unit of heat^ R the resistance of the conductor, C the current^ and 
t the time ; 11 being the coefficient of the Peltier effect^ that is^ 
the heat absorbed at the junction due to the passage of unit of 
current for unit of time. 

Now the heat generated is mechanically equivalent to the work 
done against electrical forces in the conductor, that is, it is equal 
to the product of the current into the electromotive force producing 
it. Hence, if J? is the external electromotive force which causes 
the current to flow through the conductor, 

whence E — RC—JU. 

It appears from this equation that the external electromotive 
force required to drive the current through the compound conductor 
is less than that due to its resistance alone by the electromotive 
force e/Tl. Hence JYl represents the electromotive contact force 
at the junction acting in the positive direction. 

This application, due to Sir W. Thomson *, of the dynamical 
theory of heat to the determination of a local electromotive force 
is of great scientific importance, since the ordinary method of 
connecting two points of the compound conductor with the elec- 
trodes of a galvanometer or electroscope by wires would be useless, 
owing to the contact forces at the junctions of the wires with 
the materials of the compound cojiductor. In the thermal method, 
on the other hand, we know that the only source of energy is the 
current of electricity, and that no work is done by the current 
in a certain portion of the circuit except in heating that portion 
of the conductor. If, therefore, we can measure the amount of the 

* Proc, R. 8. Edin., Dec. 15, 1851 ; and Traru, R, 8. Edin., 1854. 
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enrrent and the amount of heat produced or absorbed, we 
determine the electromotive force required to urge the current 
through that portion of the conductor, and this measuremeiit m 
entttcly independent of the cScct of contact forces in otlier parts of 
tke circuit. 

He electromotive force at the junction of two metals, as de- 
tenruoed by this method, docs not account for Volta'a electromotive 
fimsQ as described in Ai-t. 246. The latter is in general far greater 
thas that of this Article, and is Eometimes of opponite Eign. Hei 
QiB assumption that the potential of a metal is to be measured by 
thftt of the air in contact with it muet be erroneous, and the greater 
part of Volta's electromotive force must be sought for, not at the 
junction of the two raetats, but at one or both of the surfaces which 
separate the metals from the air or other medium which forme the 
third element of the (drctdt. 

260.] The dijMOTeiy by Seebeck of tbermodeotrie onnenti is 
flinnii^ of different metals with thai junotioiu at (Ufibmit tem- 
peratores, Bhewa that these oontaot fbioeB do not almLTs bsluwe ~ 
each other in a complete eircnit. It is maai&at, howem, that 
in a complete dnnut of different metala at uniform t e mp eiatn ro 1^ 
■contact forcee most balance each other. For if this wen notT the 
caw there would be a current formed in the dicott, and this mment 
mig^ht be employed to work a machine or to generate heat in the 
circuit, that is, to do work, while at the same time there is no 
expenditure of ener^, as the circuit is all at the same temperature, 
and no chemical or other change takes place. Hence, if the Peltier 
effect at the junction of two metals a and 6 be represented by 11^ 
when the current flows from a to d, then for a circuit of two metals 
at the same temperature wc must have 

n^+nta = 0, 

and for a circuit of three metals a, b, c, we must have 

It follows from this equation that the three Peltier effects are not 
independent, but that one of them can be deduced from the other 
two. For instance, if we suppose c to be a standard metal, and 
if we write P„ = jn„ and P^ = Jn^^, then 
jn^ = P^-P^. 

The quantity P^ is a function of the temperature, and depends on 
the nature of the metal a. 

261.] It has also been shewn by Magnus that if a circuit is 
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formed of a single metal no current will be formed in it^ however 
the section of the conductor and the temperature may vary in 
different parts. 

Since in this case there is conduction of heat and consequent 
dissipation of energy, we cannot^ as in the former case, consider this 
result as self-evident. The electromotive force, for instance, between 
two portions of a circuit might have depended on whether the 
current was passing from a thick portion of the condactor to a thin 
one, or the reverse, as well as on its passing rapidly or slowly from a 
hot portion to a cold one^ or the reverse^ and this would have made 
a current possible in an unequally heated circuit of one metal. 

Hence^ by the same reasoning as in the case of Peltier's phe- 
nomenon^ we find that if the passage of a current through a 
conductor of one metal produces any thermal effect which is re- 
versed when the current is reversed, this can only take place when 
the current flows from places of high to places of low temperature^ 
or the reverse, and if the heat generated in a conductor of one 
metal in flowing from a place where the temperature is a? to a 
place where it is ^, is H, then 

and the electromotive force tending to maintain the current will 

be Sg^y, 

If X, y, z be the temperatures at three points of a homogeneous 
circuit, we must have 

according to the result of Magnus. Hence, if we suppose 2: to be 
the zero temperature, and if we put 

Qz - S„ and Qy = S^,, 
we find 8^ = Q»—Qyy 

where Q^ is a function of the temperature a, the form of the 
function depending on the nature of the metal. 

If we now consider a circuit of two metals a and b in which 
the temperature is x where the current passes from a to J, and 
y where it passes from b to a, the electromotive force will be 

where P^x signifies the value of P for the metal a at the tempera- 
ture X, or 

^ = Pa*— Qo*— (-Paif— Qaif) — {Pbx'- Ql>x) + Pbif'' Qbw' 

Since in unequally heated circuits of different metals there are in 
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geotenl ihennoeleetric canenti, it followB tint P and Q mn m 
general diflSnenfc fi»r the «Hiie metal and aaaoe tempentme. 

252.] The exiatenee of flie qnantily Q was fiiat deaMmatrated bf 
Sir W. ThomaoD, in the memoir we have referred tc^ aa m dednction 
firam the phenomenon of fliennodectric inverrion diaeoTered bjr 
Comming '^^ who fomid that the order of certain metala in the thcp- 
moelectrie scale ia different at high and at low temperatorea, ao that 
for a certain temperature two metals maj he nentnl to each otiier. 
Thna^ in a circuit of copper and iron if one jmictioa he kqpt at the 
ordinary temperatore while the temperatore of the other ia raind, 
m cnnent acta fiom copper to iron throngh the hot jonction, and 
the electromotiv e force continnea to increase till the hot jonctioa 
has reached a temperatore T, which, according to Thomaon, is 
aboat 284''C. When the temperature of the hot jnndaon ia raiaed 
still farther the electromotive force is reduced, uid at last, if the 
temperature be raised high enough, the current is revemd. The 
reversal of the cnrrent maj he obtained more easilj bj iaiaing the 
temperature of the colder jmiction. K the temperatore of both 
junctions is above T the current sets firom iron to copper throogh 
the hotter junction, that is, in the reverse direction to that ob- 
aerved when both junctions are below 7. 

Hence, if one of the junctions is at the neatral temperature T 
and the other is either hotter or colder, the current will set from 
copper to iron through the junction at the neatral temperature. 

253.] From this fact Thomson reasoned as follows : — 

Suppose the other junction at a temperature lower than T. 
The current may be made to work an engine or to generate heat in 
a wire, and this expenditure of energy must be kept up by the 
transformation of heat into electric energy, that is to say, heat 
must disappear somewhere in the circuit. Now at the tempera- 
ture T iron and copper are neutral to each other, so that no 
reversible thermal effect is produced at the hot junction, and at 
the cold junction there is, by Peltier's principle, an evolution of 
heat. Hence the only place where the heat can disappear is in the 
copper or iron portions of the circuit, so that either a current in 
iron from hot to cold must cool the iron, or a current in copper 
from cold to hot must cool the copper, or both these effects may 
take place. By an elaborate series of ingenious experiments Thom- 
son succeeded in detecting the reversible thermal action of the 
current in passing between parts of different temperatures, and 

* Cambridge Tran$cKtUm$, 1823. 
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he found that the current produced opposite ejBTects in copper and 
in iron *, 

When a stream of a material fluid passes along a tube from 
a hot part to a cold part it heats the tube, and when it passes 
from cold to hot it cools the tube, and these effects depend on 
the specific capacity for heat of the fluid. If we supposed elec- 
tricity, whether positive or negative, to be a material fluid, we 
might measure its specific heat by the thermal effect on an un- 
equally heated conductor. Now Thomson's experiments shew that 
positive electricity in copper and negative electricity in iron carry 
heat with them from hot to cold. Hence, if we supposed either 
positive or negative electricity to be a fluid, capable of being 
heated and cooled, and of communicating heat to other bodies, we 
should find the supposition contradicted by iron for positive elec- 
tricity and by copper for negative electricity, so that we should 
have to abandon both hypotheses. 

This scientific prediction of the reversible effect of an electric 
current upon an unequally heated conductor of one metal is another 
instructive example of the application of the theory of Conservation 
of Energy to indicate new directions of scientific research. Thomson 
has also applied the Second Law of Thermodynamics to indicate 
relations between the quantities which we have denoted by P 
and Q, and has investigated the possible thermoelectric properties 
of bodies whose structure is different in different directions. He 
has also investigated experimentally the conditions under which 
these properties are developed by pressure, magnetization, &c. 

254.] Professor Taitf has recently investigated the electro- 
motive force of thermoelectric circuits of different metals, having 
their junctions at different temperatures. He finds that the elec- 
tromotive force of a circuit may be expressed very accurately by 
the formula 

where t^ is the absolute temperature of the hot junction, t^ that 
of the cold junction, and t^ the temperature at which the two metals 
are neutral to each other. The factor a is a coefiicient depending 
on the nature of the two metals composing the circuit. This law 
has been verified through considerable ranges of temperature by 
Professor Tait and his students, and he hopes to make the thermo- 
electric circuit available as a thermometric instrument in his 

* ' On the Electrodjnamic Qualities of Metals/ Phil. Traiu., 1856. 
t Proc, R. 8. Edin., Session 1870-71, p. 808, also Deo. 18, 1871. 
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CHAPTER IV. 



ELEGTB0LYSI8. 

Elecirolyiijc Conduction. 

255.] I HAVE already stated that when an electric current in 
any part of its circuit passes through certain compound substances 
called Electrolytes, the passage of the current is accompanied by 
a certain chemical process called Electrolysis, in which the substance 
is resolved into two components called Ions, of which one, called 
the Anion, or the electronegative component, appears at the Anode, 
or place where the current enters the electrolyte, and the other, 
called the Cation^ appears at the Cathode, or the place where the 
current leaves the electrolyte. 

The complete investigation of Electrolysis belongs quite as much 
to Chemistry as to Electricity. We shall consider it from an 
electrical point of view^ without discussing its application to the 
theory of the constitution of chemical compounds. 

Of all electrical phenomena electrolysis appears the most likely 
to furnish us with a real insight into the true nature of the electric 
current^ because we find currents of ordinary matter and currents 
of electricity forming essential parts of the same phenomenon. 

It is probably for this very reason that, in the present imperfectly 
formed state of our ideas about electricity^ the theories of electro- 
lysis are so unsatis&ctory. 

The ftmdamental law of electrolysis, which was established by 
Faraday, and confirmed by the experiments of Beetz, Hittorf^ and 
others down to the present time, is as follows : — 

The number of electrochemical equivalents of an electrolyte which 
are decomposed by the passage of an electric current during a given 
time is equal to the number of units of electricity which are trans- 
ferred by the current in the same time. 

The electrochemical equivalent of a substance is that quantity 
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of the sabstuioe which is electrolysed bj m unit eamat 
through the ■nbetanee for a unit of time, or^ in other words, bf the 
peesage of m. unit of electricity. When the unit of electrieitjr ii 
defined in absolute measure the absolute value of the deetro- 
chemical equivalent of eadi substsnce can be determined in gfains 
or in grammes. 

The electrochemical equivalents of different snbstanoes are pvo- 
portional to their ordinary chemical equivalents. The ordinaiy 
chemical equivalents, however, are the mere numerical ratios in 
which the substances combine, whereas the eleetroohemioal eq[Qi- 
valents are quantities of matter of a determinate magnitude, de- 
pending on tibe definition of the unit of electricity. 

Every electrolyte consists of two components, which, during tiie 
electrolysis, appear where the current enters and leaves the deo- 
trolyte, and nowhere else. Hence, if we conceive a sur&ce described 
within the substance of the electrolyte, the amount of deotrolysis 
which takes place through tibis sur&ce, as measured by the eleo- 
trochemical equivalents of the components teansfened across it 
in opposite directions, will be proportional to the total electrie 
current through the surface. 

The actual transfer of the ions through the substance of tiie 
electrolyte in opposite directions is therefore part of the phenomenon 
of the conduction of an electric current through an electrolyte. At 
every point of the electrolyte through which an electric current 
is passing there are also two opposite material currents of the anion 
and the cation^ which have the same lines of flow with the electric 
current^ and are proportional to it in magnitude. 

It is therefore extremely natural to suppose that the currents of 
the ions are convection currents of electricity, and, in particular, 
that every molecule of the cation is charged with a certain fixed 
quantity of positive electricity, which is the same for the molecules 
of all cations, and that every molecule of the anion is charged with 
an equal quantity of negative electricity. 

Tlie opposite motion of the ions through the electrolyte would 
then be a complete physical representation of the electric current. 
We may compare this motion of the ions with the motion of gases 
and liquids through each other during the process of diffusion, 
there being this difference between the two processes, that, in 
diffusion, the different substances are only mixed together and the 
mixture is not homogeneous, whereas in electrolysis they are chemi- 
cally combined and the electrolyte is homogeneous. In diffusion 
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the determining cause of the motion of a substance in a given 
direction is a diminution of the quantity of that substance per 
unit of volume in that direction^ whereas in electrolysis the motion 
of each ion is due to the electromotive force acting on the charged 
molecules. 

256.] Clausius *, who has bestowed much study on the theory 
of the molecular agitation of bodies, supposes that the molecules 
of all bodies are in a state of constant agitation^ but that in solid 
bodies each molecule never passes beyond a certain distance from 
its original position, whereas in fluids a molecule^ after moving 
a certain distance from its original position^ is just as likely to 
move still farther from it as to move back again. Hence the 
molecules of a fluid apparently at rest are continually changing 
their positions, and passing irregularly from one part of the fluid 
to another. In a compound fluid he supposes that not only the 
compound molecules travel about in this way, but that, in the 
collisions which occur between the compound molecules, the mole- 
cules of which they are composed are often separated and change 
partners, so that the same individual atom is at one time associated 
with one atom of the opposite kind, and at another time with another. 
This process Clausius supposes to go on in the liquid at all times, but 
when an electromotive force acts on the liquid the motions of the 
molecules, which before were indifferently in all directions, are now 
influenced by the electromotive force, so that the positively charged 
molecules have a greater tendency towards the cathode than towards 
the anode, and the negatively charged molecules have a greater 
tendency to move in the opposite direction. Hence the molecules 
of the cation will during their intervals of freedom struggle towards 
the cathode, but will continually be checked in their course by 
pairing for a time with molecules of the anion, which are also 
struggling through the crowd, but in the opposite direction. 

257.] This theory of Clausius enables us to understand how it is, 
that whereas the actual decomposition of an electrolyte requires an 
electromotive force of finite magnitude, the conduction of the 
current in the electrolyte obeys the law of Ohm, so that every 
electromotive force within the electrolyte, even the feeblest, produces 
a current of proportionate magnitude. 

According to the theory of Clausius, the decomposition and 
recomposition of the electrolyte is continually going on even when 
there is no current, and the very feeblest electromotive force is 

• Pogg. Ann. bd. oi. ■. 888 (1857). 
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L certain degrra of direction, and 
I ions and the electric current, whick 
M pvt of tils MMB phouunon. Within tb« electrolyte, hoverer, 
A* ions an nsffvr nt &•• OLfiiiite ijuantitr, and it k this liberation 
of, the knoB whiti nqoina a finit« electromotive foroe. At the 
lieafaqdw th« koa ■ifrnmlaty for the snccessiTe portions of the 
ioB^ m Oief aims at tiie alectiodes, instead of finding molecules of 
tta cqppoaite ion nadj to omnlBne with them, are forced into com- 
pai^ wtUi Batdeenlfla of thar otvn kind, with which they cannot 
aotlaiie. The a l eofaomotiTe fin-ce required to produce this eSect 
la of fouta magiiitnde, and funis an opposing electromotive force 
wbiek. pndnoM a r ar enK d onnoit when other electromotive forces 
Whm tbia itmt^ed electromotive force, owing to 
1 of the iona at the electrode, is observed, the 
■hcitrodaa ne nid to be Folariied. 

868.] One of the beet methods of datKanaaffiitethir a boif 
ia or is not an eleckotTteia to jdaoe it betwean pbdwaai aUetaote 
aad to paai a current thnx^ it fiir aoma lii», and ttaa, dia*>' 
mgaging the deetrodes from the Toltaie batta iy ^ mad 
tiicna witJi a galvaDometer, to obaBrve irhithfT a 
dne to pojarjgafion «f the eleetrodea, pw 
mater. Snch a corrent, being doe to aoemmilirtiaB ef diAnai 
anbstancee on the two electrodes, ia a proof that the Bnbstaoce has 
been electrolytically decomposed by the original current from the 
batteiy. This method can often be applied where it is difficult, 
by direct chemical methods, to detect the presence of the products 
of decomposition at the electrodes. See Art. 271. 

259.] So &r as we have gone the theory of electrolyais appears 
vety eatiH&ctoiy. It explains the electric current, the nature i^ 
which we do not understand, by means of the currents of the 
material components of the electrolyte, the motion of which, 
though not visible to the eye, is easily demonstrated. It gives a 
clear explanation, as Faraday has shewn, why an electrolyte which 
conducts in the liquid state is a non-condnctor when solidified, for 
unless the molecules can pass from one part to another no elec- 
trolytic conduction can take place, so that the substance must 
be in a liquid state, either by fusion or by solution, in order to be 
a conductor. 

Bat if we go on, and assume that the molecules of the iom 
within the electrolyte are actually charged with certain definite 
quantities of electricity, positive and negative, so that the etec- 
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trolytic current is simplj a current of convection, we find that this 
tempting hypothesis leads us into very difficult ground. 

In the first place^ we must assume that in every electrolyte each 
molecule of the cation, as it is liberated at the cathode^ commu- 
nicates to the cathode a charge of positive electricity, the amount 
of which is the same for eveiy molecule, not only of that cation 
but of all other cations. In the same way each molecule of the 
anion when liberated^ communicates to the anode a charge of 
negative electricity^ the numerical magnitude of which is the same 
as that of the positive charge due to a molecule of a cation, but 
with sign reversed. 

If, instead of a single molecule, we consider an assemblage of 
molecules, constituting an electrochemical equivalent of the ion^ 
then the total charge of all the molecules is, as we have seen, one 
unit of electricity, positive or negative. 

260.] We do not as yet know how many molecules there are 
in an electrochemical equivalent of any substance^ but the molecular 
theory of chemistry, which is corroborated by many physical con- 
siderations, supposes that the number of molecules in an elec- 
trochemical equivalent is the same for all substances. We may 
therefore, in molecular speculations, assimie that the number of 
molecules in an electrochemical equivalent is N^ a number unknown 
at present, but which we may hereafter find means to determine *. 

Each molecule, therefore, on being liberated from the state of 

combination, parts with a charge whose magnitude is -=r= , and is 

positive for the cation and negative for the anion. This definite 
quantity of electricity we shall call the molecular charge. If it 
were known it would be the most natural unit of electricity. 

Hitherto we have only increased the precision of our ideas by 
exercising our imagination in tracing the electrification of molecules 
and the discharge of that electrification. 

The liberation of the ions and the passage of positive electricity 
from the anode and into the cathode are simultaneous facts. The 
ions, when liberated, are not charged with electricity, hence, when 
they are in combination, they have the molecular charges as above 
described. 

The electrification of a molecule, however, though easily spoken 
of, is not so easily conceived. 

We know that if two metals are brought into contact at any 

* See note to Art. 5. 
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poiat, the mt of their mtkm ynU be electrified, utd if tlic metals 
mtm in tlw fmiD of tiro pbtes eeparated bjr » nuroir iBterral of sir, 
Uk diargv on Mdt jible any beeotne af oonsidenblr lOMgmtade. 
SouwthtDg like this may be eapfwoed to occur wbm tbe two 
eoB HW MMrte of an eleGtrolyt^ w in nmilnmtiao. Eech pair of 
■MllrirriM nay be lup poaed to toocli »t one pnint, and to hare the 
nrt of their am&oe chained with electricity due to the electro- 
Botfve Ibioe of eontaet. 

Bot to explain the phenomenoii, ve ought to shew why the 
duvge tfaoa prodneed oo each molecule is of a fixed ammint, and 
why, when a moleenle of chlorine is combined with a molecnle of 
Kioc, the molecular charges are the same ae when a molecule of 
chlodne is combined with a molecule of copper, altboogb the elec- 
tromotive fbree between chlOTiiw and zinc is much greater than 
ktbat betweeo chloTine and copper. If the charging af the moWules 
,b the flOM of ttw ckatnnotm fime of aoateat, wkj Aoald 
tJK/tntuiAnti uMOM of diftwnt mtoiafaaa ptodim ^■cny oqul 
«liaig«a7 

Soppowi bowerer, timt we lei^ onr Oia difienh^ bf m^ij 
M i wtiBft - the &flt of Ote oooilaitt nliw of tiie mahwoW dmgc^ 
and that ire odl liiia oonatuii molecDkr Aatgt, ft* floannieaee m 
deaeriptami, ow maleeuU tfdetiinaly. 

lliia phraae, gross as it is, and oat of harmony witii the rcat of 
this treatise, will enable us at least to state clearly what is known 
about electrolysis, and to appreciate the outstanding difficnlties. 

Every electrolyte must be considered as a binary compound of 
its anion and ite catiop. The anion or the cation or both may be 
compound bodiesj so that a molecule of the anion or the cation 
may be formed by a number of molecules of simple bodies. A 
molecule of the anion and a molecule of the cation combined to- 
gether form one molecule of the electrolyte. 

In order to act as an anion in an electrolyte, the molecule whicb 
BO acts must be charged with what we have called one molecnle 
of negative electricity, and in order to act as a cation tbe molecnle 
must be charged with one molecule of positive electricity. 

These charges are connected with the molecules only when they 
are combined as anion and cation in the electrolyte. 

"When the molecules are electrolysed, they part with their charges, 
to the electrodes, and appear as unelectrified bodies when set &ee 
from combination. 

If the same molecule is capable of acting as a cation in one 
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electrolyte and as an anion in another^ and also of entering into 
compound bodies which are not electroljrtes^ then we must suppose 
that it receives a positive charge of electricity when it acts as a 
cation, a negative charge when it acts as an anion, and that it 
is without charge when it is not in an electrolyte. 

Iodine^ for instance^ acts as an anion in the iodides of the metals 
and in hydriodic acid, but is said to act as a cation in the bromide 
of iodine. 

This theory of molecular charges may serve as a method by 
which we may remember a good many facts about electrolysis. 
It is extremely improbable that when we come to understand the 
true nature of electrolysis we shall retain in any form the theory of 
molecular charges, for then we shall have obtained a secure basis 
on which to form a true theory of electric currents, and so become 
independent of these provisional theories. 

261.] One of the most important steps in our knowledge of 
electrolysis has been the recognition of the secondary chemical 
processes which arise from the evolution of the ions at the elec- 
trodes. 

In many cases the substances which are found at the electrodes 
are not the actual ions of the electrolysis, but the products of the 
action of these ions on the electrolyte. 

Thus, when a solution of sulphate of soda is electrolysed by a 
current which also passes through dilute sulphuric acid, equal 
quantities of oxygen are given off at the anodes, and equal quan- 
tities of hydrogen at the cathodes, both in the sulphate of soda 
and in the dilute acid. 

But if the electrolysis is conducted in suitable vessels, such as 
U-shaped. tubes or vessels with a porous diaphragm, so that the 
substance snrroimding each electrode can be examined separately, 
it is found that at the anode of the sulphate of soda there is an 
equivalent of sulphuric acid as well as an equivalent of oxygen, 
and at the cathode there is an equivalent of soda as well as two 
equivalents of hydrogen. 

It would at first sight seem as if, according to the old theory 
of the constitution of salts, the sulphate of soda were electrolysed 
into its constituents sulphuric acid and soda, while the water of the 
solution is electrolysed at the same time into oxygen and hydrogen. 
But this explanation would involve the admission that the same 
current which passing through dilute sulphuric acid electrolyses 
one equivalent of water, when it passes through solution of sulphate 
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of Bod« deotn^ws one equivalent of the salt ue well as one equi- 
illmt (^ the water, and tbie would be contrary to the law of 
•IcctroAe m iadl eqninlents. 

But if m nqipofle thai the components of salphate of eoda are 
not SO, and NaO but SO, and Na, — not sulpburio acid and eoda 
hut anlpiuoti aad ao^iiBv — then the sQtphion travels to the anode 
and ia aet fine, Iwt beiiig unable to exist in a free state it breaka 
np into Bnl^tuio aotd and oxygien, one equivalent of each. At 
the Mune time the eodiam is Bet free at the cathode, and there 
deoompoMa tiie water of the solution, forming one equivalent of 
ioda and two of hydrogen. 

In the dilnte aolpharie aoid the gases collected at the electrodes 
an the ocmstitiienta tit water, namely one volume of oxygen and 
two vidomea of hydrogen. There is also an increase of sulphuric 
acid at the anode, bat its amount is not equal to an equivalent. 

It ia donbtfol whetiur pure water is an electrolyte or not. The 
greater the paritiy of the water, the greater the resistance to elec- 
tralytio condoction. The minutest traces of foreign matter are 
Boffioient to prodace a gn?at diminution of the electrical resistance 
of water. Hie eleofiic renstance of water as determined by different 
obaerren haa Taloee eo dill'erent tliat we cannot consider it as a 
determined qoantity. The purer tbe water the greatn ita n will a unit. 
and if we could obtain really pure water it ia donbtfhl whether it 
would conduct at all. 

As long as water was considered an electrolyte, and waa, indeed, 
taken as the type of electrolytes, there was a strong reaaoa for 
maintaining that it is a binary compound, and that two volumes 
of hydrogen are chemically equivalent to one volume of oxygen. 
If, however, we admit that water is not an electrolyte, we are free 
to suppose that equal yolumes of oxygen and of hydrt^en aie 
chemically equivalent. 

The dynamical theory of gases leads us to suppose that in perfect 
gases equal volumes always contain an equal number of molecules, 
and that the principal part of the specific heat, that, namely, whicJt 
depends on the motion of agitation of the molecules among each 
other, is the same for equal numbers of molecules of all gases. 
Hence we are led to prefer a chemical ^st«m in which eqixal 
volumes of oxygen and of hydrogen are regarded aa equivalent, 
and in which water is regarded as a compound- of two equivalents 
of hydrogen and one of oxygen, and therefore probably not ci^Mible 
of direct electrolysis. 
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While electrolysis ftdly establishes the close relationship between 
electrical phenomena and those of chemical combination, the £Eu;t 
that every chemical compound is not an electrolyte shews that 
chemical combination is a process of a higher order of complexity 
than any purely electrical phenomenon. Thus the combinations of 
the metals with each other^ though they are good conductors^ and 
their components stand at different points of the scale of electri- 
fication by contact, are not, even when in a fluid state^ decomposed 
by the current. Most of the combinations of the substances which 
act as anions are not conductors^ and therefore are not electrolytes. 
Besides these we have many compounds, containing the same com- 
ponents as electroljrtes^ but not in equivalent proportions, and these 
are also non-conductors, and therefore not electrolytes. 

On the Conservation of Energy in Electrolysis. 

262.] Consider any voltaic circuit consisting partly of a battery, 
partly of a wire, and partly of an electrolytic cell. 

During the passage of unit of electricity through any section of 
the circuit, one electrochemical equivalent of each of the substances 
in the cells, whether voltaic or electrolytic, is electrolysed. 

The amount of mechanical energy equivalent to any given 
chemical process can be ascertained by converting the whole energy 
due to the process into heat^ and then expressing the heat in 
d3riiamical measure by multiplying the number of thermal units by 
Joule's mechanical equivalent of heat. 

Where this direct method is not applicable^ if we can estimate 
the heat given out by the substances taken first in the state before 
the process and then in the state after the process during their 
reduction to a final state^ which is the same in both cases, then the 
thermal equivalent of the process is the difference of the two quan- 
tities of heat. 

In the case in which the chemical action maintains a voltaic 
circuit, Joule found that the heat developed in the voltaic cells is 
less than that due to the chemical process within the cell, and that 
the remainder of the heat is developed in the connecting wire^ or,' 
when there is an electromagnetic engine in the circuit, part of the 
heat may be accounted for by the mechanical work of the engine. 

For instance, if the electrodes of the voltaic cell are first con- 
nected by a short thick wire, and afterwards by a long thin wire^ 
the heat developed in the cell for each grain of zinc dissolved is 
greater in the first case than the second, but the heat developed 
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in the wire is greater in the aeeond eiee tbui in Ae fink. n» 
mm of tiie bent developed in llie cell ud in iiie win fir mA 
(tif sine dinKdred ie tira aeme in both eeeee, fliis htm beat 
bliehed by Jonle by direct ea^eriment* 

The ntio of the heat generated in llie cell tb tiwt genetatod 
in tiie wire IB tiiat of tiie reeistanoe of the cell to tiiait of tiiewiie^ 
ao that if the wue were made of eoflkient imdmm neailf tike 
iHbok of tbe beat would be generated in the wire, and if it #cm 
flude of aaffieient oondneting power neaxly the wbole of the bMt 
ilpoiild be generated in tiie odL 

Let tiie wire be made eo aa to have great reaiafeinee, tiieii iiio 
beat generated in it is equal in dynamical meaanre to the ptodne^ 
of tbe quantity of electricitjr wbidi is tnmamitted^ midtqpiied bj 
the electromotive force under wbidi it is made to paas throqgli 
the wire. 

868.] Now daring tbe time in wliieb an dectrodbennoal equi- 
valent of the sabstance in tiie cdl nndeigoee tiie ehefiiical ppoceaa 
which gives rise to the emfient^ one unit of decbieify paaaea 
tfaroogb the wire. Hence, the heat developed figr tiie paaoige 
of one miit of deetrieity is in this ease meaamed by tiie eleofaEO- 
motive force. But this heat is that which one deetaooheDiieal 
equivalent of the sabstanoe generates, wbether in the oeD or in the 
wire^ while undergoing the given chemical process. 

Hence the following important theorem, first proved by Thomson 
{Pkil. Mag, Dec. 1851):— 

'The electromotive force of an electrochemical apparatus is in 
absolute measure equal to the mechanical equivalent of the chemical 
action on one electrochemical equivalent of the substance.' 

The thermal equivalents of many chemical actions have been 
determined by Andrews^ Hess^ Favre and Silbermann, &c.^ and fix)m 
these their mechanical equivalents can be deduced by multiplication 
by the mechanical equivalent of heat. 

This theorem not only enables us to calculate from purely thermal 
data the electromotive force of difierent voltaic arrangements, and 
the electromotive force required to effect electrolysis in different 
cases, but affords the means of actually measuring chemical affinity. 

It has long been known that chemical affinity^ or the tendency 
which exists towards the going on of a certain chemical change, 
is stronger in some cases than in others, but no proper measure 
of this tendency could be made till it was shewn that this tendency 
in certain cases is exactly equivalent to a certain electromotive 
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force, and can therefore be measured according to the very same 
principles used in the measurement of electromotive forces. 

Chemical affinity being therefore^ in certain cases^ reduced to 
the form of a measurable quantity, the whole theory of chemical 
processes, of the rate at which they go on, of the displacement of 
one substance by another, &c.^ becomes much more intelligible than 
when chemical affinity was regarded as a quality sui generisy and 
irreducible to numerical measurement. 

When the volume of the products of electrolysis is greater than 
that of the electrolyte, work is done duriug the electrolysis in 
overcoming the pressure. If the volume of an electrochemical 
equivalent of the electrolyte is increased by a volume v when 
electrolysed under a pressure j9, then the work done during the 
passage of a unit of electricity in overcoming pressure is vp^ and 
the electromotive force required for electrolysis must include a 
part equal to vp^ which Ls spent in performing this mechanical 
work. 

If the products of electrolysis are gases which, like oxygen and 
hydrogen^ are much rarer than the electrolyte, and ftdiil Boyle's 
law very exactly^ vp will be very nearly Qonstant for the same 
temperature, and the electromotive force required for electrolysis 
will not depend in any sensible degree on the pressure. Hence it 
has been found impossible to check the electrolytic decomposition 
of dilute sulphuric acid by confining the decomposed gases in a 
small space. 

When the products of electrolysis are liquid or solid the quantity 
vp will increase as the pressure increases, so that if v is positive 
an increase of pressure will increase the electromotive force required 
for electrolysis. 

In the same way, any other kind of work done during electro- 
lysis will have an effect on the value of the electromotive force, 
as, for instance^ if a vertical current passes between two zinc 
electrodes in a solution of sulphate of zinc a greater electromotive 
force will be required when the current in the solution flows 
upwards than when it flows downwards^ for^ in the first case^ it 
carries zinc from the lower to the upper electrode, and in the 
second from the upper to the lower. The electromotive force 
required for this purpose is less than the millionth part of that 
of a Darnell's cell per foot. 
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boimded hy metal ctectcodei, tibe aooanuilation of liitt ima ili iiM 

*■ deotrodes produces tiie phenomenciii called Polari«rti<% irtwrii 

conaiste in an electromotive force actmg in the oppoaile d roet ifl ii 

to the current, and producing an appazent incroaoo ef Hkm reiiafiincfi 

When a continaooa cnrrait is employedy the neiaiwoa HBpeairti 
to incieaae rapidlj from the commenoonent of the mamnH^ aal 
«t laat readiee a Taliie netoAj conatant. If ibe fcrat^ Up 
in which the eleotrolTte is contained is dbanged, the 
altered in the same waj as a ghnikr change of foraa of ai.»elalBe 
conductor would alter its resistance^ but an additional apparent 
resistance, depending on the nature of the electrodes, has always 
to be added to the true resistance of the electrolyte. 

265.] These phenomena have led some to suppose that there ia 
a finite electromotive force required for a current to pass through 
an electrolyte. It has been shewn, however, by the researches of 
Lenz, Neumann^ Beetz^ Wiedemann^, Paalzowf* and recently' by 
those of MM. F. Kohlrausch and W. A. Nippoldt|, that tiie con- 
duction in the electrolyte itself obeys Ohm's Law with the same 
precision as in metallic conductors^ and that the apparent resistance 
at the bounding surface of the electrolyte and the elecfcrodes is 
entirely due to polarization. 

266.] The phenomenon called polarization manifests itself in 
the case of a continuous current by a diminution in the -current, 
indicating a force opposed to the current. Resistance is also per- 
ceived as a force opposed to the current, but we can distinguish 
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between the two phenomena by instantaneously removing or re- 
versing the electromotive force. 

The resisting force is always opposite in direction to the current^ 
and the external electromotive force required to overcome it is 
proportional to the strength of the current, and changes its direc- 
tion when the direction of the current is changed. If the external 
electromotive force becomes zero the current simply stops. 

The electromotive force due to polarization^ on the other hand^ 
is in a fixed direction, opposed to the current which produced it. 
If the electromotive force which produced the current is removed, 
the polarization produces a current in the opposite direction. 

The difference between the two phenomena may be compared 
with the difference between forcing a current of water through 
a long capillary tube, and forcing water through a tube of moderate 
length up into a cistern. In the first case if we remove the pressure 
which produces the flow the current will simply stop. In the 
second case, if we remove the pressure the water will begin to flow 
down again from the cistern. 

To make the mechanical illustration more complete, we have only 
to suppose that the cistern is of moderate depth, so that when a 
certain amount of water is raised into it, it begins to overflow. 
This will represent the fact that the total electromotive force due 
to polarization has a maximum limit. 

267.] The cause of polarization appears to be the existence at 
the electrodes of the products of the electrolytic decomposition of 
the fluid between them. The sur&ces of the electrodes are thus 
rendered electrically different^ and an electromotive force between 
them is called into action, the direction of which is opposite to that 
of the current which caused the polarization. 

The ions, which by their presence at the electrodes produce the 
phenomena of polarization, are not in a perfectly free state, but 
are in a condition in which they adhere to the surfiace of the 
electrodes with considerable force. 

The electromotive force due to polarization depends upon the 
density with which the electrode is covered with the ion, but it 
is not proportional to this density, for the electromotive force does 
not increase so rapidly as this density. 

This deposit of the ion is constantly tending to become free, 
and either to diffuse into the liquid^ to escape as a gas, or to be 
precipitated as a solid. 

The rate of this dissipation of the polarization is exceedingly 
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apoall for filiglit degrees of polarizatios, and exceedingly rapid near 
&i6 limiting value of polarizatioa. 

368.^ We have seen, Art. 262, that the electromotive force acting 
in Bsxy electrolytic process is numerieally equal to the mechanical 
e^uindftnt of the result of that proccfls on one elccirochemical 
eqnifmlent of the substance. K the process involves a diminntion 
of the intrinsic energy of the substances nhich take part in it, 
U in the voltaic cell, then the electromotive force is in the direction 
of tho Current. If the process involves an increase of the intrinsic 
onaigy of the mbstaaoes, aa in the one of the eleotxofytic « 
flifl eleotromotiTe feroe is in the directum <^pponta to Uut of Ute 
canmit, and this eUotromotive force is called pokrintioD. 

In the oaee of a steady onrrent in whidi elecbolyaiB goea <m 
ctBitinQoiulyj and tin ions ore aeparated in a fiee atrte at the 
•leotrodea, we have only by a aoitable proden to meaaoie tiie 
intrinaio energy a( the separated ions^ and oompaie it wlA that 
of the electrolyte in order to calculate the dectaKnotiTe finoe 
required for the electroIysiB. This will give Uie maomnm pcdari- 



But during the fint instants of the procen of deetitdyiia tiie 
iona when depodted at the eleotoodea are not in a five ataie, and 
their intrinsic energy ia less than their energy in a free atate, 
though greater than their energy when combined in the electrolyte. 
In fact, the ion in contact with the electrode is in a state which 
when the deposit is very thin may be compared with that of 
chemical combination with the electrode, but as the deposit in- 
creases in density, the succeeding portions are no longer so in- 
timately combined with the electrode, hut simply adhere to it, and 
at last the deposit, if gaseous, escapes in bubbles, if liquid, diSuses 
through the electrolyte, and if solid, forms a precipitate. 

In studying polarization we have therefore to consider 

(1) The superficial density of the deposit, which we may call 
IT. This quantity <r represents the number of electrochemical 
equivalents of the ion deposited on unit of area. Since each 
electrochemical equivalent deposited corresponds to one unit of 
electricity transmitted by the current, we may consider <r as re- 
presenting either a surface-density of matter or a surfece-density of 
electricity. 

(2) The electromotive force of polarization, which we may call p. 
This quantity p is the difference between the electric potentials 
of the two electrodes when the current through the electrolyte 
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is so feeble that the proper resistance of the electrolyte makes no 
sensible difference between these potentials. 

The electromotive force p at any instant is numerically equal 
to the mechanical equivalent of the electrolytic process going on at 
that instant which corresponds to one electrochemical equivalent of 
the electrolyte. This electrolytic process, it must be remembered^ 
consists in the deposit of the ions on the electrodes, and the state 
in which they are deposited depends on the actual state of the 
surface of the electrodes, which may be modified by previous 
deposits. 

Hence the electromotive force at any instant depends on the 
previous history of the electrode. It is, speaking very roughly, 
a function of o*, the density of the deposit, such that j9 = when 
(T = 0, but p approaches a limiting value much sooner than o- does. 
The statement, however, that j9 is a function of o- cannot ' be 
considered accurate. It would be more correct to say that p is 
a function of the chemical state of the superficial layer of the 
deposit, and that this state depends on the density of the deposit 
according to some law involving the time. 

269.] (3) The third thing we must take into account is the 
dissipation of the polarization. The polarization when left to itself 
diminishes at a rate depending partly on the intensity of the 
polarization or the density of the deposit, and partly on the nature 
of the surroimding medium, and the chemical, mechanit^l, or thermal 
action to which the surface of the electrode is exposed. 

If we determine a time T such that at the rate at which 
the deposit is dissipated, the whole deposit would be removed in 
a time T, we may call T the modulus of the time of dissipation. 
When the density of the deposit is very small, T is very large, 
and may be reckoned by days or months. When the density of 
the deposit approaches its limiting value T diminishes very rapidly, 
and is probably a minute fraction of a second. In &ct, the rate 
of dissipation increases so rapidly that when the streng^ of the 
current is maintained constant, the separated gas, instead of con- 
tributing to increase the density of the deposit, escapes in bubbles 
as &st as it is formed. 

270.] There is therefore a great difference between the state of 
polarization of the electrodes of an electrolytic cell when the polari- 
zation is feeble, and when it is at its maximum value. For instance, 
if a number of electrolytic cells of dilute sulphuric acid with 
platinum electrodes are arranged in series, and if a small electro- 

VOL, I. X 
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motive torec, rooh as tbal of on« Duuell's cell, be vaaAe to net 
on tlut ciicmt, the «teetromotira forw will produce a current of 
ejMBB&ia^j ibort daration, for after a very short time the elec- 
tjomotjve tone arising from the polarization of the cell will balance 
tiiat of the DaniellV wll. 

The disipatiun will be rer; small in the cade of eo feeble a Etate 
of polarization, and it will take place by a very slow absorption 
of the gaaes and diffusion throngh the liquid. The rate of this 
(li».i|)atioa h indic3t(.-d by the exceedingly feeble current which 
vtill contiaaee to flow without any risible separation of gases. 

If we oegWt this diiisipatioa for the short time during which 
the state of polarization ie set up, and if wc call Q the total 
quantity of electricity which ts tranemilted by the current during 
thia time, then if ^ is the area of one of the electrodes, and v 
the density of the deposit, supposed uniform. 

If we now disconnect the electrodes of the el«;trolytic apparatus 
from the Daniell's cell, and connect them with a galvanometer 
capable of mcasiiriog tbc whole discharge through it. a quantity 
of electricity nearly tiqual trj Q will ho discharged as the polari- 
zation disappears. 

271.] Hence we may compare the action of this apparatus, which 
u a form of Ritter's Secondary File, with that of a Leyden jar. 

Both the secondary pile and the Leyden jar are capable of being 
charged with a certain amount of electricity, and of being after- 
wards discharged. During the discharge a quantity of electricity 
nearly eqoal to the charge passes in the opposite direction. The 
difference between the charge and the discharge arises partly &om 
dissipation, a process which in the case of small chaises is very 
slow, but which, when the charge exceeds a certain limit, becomes 
exceedingly rapid. Another part of the difference between the charge 
and the discharge arises from the fact that aft«r the electrodes 
have been connected for a time sufficient to produce an apparently 
complete discharge, so that the current has completely disappeared, 
if we separate the electrodes for a time, and afterwards connect 
them, we obtain a second discharge in the same directdoa as the 
original discharge. This is called the residual discharge, and is a 
phenomenon of the Leyden jar as well as of the secondary pile. 

The secondary pile may therefore be compared in several respects 
to a Leyden jar. There are, however, certain important differences. 
The charge of a Leyden jar is very exactly proportional to tlie 
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electromotive force of the charge, that is, to the difference of 
potentials of the two surfaces, and the charge corresponding to unit 
of electromotive force is called the capacity of the jar, a constant 
quantity. The corresponding quantity, which may be called the 
capacity of the secondary pile^ increases when the electromotive 
force increases. 

The capacity of the jar depends on the area of the opposed 
surfaces^ on the distance between them^ and on the nature of the 
substance between them, but not on the nature of the metallic 
surfaces themselves. The capacity of the secondary pile depends 
on the area of the surfaces of the electrodes, but not on the distance 
between them^ and it depends on the nature of the surface of the 
electrodes^ as well as on that of the fluid between them. The 
maximum difference of the potentials of the electrodes in each 
element of a secondary pile is very small compared with the maxi- 
mum difference of the potentials of those of a charged Leyden jar, 
so that in order to obtain much electromotive force a pile of many 
elements must be used. 

On the other hand, the superficial density of the charge in the 
secondary pile is immensely greater than the utmost superficial 
density of the charge which can be accumulated on the surfaces 
of a Leyden jar, insomuch that Mr. C. F. Varley *, in describing 
the construction of a condenser of great capacity^ recommends a 
series of gold or platinum plates immersed in dilute acid as prefer- 
able in point of cheapness to induction plates of tinfoil separated 
by insulating material. 

The form in which the energy of a Leyden jar is stored up 
is the state of constraint of the dielectric between the conducting 
surfaces^ a state which I have already described under the name 
of electric polarization^ pointing out those phenomena attending 
this state which are at present known^ and indicating the im- 
perfect state of our knowledge of what really takes place. See 
Arts. 62, 111. 

The form in which the energy of the secondary pile is stored 
up is the chemical condition of the material stratum at the surface 
of the electrodes, consisting of the ions of the electrolyte and the 
substance of the electrodes in a relation varying from chemical 
combination to superficial condensation, mechanical adherence, or 
simple juxtaposition. 

The seat of this energy is close to the surfiu^es of the electrodes, 

• Specification of C. F. Varley, * Electric Telegraphs, &c.,* Jan. 1860. * 
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and not throo^out the substance of tlie electrolyte, and the fonm ' 
in wliich it exists may Le called electrolytic polarization. 

After stadying the secondary pile in connexion with the LeydeD 
jar, the student should again compare the voltaic battery with 
some form of the electrical machine, each as that described in 
Art. 211. 

Mr. Varley has lately* found that the capacity of one eqaare 
inch is from 175 to 542 microfitrads and upwards for platinnm 
plates in dilute sulphuric acid, and that the capacity increases with 
the electromotive force, being about 175 for 0.02 of a Darnell's 
cell, aud 542 for 1.6 Daniell's cells. 

But the comparison between the Leyden jar and the secondary 
pile may be carried still farther, as in the following experiment, 
due to Bufff. It is only when the glass of the jar is cold that 
it is capable of retaining a charge. At a temperature below 100''C 
the gliiaa becomes a conductor. If a test-tube containing mercury 
is placed in a vessel of mercury, and if a pair of electrodes are 
connected, one with the inner and the other with the outer portion 
of mercury, the arrangement constitutes a Leyden jar which will 
hold a charge at ordinary temperatures. If the electrodes are con- 
nected with those of a voltuic battery, no current will pass as long 
as the glass is cold, but if the apparatus is gradually heated a 
current will begin to pass, and will increase rapidly in intensity as 
the temperature rises, though the glass remains apparently as hard 
as ever. 

This current is manifestly electrolytic, for if the electrodes are 
disconnected from the battery, and connected with a galyanometer, 
a considerable reverse current passes, due to polarization of the 
snr&cea of the glass. 

If, while the battery is in action the apparatns is cooled, the 
current is stopped by the cold glass as before, hnt the polarizatdon 
of the surfaces remains. The mercury may be removed, the sor&ces 
may be washed with nitric acid and with water, and fresh mercnry 
introduced. If the apparatus is then heated, the onnent of polar- 
ization appears as soon as the ^ass is sufficiently warm to condoct it. 

We may therefore regard glass at 100°C, thongh appaiently a 
solid body, as an electrolyte, and there is considerable reason 
to believe that in most instances in which a dielectric has a 
slight degree of conductivity the conduction is electrolytic. The 

,• Proe. fl. S., Jm. 12, 1B71. 
t Aimalm der Chemie und PhtmtacU, bd. xc. 367 (18M). 
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existence of polarization may be regarded as conclusiye evidence of 
electrolysis^ and if the conductivity of a substance increases as the 
temperature rises, we have good grounds for suspecting that it is 
electrolytic. 

On Constant Voltaic Elements. 

272.] When a series of experiments is made with a voltaic* 
battery in which polarization occurs^ the polarization diminishes 
during the time that the current is not flowing, so that when 
it begins to flow again the current is stronger than after it has 
flowed for some time. If, on the other hand, the resistance of the 
circuit is diminished by allowing the current to flow through a 
short shimt, then, when the current is again made to flow through 
the ordinary circuit, it is at first weaker than its normal strength 
on account of the great polarization produced by the use of the 
short circuit. 

To get rid of these irregularities in the current, which are 
exceedingly troublesome in experiments involving exact measure- 
ments, it is necessary to get rid of the polarization, or at least 
to reduce it as much as possible. 

It does not appear that there is much polarization at the surfSsu^ 
of the zinc plate when immersed in a solution of sulphate of zinc 
or in dilute sulphuric acid. The principal seat of polarization is 
at the surface of the negative metal. When the fluid in which 
the negative metal is immersed is dilute sulphuric acid, it is seen 
to become covered with bubbles of hydrogen gas^ arising firom the 
electrolytic decomposition of the fluid. Of course these bubbles, 
by preventing the fluid from touching the metal, diminish the 
surface of contact and increase the resistance of the circuit. But 
besides the visible bubbles it is certain that there is a thin coating 
of hydrogen, probably not in a free state, adhering to the metal, 
and as we have seen that this coating is able to produce an elec- 
tromotive force in the reverse direction, it must necessarily diminish 
the electromotive force of the battery. 

Various plans have been adopted to get rid of this coating of 
hydrogen. It may be diminished to some extent by mechanical 
means, such as stirring the liquid, or rubbing the sur&ce of the 
negative plate. In Smee's battery the negative plates are vertical, 
and covered with finely divided platinum from which the bubbles of 
hydrogen easily escape, and in their ascent produce a current of 
liquid which helps to brush off other bubbles as they are formed. 

A far more efficacious method^ however, is to employ chemical 
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force varies inversely as the square of the distance^ so that any 
error in the absolute distance introduces a large error in the result 
unless the distance is large compared with the limits of error of 
the micrometer screw. 

The effect of small irregularities of form in the surfaces of the 
disks and of the interval between them diminish according to the 
inverse cube and higher inverse powers of the distance^ and what^ 
ever be the form of a corrugated surface, the eminences of which 
just reach a plane surface, the electrical effect at any distance 
which is considerable compared to the breadth of the corrugations, 
is the same as that of a plane at a certain small distance behind 
the plane of the tops of the eminences. See Arts. 197, 198. 

By means of the auxiliary electrification^ tested by the auxiliary 
electrometer, a proper interval between the disks is secured. 

The auxiliary electrometer may be of a simpler construction, in 
which there is no provision for the determination of the force 
of attraction in absolute measure, since all that is wanted is to 
secure a constant electrification. Such an electrometer may be 
called a gauge electrometer. 

This method of using an auxiliary electrification besides the elec- 
trification to be measured is called the Heterostatic method of 
electrometry, in opposition to the Idiostatic method in which the 
whole effect is produced by the electrification to be measured. 

In several forms of the attracted disk electrometer, the attracted 
disk is placed at one end of an arm which is supported by being 
attached to a platinum wire passing through its centre of gravity 
and kept stretched by means of a spring. The other end of the 
arm carries the hair which is brought to a sighted position by 
altering the distance between the disks^ and so adjusting the force 
of the electric attraction to a constant value. In these electro- 
meters this force is not in general determined in absolute measure^ 
but is known to be constant, provided the torsional elasticity of 
the platinum wire does not change. 

The whole apparatus is placed in a Leyden jar, of which the inner 
surface is charged and connected with the attracted disk and 
guard-ring. The other disk is worked by a micrometer screw and 
is connected first with the earth and then with the conductor whose 
potential is to be measured. The difference of readings multiplied 
by a constant to be determined for each electrometer gives the 
potential required. 

219.] The electrometers already described are not self-actings 
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bat require for eitcb observation an adjustment of a micrometer 
screw, or Bome other moyement which must be made by the 
obBCrver. They are therefore not fitted to act as eelf-re^stering ia- 
fitrumenta, which miist of themselves move into the proper position. 
This condition is fulfilled by Thomson's Quadrant Electrometer. 

The electrical principle on which this instrument is founded may 
be thus explained : — 

A and B are two fixed conductors which may be at the same 
or at dilferent potentials. C is a moveable conductor at a high 
potential, which is bo placed that part of it is opposite to the 
surface of A and part opposite to that of S, and that the proportiooa 
of these parts are altered as C moves. 

For this purpose it is most convenient t« make C moveable about 
an axis, and make the opposed surfaces of A, of B, and of C portions 
of surfaces of revolution about the same axis. 

In this way the distance between the surface of C and the 
opposed surfaces of A or of B remains always the same, and the 
motion of (7 in the positive direction simply increases the area 
opposed to B and diminishes the area opposed to A, 

If the potentials of A and B are equal there will be no force 
urging C from A to B, but if the potential of C difiers from that 
of fi more than from that of A, then C will tend to move so as 
to incrwisL' thf arcn of its surface opposed to B. 

By a suitable arrangement of the apparatus this force may be 
made nearly constant for different positions of C within certain 
limits, so that if C is suspended by a torsion Shie, its deflexions 
will be nearly proportional to the difference of potentials betweea 
A and B multiplied by the difference of the potential of C from 
the mean of those of A and B. 

C is maintained at a high potential by means of a condenser 
provided with a replenisher and tested by a gauge electrometer, 
and A and B are connected with the two conductors the difference 
of whose potentials is to be measured. The higher the potential 
of C the more sensitive is the instrument. This electrification of 
C, being independent of the electrification to be measured, places 
this electrometer in the heterostatic class. 

We may apply to this electrometer the general theory of systems 
of conductors given in Arts. 93, 127. 

Let A, B, C denote the potentials of the three condnctors re- 
spectively. Let a, &, c be their respective capacities, p the coeflioient 
of induction between B and C, q that between C and A, and r that 
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between A and B, All these coefficients will in general vary with 
the position of C, and if (7 is so arranged that the extremities of A 
and B are not near those of (7 as long as the motion of (7 is confined 
within certain limits, we may ascertain the form of these coefficients. 
If B represents the deflexion of C from A towards B^ then the part 
of the surface of A opposed to C will diminish as B increases. 
Hence if J is kept at potential 1 while B and C are kept at potential 
0, the charge on A will be a = a^-^aB^ where a^ and a are 
constants, and a is the capacity of A. 

If A and B are symmetrical, the capacity of B is b = b^-^-aB, 

The capacity of C is not altered by the motion^ for the only 
effect of the motion is to bring a different part of C opposite to the 
interval between A and B. Hence c = Cq, 

The quantity of electricity induced on C when B is raised to 
potential unity is p = p^-^aB. 

The coefficient of induction between A and Cis q = q^ + aB. 

The coefficient of induction between A and B is not altered by 
the motion of C, but remains r = r^. 

Hence the electrical energy of the system is 

Q = iA^a+iBH + iC^c-^BCp + CAq+ABr, 
and if is the moment of the force tending to increase B^ 

dO 
= -j^ y A^B^C being supposed constant, 

^-^A^a + iB^a-BCa+CAa; 

or = aiA^B) {C^i(A + B)). 

In the present form of Thomson's Quadrant Electrometer the 
conductors A and B are in the form of 
a cylindrical box completely divided 
into four quadrants^ separately insu- 
lated^ but joined by wires so that two 
opposite quadrants are connected with 
A and the two others with B. 

The conductor C is suspended so as 
to be capable of turning about a 
vertical axis, and may consist of two 
opposite flat quadrantal arcs supported 
by their radii at their extremities. 




Fig. 19. 



In the position of equilibrium these quadrants should be partly 
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wHhtD A and p>rtljr within B, »nd the supportiDg radii Aould 
be near the middle of tiie qtudnnta of the hollow base, bo that 
the diviAont of the box and the extremities and sopports of C 
tnajr be as tar frcMD each other aa poeaible. 

The coodnctor C w kept permanently at a high potential \ty 
being amnected with the inner coating of the Lejdai jar which 
fonn* the caae of the instmment. f and A are connected, the first 
with the (mrth, and the other with the body whoee potential is to be 
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If the potential of this body is zero, and if the instrument b« 
ill adjiutmcDt, there ought to be no force tending to make C more, 
bat if the potential of ^ is of the same sign as that of C, then 
C will tend to move from J to fi with a nearly uniform fort-e, and 
the sospension apparatus will be twisted till an equal force is 
called into play and produces eijuilibrium. For deflexions within 
certain limits the deflexions of C will lie proportional to the 

By increasing the potential of C the sensibility of the insbument 
may be increased, and for small values of ^ (.1 + ff) the force will be 
nearly proportional to {J— B)C. 

On lie Measuremeni of EUeirie Polential. 

220.] In order to determine large differences of potential in ab- 
aolnt« measure we may employ the attracted disk electrometer, and 
compare the attraction with the effect of a weight. If at the same 
time we measore the diA'crence of potential of the same conductors 
by means of the quadrant electrometer, we shall ascertain the 
absolute value of certain readings of the scale of the quadrant 
electrometer, and in this way we may deduce the value of the scale 
readings of the quadrant electrometer in terms of the potential 
of the Bospended part, and the moment of torsion of the suspension 
apparatus. 

To ascertain the potential of a charged conductor of finite size 
we may connect the conductor with one electrode of the electro- 
meter, while the other is connected to earth or to a body of 
constant potential. The electrometer reading will give the potential 
of the conductor after the division of its electricity between it 
and the part of the electrometer with which it is put in contact. 
If K deD0t« the capacity of the conductor, and K' that of this part 
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of the electrometer, and if F, V denote the potentials of these 
bodies before making contact, then their common potential after 
making contact will be 

^ KV + KT 

^= K+r ' 

Hence the original potential of the conductor was 

If the conductor is not large compared with the electrometer^ 
K' will be comparable with JT, and unless we can ascertain the 
values of K and K^ the second term of the expression will have 
a doubtful value. But if we can make the potential of the electrode 
of the electrometer very nearly equal to that of the body before 
making contact^ then the uncertainty of the values of K and JT' 
will be of little consequence. 

If we know the value of the potential of the body approximately, 
we may charge the electrode by means of a * replenisher^ or other- 
wise to this approximate potential, and the next experiment will 
give a closer approximation. In this way we may measure the 
potential of a conductor whose capacity is small compared with 
that of the electrometer. 

To Measure the Potential at any Point in the Air. 

221.] First Method, Place a sphere, whose radius is small com- 
pared with the distance of electrified conductors^ with its centre 
at the given point. Connect it by means of a fine wire with the 
earth, then insulate it, and carry it to an electrometer and ascertain 
the total charge on the sphere. 

Then, if F be the potential at the given pointy and a the 
radius of the sphere, the charge on the sphere will be — Fa=Q, 
and if V be the potential of the sphere as measured by an elec- 
trometer when placed in a room whose walls are connected with 
the earth, then ^ jt-, 

whence F-h V = 0, 

or the potential of the air at the point where the centre of the 
sphere was placed is equal but of opposite sign to the potential of 
the sphere after being connected to earth, then insulated, and 
brought into a room. 

This method has been employed by M. Delmann of Creuznach in 
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^^^^^^pRnng the potential at ■ certain height ahore the earth's H 

Betoitd Mfliod. We Iiave supposed the sphere placed at the 
given point and first connected to earth, and then insulated, and 
carried into a space sarroanded tvith eonducting matter at potential 
xerg. 

Now let ns soppoae a fine insolated wire carried &om the eletv 
teide of the electrometer to the place where the potential is to 
be meaenred. Let the sphere be first discharged completely. Thia 
may he done by patting it into the inside of a vessel of the same 
metal which nearly snrrounds it and making it touch the resseJ. 
Now let the sphere thus discharged be carried to the end of the 
wire and made to tonch it. Since the sphere is not electrified it 
will be at the potential of the air at the place. If the electrode 
wire is at the same potential it will not be affected by the contact, 
bat if the electrode ie at a diSerent potential it will by contact 
with the sphere be made nearer to that of the air than it was 
before. By a saccesaion of such operations, the sphere being 
alternately discharged and made to touch the electrode, the poten- 
tial of the electrode of the electrometer will continually approach 
that of the air at the given point. 

222.] To measure the potential of a conductor without touching 
it, we may measure the potential of the air at any point in the 
neighbourhood of the conductor, and calculate that of the conductor 
from the result. If there be a hollow nearly snrrounded by the 
conductor, then the potential at any point of the air in this hollow 
will be very nearly that of the conductor. 

In this way it has been ascertained by Sir W. Thomson that if 
two hollow conductors, one of copper and the other of zinc, are 
in metallic contact, then the potential of the air in the hollow 
surrounded by zinc is positive with reference to that of the air 
in the hollow surrounded by copper. 

Third Method. If by any means we can cause a succession of 
small bodies to detach themselves from the end of the electrode, 
the potential of the electrode will approximate to that of the sur- 
rounding air. This may be done by causiug shot, filings, sand, or 
water to drop out of a funnel or pipe connected with the electrode. 
T^e point at which the potential is measured is that at which 
the stream ceases to be continuous and breaks into separate parts 
or drops. 

Another convenient method is to fasten a slow match to tbe 
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electrode. The potential is very soon made equal to that of the 
ail* at the burning end of the match. Even a fine metallic point 
is sufficient to create a discharge by means of the particles of the 
air when the difference of potentials is considerable^ but if we 
wish to reduce this difference to zero^ we must use one of the 
methods stated above. 

If we only wish to ascertain the sign of the difference of the 
potentials at two places, and not its numerical value, we may cause 
drops or filings to be discharged at one of the places from a nozzle 
connected with the other place, and catch the drops or filings 
in an insulated vessel. Each drop as it fiills is charged with a 
certain amount of electricity, and it is completely discharged into 
the vessel. The charge of the vessel therefore is continually ac- 
cumulating, and after a sufficient number of drops have fallen, the 
charge of the vessel may be tested by the roughest methods. The 
sign of the charge is positive if the potential of the nozzle is positive 
relatively to that of the surrounding air. 



MEASUREMENT OF SURPACE-DENSITY OF ELECTRIFICATION. 

Theory of the Proof Plane, 

228.] In testing the results of the mathematical theory of the 
distribution of electricity on the surface of conductors^ it is necessary 
to be able to measure the surface-density at different points of 
the conductor. For this purpose Coulomb employed a small disk 
of gilt paper fastened to an insulating stem of gum-lac. He ap- 
plied this disk to various points of the conductor by placing it 
so as to coincide as nearly as possible with the sur&ce of the 
conductor. He then removed it by means of the insulating stem, 
and measured the charge of the disk by means of his electrometer. 

Since the surface of the disk, when applied to the conductor, 
nearly coincided with that of the conductor, he concluded that 
the surfax^e-density on the outer surface of the disk was nearly 
equal to that on the surface of the conductor at that place^ and that 
the charge on the disk when removed was nearly equal to that 
on an area of the surface of the conductor equal to that of one side 
of the disk. This disk, when employed in this way^ is called 
Coulomb's Proof Plane. 

As objections have been raised to CoulomVs use of the proof 
plane^ I shall make some remarks on the theory of the experiment. 
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llie experiment consists in bringing a small conducting body 
into contact with the surface of the conductor at the point where 
the density is to be measured, and then removing the body and 
determining its charge. 

We have first to shew that the charge on the small body when 
in contact vrith the conductor is proportioual to the surface- 
density which existed at the point of contact before the small body 
n-as placed there. 

Wc shall BuppoBC that oil the dimensions of the small body, and 
eepeeially its dimension in the direction of the normal at the point 
of contact, are small compared with either of the radii of curvatore 
of the oonductuf at the point of contact. Hence the variation of 
the resultant force due to the conductor supposed rigidly electrified 
within the space occu]>ied by the small body may be neglected, 
and we may treat the surface of the conductor near the small body 
as a plane snrface. 

Now the charge which the small body will take by contact with 
a plane surface will be proportional to the resultant force normal 
to the snrface, that is, to the surFace-denfiity. We shall ascertain 
the amount of ihe charge for particular forms of the l>ody. 

We have next to shew that when the small body is removed no 
spark will pass between it and the conductor, so that it will carry 
its charge with it, This i^ evident, because when the bodies are 
in contact their potentials are the same, and therefore the density 
on the parts nearest to the point of contact is extremely small. 
When the small body is removed to a very short distance from 
tiie conductor, which we shall suppose to be electrified positively, 
then the electrification at the point nearest to the small body is 
no longer zero but positive, but, since the charge of the small body 
is positive, the positive electrification close to the small body will 
be less than at other neighbouring points of the surface. Now 
the passage of a spark depends in general on the magnitude of the 
resultant force, and this on the surface-density. Hence, since we 
suppose that the conductor is not so highly electrified as to be 
discharging electricity from the other parts of its surface, it will 
not discharge a spark to the snuill body irom a part of its surface 
which we have shewn to have a smaller surface-density. 

224.] We shall now consider various forms of the small body. 

Suppose it to be a small hemisphere applied to the conductor so 
as to touch it at the centre of its flat side. 

Ijet the conductor be a large sphere, and let us modify the form 
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of the hemisphere so that its surface is a little more than a hemi- 
sphere, and meets the surface of the sphere at right angles. Then 
we have a case of which we have already obtained the exact solution. 
See Art. 168. 

If A and B be the centres of the two spheres cutting each other 
at right angles, DI/ a diameter of the circle of intersection, and C 
the centre of that circle^ then if F is the potential of a conductor 
whose outer surface coincides with that of the two spheres, the 
quantity of electricity on the exposed surface of the sphere A is 

\r{AI)^BD'VAC^CI)--BC\ 
and that on the exposed surface of the sphere B is 

\r{AI)+BD^BC^CD''AC), 

the total charge being the sum of these, or 

r{Al)^BD^CD). 

If a and /3 are the radii of the spheres^ then, when a is large 
compared with /3, the charge on £ is to that on J in the ratio of 

7 2 (l + o - + ^ -^ + &c.) to 1. 
4 a^ ^ 3 o 6 o* ^ 

Now let <T be the uniform surface-density on A when ^ is re- 
moved, then the charge on A is 

4 71 a^ (T, 
and therefore the charge on B is 

3 7ri32(r(l + ^ - + &C.V 
^ 3 a ^ 

or, when B is very small compared with a, the charge on the 
hemisphere B is equal to three times that due to a surface-density o- 
extending over an area equal to that of the circular base of the 
hemisphere. 

It appears from Art. 175 that if a small sphere is made to touch 
an electrified body, and is then removed to a distance from it, the 
mean surface-density on the sphere is to the sur&ce-density of the 
body at the point of contact as w^ is to 6, or as 1.646 to 1. 

225.] The most convenient form for the proof plane is that of 
a circular disk. We shall therefore shew how the charge on a 
circular disk laid on an electrified surface is to be measured. 

For this purpose we shall construct a value of the potential 
function so that one of the equipotential surfaces resembles a circular 
flattened protuberance whose general form is somewhat like that of 
a disk lying on a plane. 
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Let a be the gnr&ce-density of a plane, which we ehall &uppoae 
to be that of xy. 

The [loteDtuiI due to this electrificatioa will be 

Now let two disks of ntdius a be rigidly electrified with surfiice- 
deDsities — a and + tr'. Let the first of these be plaeed on the plane 
of ay with its centre at the origin, and the second parallel to it at 
the very emal] distance e. 

Then it may be shewn, as we shall see in the theory of ma^ 
netism, that the potential of the two disks at any point \a on/ c^ 
where ta is the solid angle snbtended by the edge of either disk at 
the point. Henee the potential of the whole system will be 

The forms of the equipotential surfaces and lines of induction 
are given on the left-hand side of Fig. XX, at the end of Vol. II. 

Let OS trace the form of the suriace for which F= 0. This 
surface is indicated by the dotted line. 

Putting the distance of any point from the axis of r = r, tben> 
when T is much less than a, and j is small, 

w = 27r— 2jr- + &c. 

Hence, for values of r considerably less than a, the equation of 
the zero equipotential surface is 



Hence this equipotential surface near the axis is nearly flat. 

Outside the disk, where r is greater than a, w is zero when £ is 
zero, so that the plane of xy is part of the equipotential sorfitce. 

To find where these two parts of the surface meet, let us find at 

what point of this plane -j- = 0. 

"When r is very nearly equal to a 

dr ^ 2</e 

-j- = -4ff(r+ 

az r—a 

Hence, when 

dV a'c 

dz " ^ 2 ff ff 

Tlie eqmpoteatial surface F = is therefore composed of a disk- 
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like figure of radios Vq, and nearly uniform thickness Zq, and of the 
part of the infinite plane of xy which lies beyond this fig^e. 

The surface-integral over the whole disk gives the charge of 
electricity on it. It may be founds as in the theory of a circular 
current in Part IV, to be 

Q = 4ira<r'(?{log 2} + Tr<rrQ^. 

Tq a 

The charge on an equal area of the plane surface is ir o- Tq^, hence 

the charge on the disk exceeds that on an equal area of the plane 

in the ratio of . « ^ i Sirr , .j_ 

1 + 8 - log to imity, 

T Z 

where z is the thickness and r the radius of the disk^ z being sup- 
posed small compared with r. 

On Electric Accumulators and the Measurement of Capacity, 

226.] An Accumulator or Condenser is an apparatus consisting 
of two conducting surfiEices separated by an insulating dielectric 
medium. 

A Leyden jar is an accumulator in which an inside coating of 
tinfoil is separated from the outside coating by the glass of which 
the jar is made. The original Leyden phial was a glass vessel 
containing water which was separated by the glass from the hand 
which held it. 

The outer surface of any insulated conductor may be considered 
as one of the surfaces of an accumulator, the other being the earth 
or the walls of the room in which it is placed^ and the intervening 
air being the dielectric medium. 

The capacity of an accumulator is measured by the quantity of 
electricity with which the inner surface must be charged to make 
the difference between the potentials of the surfaces unity. 

Since every electrical potential is the sum of a number of parts 
found by dividing each electrical element by its distance from a 
point, the ratio of a quantity of electricity to a potential must 
have the dimensions of a line. Hence electrostatic capacity is a 
Unear quantity, or we may measure it in feet or metres without 
ambigoity. 

In electrical researches accumulators are used for two principal 
purposes, for receiving and retaining large quantitieid of electricity 
in as small a compass as possible, and for measuring definite quan- 
tities of electricity by means of the potential to which they raise 
the accumulator. 
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Por the retention of electrical charg«« nothing has been derised 
more perfect than the Leyden jar. The princip«l part of the toct 
ariaes from the electricity creeping along the damp anooated sarGu« 
of the glasi from the one ccating to th« other. This may be checked 
is a t{Teat de^ri'ee by artjiiciaily drying the air within the jar, and 
by vamiiihing the Borface of the glass where it is exposed to the 
atmotpbere. In Sir W, Thomson's «Wtrosco|«(s there is a reiy 
rnnnll pereentage of loa^ from day to day. and I iielieve that none 
of thia loBB can be tracerl to direct conduetioa either tbrotigh air 
or throngh gla&i when the glass is good, but that it ariaes chiefly 
from raperficial condaction along the various insulating steins and 
glaaa mirffloea of the instrument. 

In fact, the eame electrician has communicated a charge to 
fDlj)huric acid in a large bulb with a long neck, and has then her- 
metically seaL-d the neck by fusing it, §0 that the charge w-aa com- 
pletely atuTounded by glass, and after some years the charge was 
fband *till to be retained. 

It )■ only, however, when cold, that gloss insulates in this 
ty, for the charge escapee at once if the glass is heated to 

temperature below KI0°C. 

When it ia desired to obtain great capacity in fimall compasR, 
accumulators in which the dielectric is sheet caoutchouc, mica, or 
paper impregnated with paraffin are convenient. 

227.] For accumulators of the second class, int«nded for the 
measurement of quantities of electricity, all solid dielectrics mast be 
employed with great caution on account of the property which they 
possess called Electric Absorption. 

The only safe dielectric for such accumulators is air, which has 
this inconvenience, that if any dust or dirt gets into the narrow 
apace between the opposed surfaces, which ought to be occupied only 
by air, it not only alters the thickness of the stratum of air, but 
may establish a connexion between the opposed surfaces, in which 
case the accumulator will not hold a charge. 

To determine in absolute measure, that is to say in feet or metres, 
the capacity of an accnmulator, we must either first ascertain ita 
form and size, and then solve the problem of the distribution of 
electricity on its opposed snr&oes, or we must compare its capacity 
with tiiat of another accumulator, for which this problem has been 
solved. 

As the problem is a very difficult one, it is best to begin with an 
accumulator conetructed of a form for which the solution is known. 
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Thus the capacity of an insulated sphere in an unlimited space is 
known to be measured by the radius of the sphere. 

A sphere suspended in a room was actually used by MM. Kohl- 
rausch and Weber, as an absolute standard with which they com- 
pared the capacity of other accumidators. 

The capacity^ however, of a sphere of moderate size is so small 
when compared with the capacities of the accumulators in common 
use that the sphere is not a convenient standard measure. 

Its capacity might be greatly increased by surrounding the 
sphere with a hollow concentric spherical surface of somewhat 
greater radius. The capacity of the inner surface is then a fourth 
proportional to the thickness of the stratum of air and the radii of 
the two surfaces. 

Sir W. Thomson has employed this arrangement as a standard of 
capacity, but the difficulties of working the surfaces truly spherical^ 
of making them truly concentric, and of measuring their distance 
and their radii with sufficient accuracy^ are considerable. 

We are therefore led to prefer for an absolute measure of capacity 
a form in which the opposed surfaces are parallel planes. 

The accuracy of the surface of the planes can be easily tested, 
and their distance can be measured by a micrometer screw, and 
may be made capable of continuous variation, which is a most 
important property of a measuring instrument. 

The only difficulty remaining arises from the fact that the planes 
must necessarily be bounded^ and that the distribution of electricity 
near the boundaries of the planes has not been rigidly calculated. 
It is true that if we make them equal circular disks, whose radius 
is large compared with the distance between them, we may treat 
the edges of the disks as if they were straight lines, and calculate 
the distribution of electricity by the method due to Helmholtz, and 
described at Art. 202. But it will be noticed that in this case 
part of the electricity is distributed on the back of each disk, and 
that in the calculation it has been supposed that there are no 
conductors in the neighbourhood, which is not and cannot be the 
case in a small instrument. 

228.] We therefore prefer the following arrangement^ due to 
Sir W. Thomson^ which we may call the Guard-ring arrangement, 
by means of which the quantity of electricity on an insulated disk 
may be exactly determined in terms of its potential. 
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The Guard-ring Aceumutator. 
Bb is a cylindrical vessel of condnctiDg material of which the 
outer Borface of the upper face is accurately plane. This upper 
Burface consists of two parts, 
a disk A, and a broad ringf 
BB gurrounding the disk, 
separated from it hy a very 
email interval all roimd, ju&t 
sufficient to prevent sparks 
passing. The upper surface 
of the disk is accurately in 
the same plane with that of 
the guard-ring. The disk is 
supported by pillars of insulating material GG. C is a metal disk, 
the under surface of which is accurately plane and parallel to BB. 
The disk C is considerably larger than A. Its distance from A 
is adjusted and measured by means of a micrometer screw, which 
is not given in the figure. 

This accumulator is used as a measimng instrument as follows : — 
Suppose C to be at ]»otential zero, and the disk A and vessel Bb 
both at potential V. Then there will be no electrification on the 
back of the disk because the vessel is nearly closed and is all at the 
same potential. There will be very little electrification on the 
edges of the disk because BB is at the same potential with the 
disk. On the face of the disk the electrification will be nearly 
uniform, and therefore the whole charge on the disk will be almost 
exactly represented by its area multiplied by the sur&ce-densit)' oa 
a plane, as given at Art. 1 24. 

In fact, we learn from the investigation at Art. 201 that the 
charge on the disk is 

-iB^ + Ri R'-R' a ) 
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where R is the radius of the disk, R that of the hole in the guard- 
ring, A the distance hetweea A and C, and a a quantity which 

cannot exceed {R—R) °' ■ 

If the interval between the disk and the guard-ring is small 
compared with the distance between A and C, the second term will 
be very small, and the charge on the disk will be nearly 
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Now let the vessel Bbhe put in conDexion with the earth. The 
charge on the disk A will no longer be uniformly distributed, but it 
will remain the same in quantity, and if we now discharge A we 
shall obtain a quantity of electricity, the value of which we know 
in terms of F, the original difference of potentials and the measur- 
able quantities i2, R and A. 

On the Comparison of the Capacity of Accumulators, 

229.] The form of accumulator which is best fitted to have its 
capacity determined in absolute measure from the form and dimen- 
sions of its parts is not generally the most suitable for electrical 
experiments. It is desirable that the measures of capacity in actual 
use should be accumulators having only two conducting surfaces^ one 
of which is as nearly as possible surrounded by the other. The 
guard-ring accumulator, on the other hand^ has three independent 
conducting portions which must be charged and discharged in a 
certain order. Hence it is desirable to be able to compare the 
capacities of two accumulators by an electrical process^ so as to test 
accumulators which may afterwards serve as secondary standards. 

I shall first shew how to test the equality of the capacity of two 
guard-ring accumulators. 

Let A be the disk, £ the guard-ring with the rest of the con- 
ducting vessel attached to it, and C the large disk of one of these 
accumulators, and let A% B^ and C be the corresponding parts of 
the other. 

If either of these accumulators is of the more simple kind, having 
only two conductors, we have only to suppress B or J?', and to 
suppose u!< to be the inner and C the outer conducting surface. C 
in this case being understood to surround A. 

Let the following connexions be made. 

Let B be kept always connected with C\ and V with (7, that is, 
let each g^rd-ring be connected with the large disk of the other 
condenser. 

(1) Let A be connected with B and C and with /, the electrode 
of a Leyden jar, and let A be connected with B and C and with 
the earth. 

(2) Let Ay -B, and C be insulated from /. 

(3) Let J be insulated from B and C\ and Al from B and C 

(4) Let B a^d C be connected with B and C and with the 
earth. 

(6) Let A be connected with A!. 
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(1) 


0=C=S=^ 1 A=B=C=1. 


0) 


o=c=s=jr 1 J=B=C\J. 


(» 


o=Cott\^ 1 j\B=c: 


(4) 


t=c=B\jr 1 j\B=(r=t. 


(5) 


<l=€=B\jr = A\B=C=ll. 


(«) 


o=c=i- 1 ^= «= J 1 S=C=o. 



^H fii) list ^ uh) ^ bs oonneeted with ui dcctnacpps £. 

^^ Here the nga of etjoality expresses electrical connexu^i, and the 
Terlicat stroke expresses ituuUtioD. 

la (I) the two MmmuUton are chaj^ged ^ipositelj, so that^ b 
positive and ^ ncf^re, the charges on A and A^ being aniforml/ 
dintntiiiled oo the npper saifiwe opposed to the large disk of each 
accDinulator. 

In (2) the jar ii removed, and id (3) the charges on A and J" are 
iiuDlat4.'d. 

In (4) the gtiard<nn^ are coDQected with the Urge disks, so that 
tlie dkarges on A and A', though unaltered in magnitude, are now 
diftributed over their whole Borface. 

It) (5) A is e»nn(H*lJ.-d with A". If the charges are equal and of 
(ip|.-. if/- iLrris, ill'/ (■K-i:irili'.iti'in will >n.- entirely destroyed, and 
in (6) this i» tested by means of the electroscope E. 

The electroscope E will indicate positive or negative electrification 
according as A or A' has the greater capacity. 

■By means of a key of proper construction, the whole of these 
operations can be performed in dae succession in a very small 
fraction of a second, and the capacities adjusted till no electric 
fication can be detected by the electroscope, and in this way the 
capacity of an accumulator may be adjusted to be equal to that of 
any other, or to the sum of the capacities of several accumulators, 
so that a system of accamutatore may be formed, each of which has 
its capacity determined in absolute measure, i. e. in feet or in metres, 
while at the same time it is of the construction most suitable for 
electrical experiments. 

This method of comparison will probably be found useful in 
determining the specific capacity for electrostatic induction of 
different dielectrics in the form of plates or disks. If a disk of 
the dielectric is interposed between A and C, the disk being con- 
siderably larger than A, then the capacity of the accumulator vrill 
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be altered and made equal to that of the same aecmnulator when A 
and C are nearer together. If the accumulator with the dielectric 
plate^ and with A and C at distance x, is of the same capacity as 
the same accumulator without the dielectric, and with A and C at 
distance x, then, if a is the thickness of the plate, and K its specific 
dielectric inductive capacity referred to air as a standard, 

a-^af—x 

The combination of three cylinders, described in Art. 127, has 
been employed by Sir W. Thomson as an accumulator whose capa- 
city may be increased or diminished by measurable quantities. 

The experiments of MM. Gibson and Barclay with this ap- 
paratus are described in the Proceedings of the Royal Society , Feb. 2, 
1871, and Phil, Tpans.^ 1871, p. 673. They found the specific in- 
ductive capacity of paraffin to be 1.975, that of air being unity. 
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ELECTBOKINEMATICS. 



CHAPTEB I. 



THE ELECTEIC CrEREST. 



280.] Wb bare eeen, in Ait. 43, that wben a oondnctor is in 
electrical eqnilibrinm the potential at every point of the oondactiv 
mn«t be the same. 

If two conductors A and B are charged wiUi electricj^ so that 
the potential of J is hi'gber than that of S, then, if they are pat 
in communication by means of a metallic wire C touching both of 
them, part of the charge of A will be transferred to B, and the 
potentials of A and B will become in a very short time eqoalized. 

331.] Ihiring this process certain phenomena are ohseired in 
the wire C, which are called the phenomena of the electric conflict 
or current. 

The first of these phenomena is the transference of positive 
electrification from A to B and of negative electrification from B 
to A. This transference may be also efiected in a slower manner 
by bringing a small insulated body into contact vrith A and B 
alternately. By this process, which we may call electrical con- 
vection, BDCCessive small portions of the electrification of each body 
are transferred t« the other. In either case a certain quantity of 
electricity, or of the state of electrification, passes from one place 
to another along a certain path in the space between the bodies. 

Whatever therefore may be our opinion of the nature of elec- 
tricity, we must admit that the process which we have described 
constitutes a current of electricity. This current may be described 
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as a current of positive electricity from A to B, or Sk current of 
negative electricity from ^ to ^, or as a combination of these two 
currents. 

According to Fechner's and Weber's theory it is a combination 
of a current of positive electricity with an exactly equal current 
of negative electricity in the opposite direction through the same 
substance. It is necessary to remember this exceedingly artificial 
hypothesis regarding the constitution of the current in order to 
understand the statement of some of Weber^s most valuable ex- 
perimental results. 

If, as in Art. 36, we suppose P units of positive electricity 
transferred from AtoB, and iV" units of negative electricity trans- 
ferred from -B to ^ in unit of time, then, according to Weber's 
theory, P=N, and P or iVis to be taken as the numerical measure 
of the current. 

We, on the contrary, make no assimiption as to the relation 
between P and N, but attend only to the result of the current, 
namely, the transference of P-fiV" of positive electrification from A 
to J9, and we shall consider P-\-N the true measure of the current. 
The current, therefore, which Weber would call 1 we shall call 2. 

On Steady Currents. 

232.] In the case of the current between two insulated con- 
ductors at difierent potentials the operation is soon brought to 
an end by the equalization of the potentials of the two bodies, 
and the current is therefore essentially a Transient current. 

But there are methods by which the difference of potentials of 
the conductors may be maintained constant, in which case the 
current will continue to flow with uniform strength as a Steady 
Current. 

The Voltaic Battery. 

The most convenient method of producing a steady current is by 
means of the Voltaic Battery. 

For the sake of distinctness we shall describe Darnell's Constant 
Battery : — 

A solution of sulphate of zinc is placed in a cell of porous earth- 
enware, and this cell is placed in a vessel containing a saturated 
solution of sulphate of copper. A piece of zinc is dipped into the 
sulphate of zinc, and a piece of copper is dipped into the sulphate 
of copper. Wires are soldered to the zinc and to the copper above 
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the surface of the liquid. This combination is called a cell or 
element of Darnell's batt«ry. See Art. 272. 

233.] If the cell is insnlated by being placed on a non-con- 
ducting stand, and if the wire connected with the copper is put 
in contact with an insulated conductor A, and the wire connected 
with the zine is put in contact with B, another insulated conductor 
of the same metal as A, then it may be shewn by means of a delicate 
electrometer tliat the potentL'J of A exceeds that of 5 by a certain 
quantity. This difference of potentials is called the £lectromotivfl 
Force of the DanieU's Cell. 

If A and B are now disconnected from the cell and put in 
communication by means of a wire, a transient current passes 
through the wire from A to B, and the potentials of A and B 
become equal. A and B may then be charged again by the cell, 
and the i>rocess repeated as long as the cell will work. But if 
J and £ be connected by means of the wire C, and at the same 
time connected with the battery as before, then the cell will main- 
tain a constant current through C, and also a constant difference 
of potentials between A and B. This difference will not, as we 
shall see, be equal to the whole electromotive force of the cell, for 
part of this force is spent iu maintaining the current throngh the 
cell itself. 

A number of cells placed in aeries so that tlie zinc of the first 
cell ia connected by metal with the copper of the second, and 
80 on, is called a Voltaic Battery. The electromotive force of 
such a battery is the sum of the electromotive forces of the cells 
of which it is composed. If the battery is insulated it may be 
charged with electricity as a whole, but the potential of the copper 
end will always exceed that of the zinc end by the electromotive 
force of the battery, whatever the absolute value of either of these 
potentials may be. The cells of the battery may be of very various 
construction, containing different chemical substances and different 
metals, provided they are such that chemical action does not go 
on when no current passes. 

234.] Let us now consider a voltaic battery with it« ends insulated 
from each other. The copper end will be positively or vitreously 
electrified, and the zinc end will be negatively or resinously electrified. 

Let the two ends of the battery be now connected by means 
of a wire. An electric current will commence, and will in a very 
short time attain a constant value. It is then said to be a Steady 
Current. 
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Properties of the Current. 

235.] The current forms a closed circuit in the direction from 
copper to zinc through the wires, and from zinc to copper through 
the solutions. 

If the circuit be broken by cutting any of the wires which 
connect the copper of one cell with the zinc of the next in order, the 
current will be stopped, and the potential of the end of the wire 
in connexion with the copper will be found to exceed that of the 
end of the wire in connexion with the zinc by a constant quantity, 
namely, the total electromotive force of the circuit. 

Electrolytic Action of the Current. 

236.] As long as the circuit is broken no chemical action goes 
on in the cells, but as soon as the circuit is completed, zinc is 
dissolved from the zinc in each of the Daniell's cells, and copper is 
deposited on the copper. 

The quantity of sulphate of zinc increases, and the quantity of 
sulphate of copper diminishes unless more is constantly supplied. 

The quantity of zinc dissolved and also that of copper deposited is 
the same in each of the Daniels's cells throughout the circuit, what- 
ever the size of the plates of the cell, and if any of the cells be of a 
difierent constructiou, the amount of chemical action in it bears 
a constant proportion to the action in the Daniell's cell. For 
instance, if one of the cells consists of two platinum plates dipped 
into sulphuric acid diluted with water, oxygen will be given off 
at the surface of the plate where the current enters the liquid, 
namely, the plate in metallic connexion with the copper of DanielFs 
cell, and hydrogen at the sur£Etce of the plate where the current 
leaves the liquid, namely, the plate connected with the zinc of 
Daniell's cell. 

The volume of the hydrogen is exactly twice the volume of the 
oxygen given off in the same time, and the weight of the oxygen is 
exactly eight times the weight of the hydrogen. 

In every cell of the circuit the weight of each substance dissolved^ 
deposited, or decomposed is equal to a certain quantity called the 
electrochemical equivalent of that substance, multiplied by the 
strength of the current and by the time during which it has 
been flowing. 

For the experiments which established this principle, see the 
seventh and eighth series of Faraday's Ihpperimental BesearcAes; 

V 2 
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of the form A will be the reciprocal of the corresponding coeffi- 
cient of the form r. The expression for p will be 

?! + ^ + ?! = _el_. (22) 

Ti r^ rg r^r^r^ 

808.] The theory of the complete system of equations of resist- 
ance and of conductivity is that of linear functions of three vari- 
ables^ and it is exemplified in the theory of Strains *, and in other 
parts of physics. The most appropriate method of treating it is 
that by which Hamilton and Tait treat a linear and vector fimction 
of a vector. We shall not, however, expressly introduce Quaternion 
notation. 

The coefficients T^, T<^, T^ may be regarded as the rectangular 
components of a vector T, the absolute magnitude and direction 
of which are fixed in the body, and independent of the direction of 
the axes of reference. The same is true of ^, ^g, ^3, which are the 
components of another vector L 

The vectors T and t do not in general coincide in direction. 

Let us now take the axis of 2^ so as to coincide with the vector 
Ty and transform the equations of resistance accordingly. They 
will then have the form 

r= S^uJtR2V-\-S^w + Tu, > (23) 

It appears from these equations that we may consider the elec- 
tromotive force as the resultant of two forces^ one of them depending 
only on the coefficients R and 8, and the other depending on T alone. 
The part depending on R and S is related to the current in the 
same way that the perpendicular on the tangent plane of an 
ellipsoid is related to the radius vector. The other part, depending 
on T, is equal to the product of T into the resolved part of the 
current perpendicular to the axis of T, and its direction is per- 
pendicular to T and to the current, being always in the direction in 
which the resolved part of the current would lie if turned 90** in 
the positive direction round T. 

Considering the current and T as vectors, the part of the 
electromotive force due to T is the vector part of the product, 
Tx current. 

The coefficient T may be called the Rotatory coefficient. "We 

• See Thomson and Tait's Natural PhUotophy, § 154. 
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haro reasoD to bebere that it does cot exist io any knowD sab- 
Etanoe. It shoold be found, if anywhere, id magneto, which h^ve 
a polarization in one direction, probably doe to a rotational phe- 
nomeuoD in the gnhstanoe. 

304.] Let us next consider the general chiuacterietic ecjaation 

of r, 

d f dF dV rfr, d f dV dF dr. 
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where the coefficients of condactivitj p, q, r may have any positive 
values, continuous or discontinuoas, at any point of space, and F 
vanishes at infinity. 

Also, let a,6,che three fimctionE of x, y, z satisfying tlie cx>nditioD 

; (25) 



(26) 



Finally, let the triple-integral 

1F=fff{B,a* + lt^i,^ + B,c' 

+ (Pi + Q,)6c + (P^+Q^ca + (P,+ Q^ai) dxdydz (27) 
be extended over spaces bounded as in the eunQciation of Art. 97, 
where the coefficients P, Q, R are the coefficients of resistance. 

Then W will have a unique minimum value when a, 6, c are such 
that V, V, K are each everywhere zero, and the characteristic equation 
(24) will therefore, as shewn in Art. 98, have one and only one 
solution. 

In this case W represents the mechanical equivalent of the heat 
generated by tfae current in the system in unit of time, and we have 
to prove that there is one way, and one only, of malting this heat 
a minimum, and that the distribution of currents {abc) in that case 
is that which arises from the solution of the characteristic equation 
of the potential V. 

The quantity W may he written in terms of equations (25) and (26), 
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* dF* dF' 



+ r2 — 



+ r» 



dz 



+ (-?!+ Qdvw + {Pi+Q^Ku+{P^+ Q^uv}da!dydz 

Since ^+^ + §?^0, (29) 

ax ay az 

the third term of W vanishes within the limits. 

The second term, being the rate of conversion of electrical energy 
into heat, is also essentially positive. Its minimum value is zero, 
and this is attained only when u, r, and w are everywhere zero. 

The value of iST is in this case reduced to the first term, and is 
then a minimum and a unique minimum. 

805.] As this proposition is of great importance in the theory of 
electricity, it may be useful to present the following proof of the 
most general case in a form free &om analytical operations. 

Let us consider the propagation of electricity through a conductor 
of any form, homogeneous or heterogeneous. 

Then we know that 

(1) K we draw a line along the path and in the direction of 
the electric current, the line must pass &om places of high potential 
to places of low potential. 

(2) If the potential at every point of the system be altered in 
a given uniform ratio, the currents will be altered in the same ratio, 
according to Ohm's Law. 

(3) If a certain distribution of potential gives rise to a certain 
distribution of currents, and a second distribution of potential gives 
rise to a second distribution of currents, then a third distribution in 
which the potential is the sum or difference of those in the first 
and second will give rise to a third distribution of currents, such 
that Uie total current passing through a given finite surface in the 
third case is the sum or difference of the currents passing through 
it in the first and second cases. For, by Ohm's Law, the additional 
current due to an alteration of potentials is independent of the 
original current due to the original distribution of potentials. 

(4) If the potential is constant over the whole of a closed surface, 
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and if there are no electrodes or intrinsic electromotive foroes 
within it, then there will be no currents within the closed sur&ce, 
and the potential at any point within it will be equal to that at the 
surface. 

If there are currents within the closed surface they must either 
be closed curves, or they must begin and end either within the 
closed surface or at the surfiice itself. 

But since the current miist pass from places of high to places of 
low potential, it cannot flow in a closed curve. 

Since there are no electrodes within the surface the curreoit 
cannot begin or end within the closed surface, and since the 
potential at all points of the surface is the same, there can be 
no current along lines passing from one point of the sur&ce to 
another. 

Hence there are no current* within the surface, and therefore 
there can be no difference of potential, as such a diSerence would 
produce currents, and therefore the potential within the closed 
surface is everywhere the same as at the surface. 

(5) If there is no electric current through any part of a closed 
surface, and no electrodes or intrinsic electromotive forcee within 
the surface, there will he no currents within the surface, and the 
potential will be uniform. 

We have seen that the currents cannot form closed curves, or 
begin or terminate within the surface, and siuce by the hypothesis 
they do not pass through the surface, there can be no currents, and 
therefore the potential is constant. 

(6) If the potential is uniform over part of a closed surface, and 
if there is no current through the remainder of the surface, the 
potential within the sur&ce will be uniform for the same reasons. 

(7) If over part of the surface of a body the potential of every 
point is known, and if over the rest of the surface of the body the 
current passing through the surface at each point is known, then 
only one distribution of potentials at points within the body can 
exist. 

For if there were two diflerent values of the potential at any 
point within the body, let these he V^ in the first case and F^ in 
the second case, and let us imagine a third case in which the 
potential of every point of the body is the excess of potential in the 
first case over that in the second. Then on that part of the surface 
for which the potential is known the potential in the third case will 
be zero, and on that part of the surface through which the currents 
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are known the currents in the third ease will be zero, so that by 
(6) the potential everywhere within the surface will be zero, or 
there is no excess of Fi over F^, or the reverse. Hence there is 
only one possible distribution of potentials. This proposition is 
tme whether the solid be bounded by one closed surfisuse or by 
several. 

On the Approximate Cdlculation of the 'Resistance of a Ckmductof 

of a given Form, 

806.] The conductor here considered has its surface divided into 
three portions. Over one of these portions the potential is main- 
tained at a constant value. Over a second portion the potential has 
a constant value different from the first. The whole of the remainder 
of the surface is impervious to electricity. We may suppose the 
conditions of the first and second portions to be fidfilled by applying 
to the conductor two electrodes of perfectly conducting material^ 
and that of the remainder of the surface by coating it with per- 
fectly non-conducting material. 

Under these circumstances the current in every part of the 
conductor is simply proportional to the difference between the 
potentials of the electrodes. Calling this difference the electro- 
motive force, the total current from the one electrode to the other 
is the product of the electromotive force by the conductivity of the 
conductor as a whole, and the resistance of the conductor is the 
reciprocal of the conductivity. 

It is only when a conductor is approximately in the circumstances 
above defined that it can be said to have a definite resistance, or 
conductivity as a whole. A resistance coil, consisting of a thin 
wire terminating in large masses of copper, approximately satisfies 
these conditions, for the potential in the massive electrodes is nearly 
constant, and any differences of potential in different points of the 
same electrode may be neglected in comparison with the difference 
of the potentials of the two electrodes. 

A veiy useful method of calculating the resistance of such con- 
ductors has been given, so far as I know, for the first time, by 
the Hon. J. "W. Strutt, in a paper on the Theory of Resonance^. 

It IB founded on the following considerations. 

If the specific resistance of any portion of the conductor be 
changed, that of the remainder being unchanged, the resistance of 

• Pm. Trant., 1871, p. 77. See Art. 102. 
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Uie whole oonductor will be increased if that of Uie portion 
increaseil, and dimiiiished if tb&t of the portion be diminiehed. 

This principle may be regarded as eelf-erident, but it may easily 
be shewn that the Talae of the expression for the resistance of a 
qrBt«m of conductors between two points selected as electrodes, 
increases ae the resist&nce of each member of the system ia> 
creases. 

It follows from this that if a surface of any form be described 
in the substance of the conductor, and if we inrther suppose this 
surface to be an infinitely thin sheet of a perfectly conducting 
substance, the resistance of the conductor as a whole will be 
diminished unlesG the surface is one of the equipotential surfaces 
in the natural state of the conductor, in which case no effect will 
be produced by making it a perfect conductor, as it is already in 
dectrical equilibrium. 

If therefore we draw within the conductor a series of eur&ces, 
the first of which coincides with the first electrode, and the last 
with the second, while the intermediate surfaces are bounded by 
the non-conducting surface and do not intersect each other, and 
if we suppose each of these surfaces to be an infinitely thin sheet 
of perfectly conducting matter, we shall have obtained a system 
the resistance of which is certainly not greater than that of the 
original conductor, and is equal to it only when the surfaces we 
have chosen are the natural equipotential surfaces. 

To calculate the resistance of the artificial system is an operation 
of much less difficulty than the original problem. For the resist- 
ance of the whole is the sum of the resistances of all the strata 
contained between the consecutive surfaces, and the resistance of 
each stratum can be found thus : 

Let dS be an element of the surface of the stratum, v the thick- 
ness of the stratum perpendicular to the element, p the specific 
resistance, S the difference of potential of the perfectly conducting 
snrfiices, and dC the current through dS, then 

dC=E—dS, (1) 

pv 

and the whole current through the stratum is 

(2) 

the integration being extended over the whole stratum bounded by 
the non-conducting surface of the conductor. 



^=^B' 
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Hence the conductivity of the stratum is 

dS, (3) 



E JJ pv 



P 
and the resistance of the stratum is the reciprocal of this quantity. 

If the stratum be that bounded by the two surfaces for which 
the function P has the values F and P-\- dF respectively, then 

and the resistance of the stratum is 

'^ (5) 



// 



-vFdS 
P 



To find the resistance of the whole artificial conductor, we have 
only to integrate with respect to F, and we find 

^^(nrjl (6) 




The resistance S of the conductor in its natural state is greater 
than the value thus obtained, unless all the sur&ces we have chosen 
are the natural equipotential surfaces. Also, since the true value 
of H is the absolute maximum of the values of Ri which can thus 
be obtained, a small deviation of the chosen surfaces &om the true 
equipotential surfaces will produce an error of B which is com- 
paratively small. 

This method of determining a lower limit of the value of the 
resistance is evidently perfectly general, and may be applied to 
conductors of any form, even when p, the specific resistance, varies 
in any manner within the conductor. 

The most &miliar example is the ordinary method of determining 
the resistance of a straight wire of variable section. In this case 
the surfaces chosen are planes perpendicular to the axis of the 
wire, the strata have parallel &ces, and the resistance of a stratum 
of section S and thickness da is 

and that of the whole wire of length s is 



dBi=J 



P^ (8) 



8 

where 8' is the transverse section and is a fiuictioQ off. 

A a 2 
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This tQetbod in the case of wires whose section varies slowly 
with the length gives a result very near the truth, but it is really 
only a lower limit, for the true resietanee is always greater than 
this, except in the case where the section is perfectly unifonn. 

807.] To fiud the higher limit of the rcBietance, let us suppose 
a surface drawn in the conductor to be rendered impermeable to 
electricity. The effect of this must be to increase the resistance of 
the conductor unless the surface is one of the natural sur&ces of 
flow. By means of two systems of surfaces we can form a set of 
tubes which will completely regulate the flow, and the effect, if 
there is any, of this system of impermeable surfaces must be to 
increase the resistance above its natural value. 

The resistance of each of the tubes may be calculated by the 
method already given for a fine wire, and the resistance of the 
whole conductor is the reciprocal of the sum of the reciprocals of 
the resistances of all the tubes. The resistance thus found is ^eater 
than the natural rt'sistance, except when the tubes follow tlie 
nattiral lines of Sow. 

In the case already considered, where the conductor is in the 
form of an elongated solid of revolution, let us measure a along the 
axis, and let the radius of the section at any point be &. Let one 
set of impermeable surfaces be the planes through the axis for each 
of which <p is constant, and let the other set be surfaces of revolution 
for which ^a _ ^^2^ (9j 

where ^ is a numerical quantity between and 1 . 

Let us consider a portion of one of the tubes bounded by the 
surfaces <j> and (]> + dip, ^ and yir + difi, x and x + dx. 

The section of the tube taken perpendicular to the axis is 

ydgd^ = ib'dyf/dtp. (10) 

If tf be the angle which the tube makes with the axis 

**■>«= f*£- (11) 

The true length of the element of the tube is dxeecB, and its 
true section is i 6^ df d<l> cm $, 

so that its resistance is 

Let A=I4, „d ^=/pJ|f. (.3) 
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the integration being extended over the whole length, x, of the 
conductor, then the resistance of the tube dy^ d<^ is 

and its conductivity is 

d\lfd<f> 



To find the conductivity of the whole conductor, which is the 
sum of the conductivities of the separate tubes, we must integrate 
this expression between <^ = and = 27r, and between ^ = 
and 1^ = 1. The result is 

which may be less, but cannot be greater^ than the true con- 
ductivity of the conductor.^ 

jx 7? 

When -J- is always a small quantity -j wiU also be small, and we 

may expand the expression for the conductivity, thus 

The first term of this expression, — , is that which we should 

A. 

have found by the former method as the superior limit of the con- 
ductivity. Hence the true conductivity is less than the first term 
but greater than the whole series. The superior value of the 
resistance is the reciprocal of this, or 

^ A . ,B \ B^ IB* „ V ,,^x 

If, besides supposing the flow to be glided by the sur&ces ^ and 
^, we had assumed that the flow through each tube is proportional 
to dylr dffi, we should have obtained as the value of the resistance 
under this additional constraint 

jr'=i(j+4^, (17) 

IT 

which is evidently greater than the former value^ as it ought to be, 
on account of the additional constraint. In Mr. Strutfs paper this 
is the supposition made, and the superior limit of the r^stanoe 
there given has the value (17), which is a little greater than that 
which we have obtained in (16), 
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«Udi moit be Bppfidl to the lo^a oT » tTfindrnl eondiKtv of 
nim « whea Ha olrnau ty is pboed n mftalTir oomtaet with a 
miMJiii dectrode, wfaicli w« nmy uppoae of * diflbmt nttrtaL 

For (be Iciwvr limit of the raraUace «v ilial) m^poee tbat as 
infiirittjy tliin didE of poftetlj'' caoductin^ nutter is plxxd betreen 
tfa* end of the cftiadtr and the mawive elecinxle, so aa to btiag 
Hk* Wld of tlM cjrtiBjScr ta me aad the nme potential thmoghoat. 
Tlw potMdial witbia the ^liader iritl then be a function of it* 
IfBg^tfa oslf , aad if we sappoae the snr&cc of the deetrode when 
the cyUader meebt it to bo ^proziiiut«ty plaite, and all its dimen- 
moOM ta be large compared with the diameter of the crlinder, the 
diatribotion of potential will be that doe to a condoctor in the Ibrm 
of a diah pboad in an infinite medium. See Arte. 152, 1 77. 

If JF ia the difleresce of the potential of the disk &om that of 
tba diataai p«rta of the eleetrode, C the current idgning from the 
■oifiwa of the dialc into the electrode, and p' the epedfic resietanee 
of the electrode, ^'C = KaE. (18) 

Heooe, if the length of the wire from a given point to the 
dedmde ia L, and ita spedfic resistance f>, the resistance &om that 
point to any point of the electrode not near the Junction ia 

^-,4 + f.' 

and this may be written 

_« = -£,(i+^'^), (19) 

where the second term within brackcte is a quantity which must 
be added to the length of the cylinder or wire in calculating its 
revistancc, and this is certainly too small a correction. 

To understand the nature of the outstanding error we may 
observe, that whereas we have supposed the flow in the wire up 
to the disk to be uniform throughout the section, the flow from 
the disk to the electrode is not uniform, but is at any point in- 
versely proportional to the minimum chord through that point. In 
the actual case the flow through the disk will not be uniform, 
but it will not vary so much from point to point as in this supposed 
case. The potential of the disk in the actual case will not be 
uniform, but will diminish from the middle to the edge. 

309.] We shall neit determine a quantity greater than the true 
resistance by constraining the flow through the disk to be uniform 
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at every point. We may suppose electromotive forces introduced 
for this purpose acting perpendicular to the sur&ce of the disk. 

The resistance within the wire will be the same as before^ but 
in the electrode the rate of generation of heat will be the sur&ce- 
integral of the product of the flow into the potential. The rate of 

C 

flow at any point is — g , and the potential is the same as that of 

an electrified snrfece whose surfece^^iHiiy is <r, where 

2ir(r = .^, (20) 

p' being the specific resistance. 

We have therefore to determine the potential energy of the 
electrification of the disk with the uniform sur&ce-density <r. 

The potential at the edge of a disk of uniform density o- is easily 
found to be 4 a <r. The work done in adding a strip of breadth 
da at the circumference of the disk is 2 7ra(r^a. 4a<rj and the 
whole potential energy of the disk is the integral of this, 

or P=^a^<T^. (21) 

In the case of electrical conduction the rate at which work is 
done in the electrode whose resistance is B^ is 

C^R=^P, (22) 

P 
whence, by (20) and (21), 

and the correction to be added to the length of the cylinder is 

this correction being greater than the true value. The true cor- 
rection to be added to the length is therefore —an, where n is a 

IT 8 ^ 

number lyinfi: between - and -— , or between 0.786 and 0.849. 

Mr. Strutt, by a second approximation, has reduced the superior 
limit of » to 0.8282. 
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CONDUCTION THROCGH HETEROGENEOUS 

On lie Conditions to be Fulfilled at tie Surfac. 
ieiween Two Condnctifi^ Mrdia. 

810.] There are two oonditions which the distribution of corrents 
must fiil&I in general, the condition that the potential muet ho 
continuous, and the condition of 'continuity' of the electric currents. 

At the surface of separation between two media the first of these 
conditions requires that the potentials at two points on opposite 
sides of the surface, but infinitely near each other, shall be equal. 
The potentials are here understood to be measured by an elec- 
troraet^'r put in connexion with the ^ven point by means of an 
electrode of a given metal. If the potentials are measured by the 
method described in Arts. 222, 246, where the electrode terminates 
in a cavity of the conductor filled with air, then the potentials at 
contiguous points of difierent metals measured in this way will 
differ by a quantity depending on the temperature and on the 
nature of the two metals. 

The other condition at the surface is that the current through 
any element of the surface is the same when measured in either 
medium. 

Thus, if Fj and F^ are the potentials in the two media, then at 
any point in the surface of separation 

n = r,. (1) 

and if «,, p,, », and ti^, v^, Wj are the components of currents in the 
two media, and I, m, n the direction-cosines of the normal to the 
surface of separation, 

In the most general case the components u, v, to are linear 
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functions of the derivatives of F, the forms of which are given in 
the equations xr , xr , ^ 

v = q^X+r^T+p,zA (3) 

where X, F, Z are the derivatives of F with respect to x, y, z 
respectively. 

Let us take the case of the surface which separates a medium 
having these coefficients of conduction from an isotropic medium 
having a coefficient of conduction equal to r. 

Let X^, T\ Z' be the values of X^ F, ^ in the isotropic medium^ 
then we have at the surfiM^ 

r = r, (4) 

or XdxArTdy-^-Zdz^Tdx^-Tdy^-Z'dz, (6) 

when ldx-\-mdy-\-ndz = 0. (6) 

This condition gives 

J'=X+4ircr^, r'=r4-4 7rcri», Z' = ^H- 4 w cr «, (7) 

where cr is the surface-density. 

We have also in the isotropic medium 

ii^rX\ vT^rr, vf^rZ\ (8) 

and at the boundary the condition of flow is 

u'l-^-ffm-^v/n = ul+vm+wn, (9) 

or r{lX'^mT+nZ+4'ira) 

= l{r^X+p^T+ q^Z) + m{q^X-^ r^T+p^Z) + n{p^X^ q^T+ r^Z), (1 0) 

whence 

47r<rr= {l{r^—r)-\'mq^-\'np^X'{'{lp^-\-m{r^^r)-\'nq^T 

+ {lq2+^Pi+^(r^-r))Z. (11) 

The quantity <r represents the surface-density of the charge 
on the surfskse of separation. In crystallized and organized sub- 
stances it depends on the direction of the surfiM!^ as well as on 
the force perpendicular to it. In isotropic substances the coeffi- 
cients j9 and q are zero^ and the coefficients r are all equals so that 

47rcr = (^- l)(/X+««r+»^), (12) 

where r^ is the conductivity of the substance, r that of the external 
medium, and I, m, n the direction-cosines of the normal drawn 
towards the medium whose conductivity is f . 
When both media are isotropic the conditions may be greatly 
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simplified, for if k is the specific resistBDce per unit of volume, then 

\dr xdv \dr ,,,, 

and if i> is the normal drawn at any point of the sur&ce of separation 
from the first medium towards the second, the conduction of con- 
tinuity Ih 1 dV. 1 dr. ,,,, 

T,^ = T,-d7- ^''^ 

If &^ and Q^ are the angles which the lines of flow in the first and 
second media resi>ectively make with the norma) to the surface 
of separation, then the tangents to these lines of flow are in the 
same plane with the normal and on opjiosit^i aides of it, and 

;fi tanflj = ijtanfljj. (15) 

This may be called the law of refraction of lines of flow. 

311.] As an example of the conditions which must be fulfilled 
when electricity crosses the surlkee of separation of two media, 
let us suppose the surface spherical and of radius a, the specific 
resistance being i, within and k^ without the surface. 

Let the potential, both within and without the surfece, be ex- 
panded in solid harmonics, and let the part which depends on 
the sur&ce harmonic 5, be 

f\ = (J,r' + .Sir-t'*")5„ (I) 

r^ = {AiJ* + B^r-(^■^^))S^ (2) 

within and without the sphere respectively. 

At the surface of separation where r = a we must have 

Vi = Tj and ^ _> = -^ —1. (3 

' " Kf dr K.^ dr 

From these conditions we get the equations 

these equations are sufficient, when we know two of the four 
quantities A^, A^, By, B,^, to deduce the other two. 

Let us suppose A^ and By known, then we find the following 
expressions for A^ and B^, 



(«) 



*i(2i+l) 
_ (t ,-i,)<^ia"->' + (*,. + *,(i+l))J, 
'~ *,(2i+l) 



(5) 



312.] SPHERICAL SHELL. 363 

In this way we can find the conditions which each term of the 
harmonic expansion of the potential most satisfy for any number of 
strata bounded by concentric spherical surfaces. 

312.] Let us suppose the radius of the first spherical surface 
to be Oi, and let there be a second spherical sur&ce of radius a^ 
greater than a^ , beyond which the specific resistance is ^3. K there 
are no sources or sinks of electricity within these spheres there 
will be no infinite values of Vy and we shall have Bi = 0. 

We then find for A^ and B^, the coefficients for the outer medium, 

J^i,i^i2i+lf = [{^(«+l)+*a»} {*,(»+l)+*a»} 

+ii.i+i)ii^-i;){h-h)Q) jA, 



"2 
2<+l 



(6) 



The value of the potential in the outer medium depends partly 
on the external sources of electricity^ which produce currents in- 
dependently of the existence of the sphere of heterogeneous matter 
within, and partly on the disturbance caused by the introduction of 
the heterogeneous sphere. 

The first part must depend on solid harmonics of positive degrees 
only, because it cannot have infinite values within the sphere. The 
second part must depend on harmonics of negative degrees^ because 
it must vanish at an infinite distance from the centre of the sphere. 

Hence the potential due to the external electromotive forces must 
be expanded in a series of solid harmonics of positive degree. Let 
^3 be the coefficient of one these, of the form 

Then we can find J^, the corresponding coefficient for the inner 
sphere by equation (6)^ and from this deduce ^, ^21 ^^^ -^s* ^ 
these ^3 represents the effect on the potential in the outer medium 
due to the introduction of the heterogeneous spheres. 

Let us now suppose £3 = ^j, so that the case is that of a hollow 
shell for which ^ = ^2^ separating an inner from an outer portion of 
the same medium for which ^= £j . 

, If we put 

1 



67 = 



(2i+l)2*,i2+i(i+l)(*2-^)^(l-(jf^') 



(r) 
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then A^ = i, ig (2 i + l )'CJ^, 

5, = i,,(2. + l) (*,-*,) fl,"*'C^„ 

The difFerence between A^ the undisturbed coeEBcient, and A^ tis 
valae in the hollow within the epherieal shell, is 

A,-A, = (t,-iXiO+'){j-Q'f")oj,. (») 

Since this quantity is ftlwaye pomtive whatever be the r&lues 
of ((■, and (tj, it follows that, whether the spherical shell conducts 
better or worse than the rest of the medium, the electrical action 
within the shell is less than it would otherwise be. If the shell 
is a better conductor than the rest of the medium it tends to 
equalize the potential all round the inner sphere. If it is a worse 
conductor, it tends to prevent the electrical current* from reaching 
the inner sphere at all. 

The case of a solid sphere may be deduced &om this by making 
flj = 0, or it may be worked out independently. 

313.] The most important term in the harmonic expansion is 
that in which i = 1, for which 



C= - 



(9) 



9*,i, + 2(i,-i,)*(l-(^)') 
A, = 2&^i^CA^, A., = 3^j{2^-i + i,)CJ3, 

The case of a solid sphere of resistance i.^ may be deduced from 
this by making a, = 0. We then have 



(10) 



It is easy to shew from the general expressions that the valne 
of Bg in the case of a hollow sphere having a nucleus of resistance 
i^, surrounded by a shell of resistance k^, is the same as that of 
a uniform solid sphere of the radius of the outer surface, and of 
resistance K, where 

(2i, + >,)</,^-2(*i-i,)flj^*^- ^ ' 




314-] MEDIUM CONTAINING SMALL SPHERES. 365 

814.] If there are n spheres of radius a^ and resistance ii^ placed 
in a medium whose resistance is i.^, at such distances from each 
other that their effects in disturbing the course of the current 
may be taken as independent of each other, th^n if these spheres 
are all contained within a sphere of radius Og, the potential at a 
great distance from the centre of this sphere will be of the form 

r={A + nB\)coBe, (12) 

where the value of ^ is 

The ratio of the volume of the n small spheres to that of the 
sphere which contains them is 



noi 



3 



i, = ^. (14) 

The value of the potential at a great distance from the sphere 
may therefore be written 

Now if the whole sphere of radius ^2 ^^ l>^i^ made of a material 
of specific resistance K, we should have had 

That the one expression should be equivalent to the other, 

_ 2ki + kt + p{ii-i^ , . 

This, therefore, is the specific resistance of a compound medium 
consisting of a substance of specific resistance ^2> ^^ which are 
disseminated small spheres of specific resistance k^^ the ratio of the 
volume of all the small spheres to that of the whole being p. In 
order that the action of these spheres may not produce effects 
depending on their interference^ their radii must be small compared 
with their distances, and therefore |> must be a small fraction. 

This result may be obtained in other ways, but that here given 
involves only the repetition of the result already obtained for a 
single sphere. 

When the distance between the spheres is not great compared 

with their radii, and when --^ 1- is considerable^ then other 

terms enter into the result, which we shall not now consider. 
In consequence of these terms certain systems of arrangement of 



r 
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tilt 8phpr€« cause the resistance of the compotmd ntedimn to be 
different in different directions. 

Jpplication o/ihi: Principle of Images. 

316.] Let UB take as an example the case of two media separated 
by a plane surfaoe, and let us suppose that there is a source S 
of electricity at a distance a from the plane surface in tbe first 
medium, the quantity of electricity flowing from the eonrce in onit 
of time being S. 

If the first medium had bees infinitely extended the current 
at any point P would have been in the direction SP, and the 

potential at P would have been — where E = — ^ and r^ = SP. 

In the actual case the conditions may be satisfied by taking 

a point /, the image of 5 in the second medium, such that IS 

is normal to the plane of separation and is bisected by it. Let r, 

be the distance of any point from /, then at the surface of separation 

'-1 = ^. (1) 

±1 = ^^. (2) 

Let the potential F, at any point in the first medium be that 
due to a quantity of electricity E placed at S, together with an 
imaginary quantity E2 at I, and let the potential F^ at any point 
of the second medium be that due to an imaginary quantity E^ at 
S, then if E 





r, = ^ + ^ and F^ = ^, 
''in '■1 


(3) 


the superficial condition F, = F^ gives 
and the condition 

1 dFj 1 dr, 
\ dv ~ k, d„ 


(4) 
(5) 


give. 


\^{E-E,)^1-E,, 


(6) 


whence 




(7) 



The potential in the first medium is therefore the same as would 
be produced in air by a charge E placed at 8, and a charge JE^ 
at / on the electrostatic theory, and the potential in the second 
medium is the same as that which would be produced in air by 
a charge Ej at 8. 



317.] STRATUM WITH PARALLEL SIDES. 867 

The current at any point of the first medium is the samfe as would 

k — * 
have been produced by the source 8 together with a source y — ~ 8 

placed at / if the first medium had been infinite, and the current 

at any point of the second medium is the same as would haye been 

2k 8 
produced by a source ., ^ , . placed at 8 if the second medium had 

[fix + ^2) 
been infinite. 

We have thus a complete theory of electrical images in the case 
of two media separated by a plane boundary. Whatever be the 
nature of the electromotive forces in the first medium, the potentistl 
they produce in the first medium may be found by combining their 
direct ejffect with the effect of their image. 

If we suppose the second medium a perfect conductor, then 
k2 = 0, and the image at / is equal and opposite to the course 
at 8. This is the case of electric images, as in Thomson's theory 
in electrostatics. 

If we suppose the second medium a perfect insulator, then 
k^ = 00^ and the image at / is equal to the source at 8 and of the 
same sign. This is the case of images in hydrokinetics when the 
fluid is bounded by a rigid plane surface. 

316.] The method of inversion, which is of so much use in 
electrostatics when the bounding surface is supposed to be that 
of a perfect conductor, is not applicable to the more general case 
of the surface separating two conductors of unequal electric resist- 
ance. The method of inversion in two dimensions is, however, 
applicable, as well as the more general method of transformation in 
two dimensions given in Art. 190 *. 

* 

Conduction through a Plate s^arating Two Media. 

317.] Let us next consider the effect of a plate of thickness AB of 
a medium whose resist- 
ance is ^29 ^^^ separating % 
two media whose resist- 
ances are k^ and k^, in I I J" 
altering the potential due 
to a source 8 in the first 
medium. 

The potential will be ^'«' 28- 

• See Ejrchhofi; Pogg. Arm. Ixiv. 497> and Ixvii. 344 ; Qoincke, Pogg. xcvii. 882; 
and Smith, Proc. R. 8. Bdin., 1869-70, p. 79. 
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equal to that diw io a system of charges placed m &ir at certi 
poinU aloDg the nonnal to the plate through S. 
Hake 

AJ=^8J, SI^=SB, AJ^=IyA, BIt=JiB, JJ^^I^A.Bcc.; 
then we have two eeries of points at distances fivm each other eqi 
(0 twice the thickness of the plate, 

8L8.] The potential in the first modiatn at any point P is eqnal 
E I 



-ps-'TI-^A-^-FL^^- 



that at a point F' in the second 



and that at a point P" in the third 






r +&C., 






where /, /', &c. represent the imaginary charges placed at th 
pointfi /, &c., and the accents denote that the potential is to l 
taken within the plate. 

Then, hy the last Article, for the surface through A we have, 

For the surface through B we find 

11 *S "a lu tv/ ' "S 

Similarly for tlie surface through A again 



(11 



(li 





2*, ,. 




and for the aurface through B, 






^• = fSt^'. ^ = 


2i. ^, 




If we make h—^i j, t 


K+h' 




we find for the potential in the first medium, 




^"K-'R- +"-'''''' H^+f'' 


(i-p-')pp- 


k^ 




+f'(i-, 


•')(fp'r 



(1! 
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The carrent at any point of the first medium is the samfe as would 

have been produced by the source 8 together with a source ^^^ S 

placed at / if the first medium had been infinite^ and the current 

at any point of the second medium is the same as would haye been 

2k 8 
produced by a source rj — ^^^-^ placed at 8 if the second medium had 

been infinite. 

We have thus a complete theory of electrical images in the case 
of two media separated by a plane boundary. Whatever be the 
nature of the electromotive forces in the first medium, the potential 
they produce in the first medium may be found by combining their 
direct eff*ect with the effect of their image. 

If we suppose the second medium a perfect conductor, then 
^2 = 0, and the image at / is equal and opposite to the course 
at 8. This is the case of electric images, as in Thomson's theory 
in electrostatics. 

K we suppose the second medium a perfect insulator, then 
i^ = 00^ and the image at / is equal to the source at 8 and of the 
same sign. This is the case of images in hydrokinetics when the 
fluid is bounded by a rigid plane surface. 

316.] The method of inversion, which is of so much use in 
electrostatics when the bounding surfiEU^e is supposed to be that 
of a perfect conductor, is not applicable to the more general case 
of the sur&ce separating two conductors of unequal electric resist- 
ance. The method of inversion in two dimensions is, however, 
applicable, as well as the more general method of transformation in 
two dimensions given in Art. 190 *. 

* 

Conduction tkrouffk a Plate separating Two Media, 

317.] Let us next consider the effect of a plate of thickness A£ of 
a medium whose resist- 
ance is ^2 1 <^<1 separating % 
two media whose resist- 
ances are i^ and k^, in I I J* 
altering the potential due 
to a source 8 in the first 
medium. 

The potential will be ^«' 28. 

• See Eiichhoff, Pogg. Arm, Ixiv. 497, and Ixvii. 344 ; Quincke, Pogg. xcvit 882; 
and Smith, Proc, R. 8. £dvn., 1869-70, p. 79. 
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of couductivity. Art. 298. If we put D for the determiiuiiit of 
Goeffimnta of resistance, we find 

Similar equations with the symbols accented gire the vol 
of k', t' and z'. Having found u, v and S" in terms of X, Y and 
we may write down the equations of conductivity of the strati 



conductor. If we make A = — and h'= 



efind 






?i 






A = 



i _ ?&±iV _ *^"(A-ft')(ft-i'i'> 
" c + / (J+4')(c + ' 

^ CT. + t-r,' M'(f.-ft')te-g.') , 



c+c' 
er^ + c'rj 



"'(A- ftKgi- }.-) 

(4 + 4'){c + c0 



I 



^"-i + zi' 

320.] If neither of the two eubstancea of which the etrata 

formed has the rotatory property of Art. 303, the value of a 

P OT ji will be equal to that of its corresponding Q or q. Pn 

this it follows that in the stratified conductor also 



Pi = lu 



Pi- 



^i< 



Pi = ?3> 



or there is no rotatory property developed by stratification, onli 
it exists in the materials. 

821.] If we now suppose that there ie no rotatory property, a 
also that the axes of x, y and z are the principal axes, then t 
p and J coefficients vanish, and 

cr, + cV,' _ er, + i^T~ _ c + tf 



c + c' 



c + c- 



~' 
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If we begfin with both substances isotropic, but of different 
conductivities, then the result of stratification will be to make 
the resistance greatest in the direction of a normal to the strata^ 
and the resistance in all directions in the plane of the strata will 
be equal. 

322.] Take an isotropic substance of conductivity r, cut it into 
exceedingly thin slices of thickness a, and place them alternately 
with slices of a substance whose conductivity is s, and thickness 

Let these slices be normal to a. Then cut this compound con- 
ductor into thicker slices, of thickness £, normal to y, and alternate 
these with slices whose conductivity is s and thickness ^2 ^• 

Lastly, cut the new conductor into still thicker slices, of thick- 
ness c, normal to z, and alternate them with slices whose con- 
ductivity is s and thickness ^3 c. 

The result of the three operations will be to cut the substance 
whose conductivity is r into rectangular parallelepipeds whose 
dimensions are a, b and Cy where b is exceedingly small compared 
with c, and a is exceedingly small compared with b, and to embed 
these parallelepipeds in the substance whose conductivity ia s, bo 
that they are separated from each other ^^a in the direction of x, 
k^b in that of y^ and k^c va that of z. The conductivities of the 
conductor so formed in the directions of x, y and z are 

__ (1 -f ^2 + ^2 ^s) ^+ (^1 -f ^8 + ^1 K-^K h-^h *a^8) ^ J 



(1 -h^a) (^-f (^i+^2+*i*2)^) 



The accuracy of this investigation depends upon the three 
dimensions of the parallelepipeds being of different orders of mag- 
nitude, so that we may neglect the conditions to be fulfilled at 
their edges and angles. K we make k^^ kg and k^ each unity^ then 

_ 6r-f 3* _ 8r-f 5^ 2r-\-6s 

K r = 0^ that is^ if the medium of which the parallelepipeds 
are made is a perfect insulator^ then 

n = i*, ^2 = **» ^8 = f*- 

B b 2 



I 
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If r = 00, that is, if the parallelepipeds are perfect condactors, 

r, = I «, r^ = ^a, f , = 2*. 

Tn every caae, provided &, = i^ = i^, it may be sbewn that 
r,, r-i and r^ are in ascending order of magnitude, so that the 
greatest conductivity is in the direction of the longest dimensioiis 
of the parallelepipeds, and the greatest resistance in the direction 
of their shortest dimensions. 

323.] In a rectangular parallelepiped of a conducting solid, let 
there be a conducting channel made from one angle to the opposite, 
the channel being a wire covered with insulating material, and 
let the lateral dimensions of the cluLDnel be so small that the 
conductivity of the solid is not affected except on account of the 
current conveyed along the wire. 

Let the dimensions of the parallelepiped in the dircctioDs of the 
coordinate axes be a, 6, c, and let the conductivity of the channel, 
extending from the origin to the point (ttic), be abcK, 

The electromotive force acting between the extremities of the 
channel is aX^-bY+cZ, 

and if C be the current along the channel 

C' = Kabc{aX-^bY->rcZ). 
The current across the face be of the parallelepiped is bcu, and 
this is made up of that due to the conductivity of the solid and 
of that due to the conductivity of the channel, or 

bcu = 6c{riX+p^¥+q.^Z) + Kabc(aX+l>r+cZ), 
or « = {r^+Ka'')X+{p^+Ka6)r+{q^+Kca)Z. 

In the same way we may find the values of v and w. The 
coefficients of conductivity as altered by the effect of the channel 
will he 

J-, +Zo», r^ + Kb', Tg +-ffcS 

Pi + Kic, p^ + Kca, p^ + Kab, 

jj + A'3c, y^ + A'co, q^ + Kai. 

In these expressions, the additions to the values oi j>,, &c., due 
to the effect of the channel, are equal to the additions to the values 
of 5,, &c. Hence the values of yj, and y^ cannot be rendered 
unequal by the introduction of linear channels into every element 
of volume of the solid, and therefore the rotatory property of 
Art. 303, if it does not exist previously in a Eolid, cannot be 
introduced by such means. 
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324.] To construct a framework of linear conductors which shall 
have any given coefficients of conductivity forming a symmetrical 
system. 

Let the space be divided into equal small 
cubes, of which let the figure represent one. 
Let the coordinates of the points 0, L, M, Ny 
and their potentials be as follows : 



Fig. 24. 
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Let these four points be connected by six conductors, 

OL, OM, ON, MN, NL, LM, 

of which the conductivities are respectively 

A, By C, P, Q, R. 

The electromotive forces along these conductors will be 

T-\-z, z+x, x+r, T-'Z, ^-x, x-r, 

and the currents 

A{r+Z), B{z+x), 67(x+r), p{T^Z), Q{z^x), R(x^t). 

Of these currents, those which convey electricity in the positive 
direction of x are those along LM, LN, OM and ON, and the 
quantity conveyed is 

u = (5+C7+Q+iZ)X+(C7-i?)r ^{B^q)Z. 

Similarly 

V = {C''E)X +{C+A+R-^P)T + {A^P)Z, 

whence we find by comparison with the equations of conduction. 
Art. 298, 

4^ = r2+r8-ri4-2j»i, 4P = ra + r8-ri-2ft, 

4 C = ri+r2-r8+2j»3, 45 = ri + fg— fj— 2jt?3. 
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825,] We have eeeu tliat when eWfroraotive force acts i 
dielectric roedium it prodiiees in it a etate which we have ci 
electric polarization, nnd which wo have described as consistiug 
of electric disjilacement within the medium in a direction which, 
in isotrnpic media, coincides with that of the electromotive force, 
combined with a superficial charge on uveiy element of volume 
into which we may auppoae the dielectric divided, which ie □eg'stive 
on the side towards which the force acts, and positive on the side 
from which it ads. 

When electromotive force acts on a conducting medium it also 
produces what is called an electric current. 

Now dielectric media, with very few, if any, exceptions, are 
also more or less imperfect conductors, and many media which are 
not good insulators exhibit phenomena of dielectric induction. 
Hence we are led to study the etatc of a medium in which indnctioQ 
and conduction are going on at the same time. 

For eimplicity we shall suppose the meJium isotropic at every 
point, but not necessarily homogeneous at different points. In this 
case, the equation of Poisson becomes, by Art. 83, 
d .^dK d f^rdV. d ,^dK 

where K is the ' specific inductive capacity.' 

The ' equation of continuity ' of electric currents becomes 
dfldK dAdF. dAdF-. dp_ 
d;^K dx)'^ dy^r dy)'^ dz^r dz) dt ~ ' ^^' 

where r is the specific resistance referred to unit of volume. 

When ^ or r is discontinuous, these equations must be trans* 
formed into those appropriate to surfaces of discontinuity. 



326.] THEOBY OF A CONDEi^SBB. 375 

In a strictly homogeneous medium r and K are both constant^ so 
that we find 

whence p = Ce ^^ ; (4) 

Kr - — 

or, if we put T= — , p zsCe" ^ . (5) 

This result shews that under the action of any external electric 
forces on a homogeneous medium^ the interior of which is originally 
charged in any manner with electricity, the internal charges will 
die away at a rate which does not depend on the external forces, 
so that at length there will he no charge of electricity within 
the medium, after which no external forces can either produce or 
maintain a charge in any internal portion of the medium, pro- 
vided the relation between electromotive force, electric polarization 
and conduction remains the same. When disruptive discharge 
occurs these relations cease to be true, and internal charge may 
be produced. 

On Conduction through a Condenser, 

326.] Let C be the capacity of a condenser, R its resistance, and 
E the electromotive force which acts on it, that is, the difference of 
potentials of the surfaces of the metallic electrodes. 

Then the quantity of electricity on the side from which the 
electromotive force acts will be CEy and the current through the 
substance of the condenser in the direction of the electromotive 

force will be -^« 

If the electrification is supposed to be produced by an electro- 
motive force E acting in a circuit of which the condenser forms 

dO 

part, and if -^ represents the current in that circuit, then 

^ = :^ + C— . (6) 

dt R dt 

Let a battery of electromotive force Eq and resistance r^ be 
introduced into this circuit, then 

^Q _ EqS _ E ^dE .yj 

dt ^2 R dt 

Hence, at any time t^ 

^i=^^=K^^{^-'-^)^^ereT, = ^^. (8) 



^^H Next, let the circuit r, he broken for a time i^, ^^^^M 

^^ js(=jy=^ifi"i^ whore r, = C^. ^^ 

Finally, let the sur&ces of the coudenser bo connect-ed by we&as 
of a wire whose resistance is r, far a time t^, 

IEl=M,)=E,r% where i",= |^. (10) 

If Qj is the total discharge through this wire in the time t^. 

In this way we may find the discharge through a wire which 
is made to connect the surfaces of a condenser after being' charged 
for a time li, and then insulated for a time f^. If the time of 
charging is sufficient, as it gODcmUy is, to develope the whole 
charge, and if the time of discharge is sufficient for a oompleto 
discharge, the discharge is 

327.] In a condenser of this kind, first charged in any way, nest 
discharged through a wire of small resistance, and then insulated, 
no now electrification will appear. In most actual condensers, 
however, we find that after discharge and insulation a new charee 
is gradually developed, of the same kind as the original charge, 
but inferior in intensity. This is called the residual charge. To 
account for it we must admit that the constitution of the dielectric 
medium is different from that which we have just described. We 
shall find, however, that a medium formed of a conglomeratioD of 
small pieces of different simple media would possess this property. 

l%eory of a CompogiU DieUdrtc. 

838.] We shall suppose, for the sake of simplicity, that the 
dielectric consists of a number of plane strata of different materials 
and of area unity, and that the electric forces act in the direction 
of the normal to the strata. 

Let O], Oj, &c. be the thicknesses of the different strata. 

Xi, X^, &o. the resultant electrical force within each stratnm. 

PuPa &c. the current due to conduction through each stratum. 

fijft, &c. the electric displacement. 

Wj, «j, 8m;. the total current, due partly to conduction and partly 
to variation of displacement. 
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In a strictly homogeneous medium r and K are both constant^ so 
that we find 

4;. (s) 

(4) 

(5) 

This result shews that under the action of any external electric 
forces on a homogeneous medium^ the interior of which is originally 
charged in any manner with electricity, the internal charges will 
die away at a rate which does not depend on the external forces, 
80 that at length there will he no charge of electricity within 
the medium, after which no external forces can either produce or 
maintain a charge in any internal portion of the medium, pro- 
vided the relation between electromotive force, electric polarization 
and conduction remains the same. When disruptive discharge 
occurs these relations cease to be true, and internal charge may 
be produced. 

On Conduction through a Condenser, 

326.] Let C be the capacity of a condenser, R its resistance, and 
E the electromotive force which acts on it, that is, the difference of 
potentials of the surfaces of the metallic electrodes. 

Then the quantity of electricity on the side from which the 
electromotive force acts will be CEy and the current through the 
substance of the condenser in the direction of the electromotive 

force will be -s-* 

JtC 

If the electrification is supposed to be produced by an electro- 
motive force E acting in a circuit of which the condenser forms 

part, and if -^ represents the current in that circuit, then 

^ = Z + C— . (6) 

dt R^ dt ^ ^ 

Let a battery of electromotive force E^ and resistance r^ be 
introduced into this circuit, then 

dq^E^-E^E ^ ^dE ^yj 

dt r^ R dt 

Hence, at any time ^1, 
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Next, let the circuit r, be broken for a time t^, 

E{=E^=i:^e'^ where T.^= CR. 
Finally) let the Hurfaees of the coDdenser be connected I 
of a wire whose resistance is r^ for a time ^3, 

CBr. 



If Q^ is the total diacharge through this wire in the tim 
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"(-B + '-JC^ + '-b) 
In this way we may find the discharge through a wi 
is made to connect the surfaces of a condenser after being 
for a time t-^, and then insulated for a time L^. If the 
charging is sufficient, as it generally is, to develope tl 
charge, and if the time of discharge is sufficient for a 
discharge, the discharge is 

327.] In a condenser of this kind, first charged in any i 
discharged through a wire of small resistance, and then i 
no new electrification will appear. In most actual co 
however, we find that after discharge and insulation a nc 
is gradually developed, of the same kind as the origins 
but inferior in intensity. Tliis is called the residual chu 
account for it we must admit that the constitution of the 
medium is different from that which we have juat descril 
shall find, however, that a medium formed of a conglomi 
small pieces of different simple media would possess this pi 

Theory of a Composite Bielecinc. 

328.] "We shall suppose, for the sake of simplicity, 
dielectric consiste of a number of plane strata of difierent 
and of area unity, and that the electric forces act in the 
of the normal to the strata. 

Let fli, aj, Sec. be the thicknesses of the different strata. 

Xj, Xj, &c. the resultant electrical force within each str 

Pit Pit Sec. the current due to conduction through each s 

/ii/t> Ste. the electric displacement. 

«i, «^, &c. the total curreut, due partly to conduction a 
to variation of displacement. 
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^i> ^2> ^* ^^^ specific resistance referred to unit of volume. 

Ky, K^i &c. the specific inductive capacity. 

^i> ^2> ^' ^^ reciprocal of the specific inductive capacity. 

E the electromotive force due to a voltaic battery, placed in 
the part of the circuit leading from the last stratum towards the 
first, which we shall suppose good conductors. 

Q the total quantity of electricity which has passed through this 
part of the circuit up to the time i. 

Bo the resistance of the battery with its connecting wires. 

o-^ the surface-density of electricity on the surface which separates 
the first and second strata. 

Then in the first stratum we have^ by Ohm^s Law, 

Xi = r^p^. (1) 

By the theory of electrical displacement, 

Xi=4 7rVi- (2) 

By the definition of the total current, 

%=i>.+ f. (3) 

with similar equations for the other strata, in each of which the 
quantities have the suffix belonging to that stratum. 

To determine the surface-density on any stratum^ we have an 
equation of the form ^^ =/a-/i, (4) 

and to determine its variation we have 

^'=I>^-P. (5) 

By differentiating (4) with respect to ^, and equating the result 
to (5), we obtain 

A + §=i'2 + J* = «,8ay. (6) 

or, by taking account of (3), 

f^ = 1^2 = &c« = **• (7) 

That is, the total current u is the same in all the strata, and is 
equal to the current through the wire and battery. 
We have also, in virtue of equations (1) and (2), 

from which we may find X^ by the inverse operation on w, 

1 d^-^ 



-(^ 
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Hie total deetzomotiTe fbne B u 

if=.«,J^+«,Ii+fto., (10) 

an equation between E, the exteraal electromotive force, and ti, the 
estornal current. 

If the ratio of r to ^ ie the same in all the strata^ the equation 
rednces itself to 

- « ,_^.fe.,., ,,2) 

which ia the case we have already examined, and in which, as we 
found, no phenomenon of residual charge can take place. 

If there are n substances having different ratios of r to i, the 
general equation (11), when cleared of inverse operations, will be 
a linear differential equation, of the wth order with respect to E 
and of the (n— 1 )th order with roepect to «, ( being the independent 
variable. 

From the form of the equation it is evident that the order of 
the different strata is indifferent, eo that if there are several strata 
of the same Biibstanee we may suppose them united into one 
without altering the phenomena. 

329.] Let us now suppose that at firBt/(,_^, Sat, are all zero, 
and that an electromotive force E is suddenly made to act, and let 
us find its instantaneous effect. 

Integrating (8) with respect to /, we find 

Q =judt = ~fXidt+ ^^X, + oonat. (13) 

Now, since X, is always in this caae finite, / X, di must be in- 
sensible when i is insensible, and therefore, since X, is originally 
zero, the instantaneous effect will be 

Xi= 47iA,«. (14) 

Hence, by equation (10), 

E= 4ff(ii«j + iijaj + &e.)Q, (15) 

and if C be the electric capacity of the system as measured in this 
instantaneous way, 

^^ :^ = dir(A,«, + ija, + &c.)' **®^ 
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This is the same result that we should have obtained if we had 
ueglectod the conductivity of the strata. 

Let us next suppose that the electromotive force E is continued 
uniform for an indefinitely long time^ or till a uniform current of 
conduction equal to /? is established through the system. 

We have then Xj = rij», and therefore 

E =r (fj «i-f ^a«2+&«-)i^- (17) 

If R be the total resistance of the system^ 

E 

-8= — = fiai + rgfla + fec. (18) 

In this state we have by (2)^ 

so that .^ = (^^ - Jl^y (19) 

If we now suddenly connect the extreme strata by means of a 
conductor of small resistance^ E will be suddenly changed from its 
original value Eq to zero, and a quantity Q of electricity will pass 
through the conductor. 

To determine Q we observe that if X/ be the new value of X^, 
then by (1 3), X/= X^ + 4 tt k^ Q. (20) 

Hence, by (10), putting E = 0, 

= ^iXj + fec-f 4 7r(tfiAi + a2*2 + &cOQ» (21) 

or 0=Eq + ^Q. (22) 

Hence Q = — CEq where C is the capacity, as given by equation 
(16). The instantaneous discharge is therefore equal to the in- 
stantaneous charge. 

Let us next suppose the connexion broken immediately afker this 
discharge. We shall then have 1* = 0, so that by equation (8), 

Xi = XV ••I , (23) 

where X^ is the initial value after the discharge. 
Hence,-at any time t, 

The value of £ at any time is therefore 
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and tbe instantaneous discharge afler any time t is EC. This is 
called the reaidual discharge. 

If the ratio of r to k is the same for all the strata, the value of E 
will he reduced to zero. If, however, this ratio is not the same, let 
the terms be arranged actording to the values of this ratio in 
descending order of magnitude. 

The sum of all the coefficients is evidently zero, so tb»t vrhcn 
( = 0, £ =r 0. The coefficients are also in desoending order of 
magnitude, and so are the exponential terms when t is positive. 
Hence, when t is positive, E will be positive, so that the residual 
discharge is always of the same sign as the primaiy discharge. 

When t is indefinitely great all the terms disappear unless aoy 
of the strata are perfect insulators, in which case r, is infinite for 
that stratum," and M is infinite for the whole system, and the final 
mine oiE\» not zero but 

E= E^{\ — 'tT[a^k-^C). (25) 

Hence, when some, but not all, of the strata are perfect insulators, 
a residual discharge may be permanently preserved in the system. 

330.] We shall next determine the total discharge through a wire 
of resistance i?^ kept permanently in connexion with the extreme 
strata of the system, supposing the system first charged by means 
of a long-continued application of the electromotive force E. 

At any instant we have 

E= a^riPi+a^r2Pi-\- &e. + Bgtt = 0, (26) 

and also, by (3), u=p^ + ^^. (27) 

Hence {R+R^w = a^r^^ + a^r^^ +&xi. (28) 

Integrating with respect to f in order to find Q, we get 

(R+Ro) Q = 'h'-i</i'~/i) + ''2^i(A'-A)+^; (29) 

where_^i is the initial, and_^,' the final value o(/[. 
In this case/,' = 0, and /, = ^o( . 1 b ~^)' 

Hence {R+R^)Q = ^^(^^ + ^^ + Sk.)^E„CR, (30) 

where the summation is extended to all quantities of this form 
belonging to every pair of strata. 
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It appears from this that Q is always negative, that is to say, in 
the opposite direction to that of the current employed in charging 
the system. 

This investigation shews that a dielectric composed of strata of 
different kinds may exhibit the phenomena known as electric 
absorption and residual discharge, although none of the substances 
of which it is made exhibit these phenomena when alone. An 
investigation of the cases in which the materials are arranged 
otherwise than in strata would lead to similar results^ though 
the calculations would be more complicated^ so that we may 
conclude that the phenomena of electric absorption may be ex- 
pected in the ease of substances composed of parts of different 
kinds^ even though these individual parts should be microscopically 
small. 

It by no means follows that every substance which exhibits this 
phenomenon is so composed, for it may indicate a new kind of 
electric polarization of which a homogeneous substance may be 
capable, and this in some cases may perhaps resemble electro- 
chemical polarization much more than dielectric polarization. 

The object of the investigation is merely to point out the true 
mathematical character of the so-called electric absorption, and to 
shew how fundamentally it differs from the phenomena of heat 
which seem at first sight analogous. 

331.] If we take a thick plate of any substance and heat it 
on one side, so as to produce a flow of heat through it^ and if 
we then suddenly cool the heated side to the same temperature 
as the other^ and leave the plate to itself, the heated side of the 
plate will again become hotter than the other by conduction from 
within. 

Now an electrical phenomenon exactly analogous to this can 
be produced^ and actually occurs in telegraph cables^ but its mathe- 
matical laws, though exactly agreeing with those of heat, differ 
entirely from those of the stratified condenser. 

In the case of heat there is true absorption 6f the heat into 
the substance with the result of making it hot. To produce a truly 
analogous phenomenon in electricity is impossible^ but we may 
imitate it in the following way in the form of a lecture-room 
experiment. 

Let A^, A2, &c. be the inner conducting sur£Eices of a series of 
condensers, of which £q, B^, B^^ &c. are the outer surfaces. 

Let A^, A2, &c. be connected in series by connexions of resist- 
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ance B, and let a ourrent be paeaed along this series from tefl to 
right. 

Let us first suppose the plates B^, B^, B^, each issulated and 
free from charge. Then the total quantity of electricity on each of 
the plat«B B must remain zero, and sinoe the electricity on the 
plates A is in each case equal and opposite to that of the opposed 
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surface they will not lie plectrified, and no alteration of the current 
will be observed. 

But let the plates B lie all connected together, or let each be 
connected with the earth. Then, since the potential of A^ is 
positive, while that of the plates B is zero, A^ will be positively- 
electrified and Bi negatively. 

If P„ f,, &c. are the potentials of the plates A^, A^, &c., and C 
the capacity of each, and if we suppose that a quantity of electricity 
equal to Qg passes through the wire on the left, Q, through the 
connexion R^, and so on, then the quantity which exists on the 
plate A-^ is Q^— §,, and we have 



Similarly 






aod so on. 

But by Ohm's Law we have 

Pi-Pj = Bi 



If we suppose the values of C the same for each plate, and thoee 
of A the same for each wire, we shall have a series of eqnationa of 
the form 
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If there are n quantities of electricity to be determined^ and if 
either the total electromotive force, or some other equivalent con- 
ditions be given, the differential equation for determining any one 
of them will be linear and of the wth order. 

By an apparatus arranged in this way, Mr. Yarley succeeded in 
imitating the electrical action of a cable 12,000 miles long. 

When an electromotive force is made to act along the wire on 
the left hand, the electricity which flows into the system is at first 
principally occupied in charging the different condensers beginning 
with Aj^, and only a very small fraction of the current appears 
at the right hand till a considerable time has elapsed. If galvano- 
meters be placed in circuit at 72^, B^t &c. they will be affected 
by the current one after another, the interval between the times of 
equal indications being greater as we proceed to the right. 

832.] In the case of a telegraph cable the conducting wire is 
separated from conductors outside by a cylindrical sheath of gutta- 
percha, or other insulating material. Each portion of the cable 
thus becomes a condenser, the outer surface of which is always at 
potential zero. Hence, in a g^ven portion of the cable, the quantity 
of free electricity at the surface of the conducting wire is equal 
to the product of the potential into the capacity of the portion of 
the cable considered as a condenser. 

If ^, ^2 are the outer and inner radii of the insulating sheath, 
and if K is its specific dielectric capacity, the capacity of unit of 
length of the cable is, by Art. 126, 

. = ^. (1) 

2log^ 

Let V be the potential at any point of the wire, which we may 
consider as the same at every part of the same section. 

Let Q be the total quantity of electricity which has passed 
through that section since the beginning of the current. Then the 
quantity which at the time t exists between sections at x and at 

and this is, by what we have said, equal to cvbas. 
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Hence ro = -^. (2) 

do 
Again, the electromotive force at any eection i^ — ^-, and by 

Ohm's Law, rfp ^Q 

I where k is the resistance of unit of length of the conductor, and 

-~ is the strength of the current. Eliminating Q between (2) and 

(3,,,ei!»d ■■i*=f,'. («) 

at djT 

This is the partial differential equation which must he solved 
in order to ohtain the potential at any instant at any point of tlie 
cable. It is identical with that which Fourier gives t« determine 
the temperature at any point of a stratum through which heat 
is flowing in a direction normal to the stratum. In the case of 
beat c representfl the capacity of unit of volume, or what Fourier 

I calls CD, and k represents the reciprocal of the conductivity. 

' If the sheath is not a perfect insulator, and if i, is the resist- 
ance of unit of length of the sheath to conduction through it in a 
radial direction, then if p, is the specific resistance of the insulating 
material, f , , 

k,= 2p,log,-i. (5) 

The equation (2) will no longer be true, for the electricity is 
expended not only in charging the wire to the extent represented 

by cv, but in escaping at a rate represented by^- • Hence the rate 
of expenditure of electricity will be 

whence, by comparison with (3), we get 

,dv d'v k . . 

and this is the equation of conduction of heat in a' rod or ring 
as given by Fourier *. 

833.] If we had supposed that a body when raised to a Ugh 
potenfjal becomes electrified throughout its substance as if elec- 
tricity were compressed into it, we should have arrived at equa- 
tions of this very form. It is remarkable that Ohm himself, 
■ Th^i^t dt la Chatmr, ■rt. 106- 
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misled by the analogy between electricity and heat, entertained 
an opinion of this kind, and was thnsj by means of an erroneoua 
opinion, led to employ the equations of Fonder to express tbe 
true laws of condnction of electricity througb a long wire, long 
before the real reason of the appropriateness of these equations bad 
been suspected. 

Mechanical IlhHration of the Properftea of a SUleetric. 

334.] Five tabes of equal sectional area J, S, C, D and P are 
arranged in circuit as in the figure. 
A, B, C and J) are vertical and equal, 
and P is horizontal. 

The lower halves of A, B, C, J) 
are filled with mercury, their upper 
halves and the borizontal tube P are 
filled with water. 

A tube with a stopcock Q con- 
nects the lower part of A and B 
with that of C and D, and a pist«a 
P is made to slide in the horizontal 
tube. 

Let Qs begin by supposing that 
the level of the mercury in the four 
tubes is the same, and that it is 
indicated by A^, B„, C^, JD^, that 
the piston is at P^, and that the " 

stopcock Q is shut. ^'f- ^^■ 

Now let the piston be moved from P„ to Pi, a distance a. Then, 
since the sections of all the tubes are equal, the level of the mercuiy 
in A and C will rise a distance a, or to A^ and C^, and the mercury 
in S and J) will sink an equal distance a, or to B^ and i),. 

The difference of pressure on the two sides of the piston will 
be represented by 4o. 

This arrangement may serve to represent the state of a dielectric 
acted on by an electromotive force 4 a. 

The excess of water in the tube D may be taken to represent 
a positive charge of electricity on one side of the dielectric, and the 
excess of mercury in the tube A may represent the negative charge 
on the other side. The excess of pressure in the tube P on the 
side of the piston next J) will then represent the excess of potential 
on the positive side of the dielectric. 

VOL. I. c c 
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If the piston ia free to move it will move back to P^ and he 
in equilibrium there. This repreBents the complete discharge of 
the dielectric. 

During the discharge there is a reversed motion of the liquids 
throQghout the whcde tube, and tbiii represents that change of 
electric displacement which we have s^upposed to take place in t 
dielectric, 

I have supposed every part of the system of tubes filled with 
incompressible liquids, in order to represent the property of all 
electric displacement that there is no real accumulation of elec- 
tricity at any place. 

Let ua now consider the eifect of opening the stopcoclt Q whilt: 
the piston /" is at i*,. 

The level of ^, and /^^ will remain unchanged, but that of B and 
C will become the same, and will coincide with Bg and C^,, 

The opening of the stopcock Q corresponds to the existenco rf 
a part of the dielectric which has a slight conducting power, but 
which does uot extend through the whole dielectric so as to form 
an open channel. 

The charges on the opposite sides of the dielectric remain in- 
sulated, but their difference of potential diminishes. 

In fact, the difference of preaanre on the two sides of the piston 
sinks from 4 a to 2 a during the pasHage of the fluid through Q. 

If we now shut the stopcock Q and allow the piston P to move 
freely, it will come to equilibriiim at a point P^, and the discharge 
will be apparently only half of the charge. 

The level of the mercury in A and B will be ^a above iU 
original level, and the level in the tubes C and D will be it 
below its original level. This is indicated by the levels A^, jS,, 
G,,P2- 

If the piston is now fixed and the stopcock opened, mercuiy will 
flow from Ji to C till the level in the two tiihes is again at B,, and 
C(,. There will then be a difference of pressure = « on the two 
sides of the piston P. If the stopcock is then closed and the piston 
P left free to move, it will again come to equilibrium at a point Pj, 
half way between P^ and P^, ITiis corresponds to the residual 
charge which is observed when a charged dielectric is first dis- 
charged and then left to itself. It gradually recovers part of its 
charge, and if tliia is again discharged a third charge is formed, the 
sucoessive charges diminishing in (|uantity. In the case of the 
illiisf rative experiment each charge is half of the preceding;, and the 
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discharges, which are i i, &c. of the original charge, form a series 
wbose sum is equal to the original charge. 

If, instead of opening and closing the stopcock, we had allowed it 
to remain nearly, but not quite, closed during the whole experiment, 
we should' have had a case resembling that of the electrification of a 
dielectric which is a perfect insulator and yet exhibits the phe- 
nomenon called * electric absorption/ 

To represent the case in which there is true conduction through 
the dielectric we must either make the piston leaky^ or we must 
establish a communication between the top of the tube A and the 
top of the tube D. 

In this way we may construct a mechanical illustration of the 
properties of a dielectric of any kind^ in which the two electricities 
are represented by two real fluids, and the electric potential is 
represented by fluid pressure. Charge and discharge are repre- 
sented by the motion of the piston P, and electromotive force by 
the resultant force on the piston. 
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335.] In the present state of eleetrical science, tlie determination 
of the electric resistance of a contluetor may be considerod as thii 
cardinal operation in electricity, in the same sense that tlie detei^ 
mination of weight is the cardinal ojieration in chemistry. 

The reason of this is that the determination in absolute measnre 
of other electrical magnitudes, such as quantities of electricity, 
electromotive forces, currents, &c,, requires in each case a coo^ 
plicated series of operations, involving generally observntioiis of 
time, measurements of distances, and determinations of moments 
of inertia, and these operations, or at least some of them, must 
be repeated for every new determination, because it is impossible 
to preserve a unit of electricity, or of electromotive foi-ce, or of 
current, in an unchangeable state, so as to be available for direct 
comparison. 

But when the electric resistance of a properly shaped conductor 
of a properly chosen material has been once determined, it is found 
that it always remains the same for the same temperature, so that 
the conductor may be used aa a standard of resistance, with which 
that of other conductors can be compared, and the comparison <tf 
two resistances is an operation which admits of extreme accuracy. 

When the unit of eleetrical resistance has been fixed on, material 
copies of this unit, in the form of ' Resistance Coils,' are prepared 
for the use of electricians, so that in every part of the world 
electrical resistances may be expressed in terms of the same unit. 
These unit resistance coils are at present the only examples of 
material electric standards which can be preserved, copied, and used 
for the purpose of measurement. Measures of electrical capacity, 
which are also of great importance, are still defective, on account 
of the disturbing influence of electric absorption. 

386.] The unit of resistance may be an entirely arbitrary one, 
as in the case of Jacobi'a Etalon, which was a certain copper 
wire of 22.4932 grammes weight, 7.61975 metres length, and 0.667 
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inillimetres diameter. Copies of this have been made by Leyser of 
Leipsig, and are to be found in different places. 

According^ to another method the unit may be defined as the 
resistance of a portion of a definite substance of definite dimensions. 
Thus, Siemens' unit is defined as the resistance of a column of 
mercury of one metre long, and one square millimetre section, at 
the temperature 0°C. 

337.] Finally, the unit may be defined with reference to the 
electrostatic or the electromagnetic system of units. In practice 
the electromagnetic system is used in all telegraphic operations, 
and therefore the only systematic units actually in use are those 
of this system. 

In the electromagnetic system, as we shall shew at the proper 
place, a resistance is a quantity homogeneous with a velocity, and 
may therefore be expressed as a velocity. See Art. 628. 

338.] The first actual measurements on this system were made 
by Weber, who employed as his unit one millimetre per second. 
Sir W. Thomson afterwards used one foot per second as a unit, 
but a large number of electricians have now agreed to use the 
unit of the British Association, which professes to represent a 
resistance which, expressed as a velocity, is ten millions of metres 
per second. The magnitude of this unit is more convenient than 
that of Weber's unit, which is too small. It is sometimes referred 
to as the B.A. unit, but in order to connect it with the name of 
the discoverer of the laws of resistance, it is called the Ohm. 

339.] To recollect its value in absolute measure it is useful 
to know that ten millions of metres is professedly the distance 
from the pole to the equator, measured along the meridian of Paris. 
A body, therefore, which in one second travels along a meridian 
from the pole to the equator would have a velocity which, on the 
electromagnetic system, is professedly represented by an Ohm. 

I say pvofessedly, because, if more accurate researches should 
prove that the Ohm, as constructed from the British Association's 
material standards, is not really represented by this velocity, elec- 
tricians would not alter their standards, but would apply a cor- 
rection. In the same way the metre is professedly one ten-millionth 
of a certain quadrantal arc, but though this is found not to be 
exactly true, the length of the metre has not been altered, but the 
dimensions of the earth are expressed by a less simple number. 

According to the system of the British Association, the absolute 
value of the unit is originally chosen so as to represent as nearly 
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I possible a quantity derived from tht L'lectromagTictic absolute 
8j'st«m. 

340.] Wlien a material uuit representing this abstract quantity 
has been made, other standards are constracted by copying this unit, 
a process cajiable of extreme accuracy — of much greater accuracy 
than, for instance, the copying of foot-rules from n standard foot. 

These copies, nmde of the most permanent materials, are dis- 
tributed over all parte of the world, so that it is not likely that 
any dilBculty will l>e found in ohtainiitg copies of them if the 
original standards should be lost. 

But such units as that of Siemens can without very grtiat 
labour be reconstructed with considerable accuracy, so thut as the 
relation of the Ohm to Siemens unit is known, the Ohm can be 
reproduced even without having a standard to copy, though the 
labour is much greater and the accuracy much less than by the 
mothod of copying, 

Finally, the Ohm may be reproduivd 

by the electromagnetic method by which 
it was originally determined. This method, 
which is considerably more laborious than 
the determination of a foot from the seconds 
pendulum, is probably inferior in accuracy 
to that last mentioned. On the other hand, 
the determination of the eleetromai^ctic 
unit in terms of the Ohm with an nniount 
of accuracy corresponding to the progress 
of electrical science, is a most important 
physical research and well worthy of being 
repeated. 

The actual resistance coils constructed 
to represent the Ohm were made of an 
alloy of two parts of silver and one of pla- 
tinum in the form of wires from .5 milli- 
metres to .8 millimetres diameter, and from 
ono to two mrfres in len^-'th. These wires 
were soldered to stout copper electrodes. 
The wire itself was covered with two layers 
of silk, imbedded in solid paraffin, and enclosed in a thia brass 
case, BO that it can be easily brought to a temperature at which 
its resistance is accurately one Ohm. This temperature is marked 
on the insulating support of the coil. {See Fig. 27.) 




Fig. 27. 
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On the Forms of Resistance Coils. 

341.] A Resistance Coil is a conductor capable of being easily 
placed in the voltaic circuit, so as to introduce into the circuit 
a known resistance. 

The electrodes or ends of the coil must be such that no appre- 
ciable error may arise from the mode of making the connexions. 
For resistances of considerable magnitude it is sufficient that the 
electrodes should be made of stout copper wire or rod well amal- 
gamated with mercury at the ends, and that the ends should be 
made to press on flat amalgamated copper surfaces placed in mercury 
cups. 

For very great resistances it is sufficient that the electrodes 
should be thick pieces of brass, and that the connexions should 
be made by inserting a wedge of brass or copper into the interval 
between them. This method is found very convenient. 

The resistance coil itself consists of a wire well covered with 
silk, the ends of which are soldered permanently to the elec- 
trodes. 

The coil must be so arranged that its temperature may be easily 
observed. For this purpose the wire is coiled on a tube and 
covered with another tube, so that it may be placed in a vessel 
of water, and that the water may have access to the inside and the 
outside of the coil. 

To avoid the electromagnetic eflfects of the current in the coil 
the wire is first doubled back on itself and then coiled on the tube^ 
so that at every part of the coil there are equal and opposite 
currents in the adjacent parts of the wire. 

When it is desired to keep two coils at the same temperature the 
wires are sometimes placed side by side and coiled up together. 
This method is especially useful when it is more important to 
secure equality of resistance than to know the absolute value of 
the resistance, as in the ease of the equal arms of Wheatstone's 
Bridge, (Art. 347). 

When measurements of resistance were first attempted, a resist- 
ance coil, consisting of an uncovered wire coiled in a spiral groove 
round a cylinder of insulating material, was much used. It was 
called a Rheostat. The accuracy with which it was found possible 
to compare resistances was soon found to be inconsistent with the 
use of any instrument in which the contacts are not more perfect 
than can be obtained in the rheostat. The rheostat, however, is 
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etill used for adjaBting' the resiistaiice where accurate measurement is 
not required, 

Hesistance eoila are generally made of those metals whose refiist- 
KDce is greatest and which vary least with temperature. German 
ailvcr fulfils these conditions very well, but some apecim^DS aw 
found to change their properties during the lapse of years, Henw 
for standard coils, several pure metals, and alau an alloy of platinttm 
and silver, have been employed, and the relative resistance of theiK 
during several years has been found constant up to the limits of 
modem accuracy . 

34i2.] For very great resistances, such as several Eaillions of 
Ohms, the wire must be either very long or very thin, and the 
construction of the coil is expensive and diSicult. Heuee tellurium 
and selenium have been proposed as materials for constructing 
standanls of great resistance. A very ingenious and easy method 
of construction has been lately proposed by Phillips *. On a piece 
of ebonite or ground glass a fine pencil-line is drawn. The ends 
of this filament of plumbago are connected to metallic electrodes, 
and the whole is then covered with insulating varnish. If it 
should be found that the resisfaoce of such a pencil-line remains 
constant, this will be the best method of obtaining a resistance of 
flcveral millions of Ohms. 

343.] There are various !irranp[i?ments bv which resistance coik 
may be easily introduced into a circuit. 

For instance, a series of coila of which the resistances are 1, 2, 
4, 8, 16, &c., arranged according to the powers of 2, may be placed 
in a box in series. 




The electrodes consist of stout brass plates, so arranged on ihe 
outside of the box that by inserting a brass plug or wedge between 

* PhU. Mag., Julj, 1870. 
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two of them as a shunt^ the resistance of the corresponding coil 
may be put out of the circuit. This arrangement was introduced 
by Siemens. 

Each interval between the electrodes is marked with the resist- 
ance of the corresponding coil, so that if we wish to make the 
resistance box equal to 107 we express 107 in the binary scale as 
64 + 32+8+2 + 1 or 1101011. We then take the plugs out 
of the holes corresponding to 64, 32, 8, 2 and 1, and leave the 
plugs in 16 and 4. 

This method, founded on the binary scale, is that in which the 
smallest number of separate coils is needed, and it is also that 
which can be most readily tested. For if we have another coil 
equal to 1 we can test the equality of 1 and 1', then that of 1 + l' 
and 2, then that of 1 + 1' + 2 and 4, and so on. 

The only disadvantage of the arrangement is that it requires 
a familiarity with the binary scale of notation, which is not 
generally possessed by those accustomed to express every number 
in the decimal scale. 

344.] A box of resistance coils may be arranged in a diflferent 
way for the purpose of mea- 
suring conductivities instead of 
resistances. 

The coils are placed so that 
one end of each is connected 
with a long thick piece of 
metal which forms one elec- 
trode of the box, and the other 
end is connected with a stout piece of brass plate as in the former 
case. 

The other electrode of the box is a long brass plate, such that 
by inserting brass plugs between it and the electrodes of the coils 
it may be connected to the first electrode through any given set of 
coils. The conductivity of the box is then the sum of the con- 
ductivities of the coils. 

In the figure, in which the resistances of the coils are 1, 2, 4, &c., 
and the plugs are inserted at 2 and 8, the conductivity of the 
box is i + i = f, and the resistance of the box is therefore f 
or 1.6. 

This method of combining resistance coils for the measurement 
of fractional resistances was introduced by Sir W. Thomson under 
the name of the method of multiple arcs. See Art. 276. 




Fig. 29. 
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On the O-'mpariion of Reatitance^. 

345.] If M is the electromotivo force of a battery, and R the 
resistance of the battery and its connexions, including the g-alvaa- 
ometer used in measuring the current, and if the streng:th of the 
current is I when the battery connexions are closed, and /j, 1^ 
when additional resistances Tj, r.^ are introduced into the circuit, 
then, by Ohm's Law, 

E=IR= l,[R + r,) = /^(R + r^). 

Eliininating E, the electromotive force of tlie battery, and Ji 
Uie resistance of the battery and its connexions, we get Ohm's 
fcrraula *-, ^ (/-~7,)/g 

This method requires a measurement of the ratios of I, /, and I^, 
and this implies a galvanometer graduated for absolute mea- 
surements. 

If the rcsistaacea r, and r^ are equal, then /j and /j are equal, 
and we can test the equality of ciirrcntB by a galvanometer which 
is not capable of determining their ratios. 

But this is rather to be taken as an example of a faulty metlud 
than as a practical method of determining resistance. The electro- 
motive force E cannot be maiutained rigorously constant, and the 
internal roHistance of the b^ilterv is also exceedingly variable, so 
that any methods in which these are assumed to be even for a short 
time constant are not to be depended on> 

346.J The comparison of resistances can be made with extreme 




nccuraey by either of two methods, 
dependent of variations of j^ and E. 



I which the result is : 
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The first of these methods depends on the use of the differential 
galvanometer, an instrument in which there are two coils, the 
currents in which are independent of each other, so that when 
the currents are made to flow in opposite directions they act in 
opposite directions on the needle, and when the ratio of these 
currents is that o( m to n they have no resultant efiect on the 
galvanometer needle. 

Let Ii, /g be the currents through the two coils of the galvan- 
ometer, then the deflexion of the needle may be written 

Now let the battery current / be divided between the coils of 
the galvanometer, and let resistances A and B be introduced into 
the first and second coils respectively. Let the remainder of the 
resistance of their coils and their connexions be a and )8 respect- 
ively, and let the resistance of the battery and its connexions 
between C and D be r, and its electromotive force K 

Then we find, by Ohm^s Law, for the difference of potentials 
between (7 and D, 

and since 7i + ^2 = -^> 

j, B + ^ j,A + a A + a^-hP 
h = ^ —^ ' 7.2 = ^ —^ ' J^—J^ ^ > 

where jD = (yi + a) (5+^) + r (^ + a + J5 + i8). 

The deflexion of the galvanometer needle is therefore 

8=-^{^;i(5 + ^)-;*(^ + a)}, 

and if there is no observable deflexion, then we know that the 
quantity enclosed in brackets cannot differ from zero by more than 
a certain small quantity, depending on the power of the battery, 
the suitableness of the arrangement, the delicacy of the galvan- 
ometer, and the accuracy of the observer. 

Suppose that B has been adjusted so that there is no apparent 
deflexion. 

Now let another conductor A! be substituted for Ay and let 
A! be adjusted till there is no apparent deflexion. Then evidently 
to a first approximation A =• A, 

To ascertain the degree of accuracy of this estimate^, let the 
altered quantities in the second observation be accented, then 
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K(A'-A) = 



E E' 



If h and 5', iiutead of bcin^ both apparently zero, had been only 
obBerved to be equal, then, unless we also could assert that E ^ E', 
the right-hand side of the equation might not he zero. In fact, 
the method would be a mere modification of tliat already described. 

The merit of the method coneists in the fiiet that the thing 
observed is the absenee of any deflexion, or in other words, tlie 
method is a Null method, one in which the nou-existeuee of a force 
is asserted from an observation in which the force, if it had been 
diflerent from zero by more than a certain small amount, nould 
have produced an observable effect. 

Null methods are of great value where they can be employed, but 
they can only be employed where we can cause two equal and 
opposite quantities of the same kind to enter into the experiment 
together. 

In the cose before us both 9 and h' are quantities too small to t*e 
obsei-ved, and therefore any change in the value of £ will not affect 
the accuracy of the result. 

The actual degree of accuracy of this method might be ascer- 
tained by taking a number of observations in each of which A' 
is separately adjusted, and comparing the result of each observation 
with the mean of the whole series. 

But by putting A' out of adjustment by a known quantity, as, 
for instance, by inserting at ^ or at ii an additional resistance 
equal to a hundredth part of A or of B, and then observing 
the resulting deviation of the galvanometer needle, we can estimate 
the number of degrees corresponding to an error of one per cent. 
To find the actual degree of precision we must estimate the smallest 
deflexion which could not escape observation, and compare it with 
the deflexion due to an error of one per cent. 

*If the comparison is to be made between A and B, and if the 
positions of A and B are exchanged, then the second equatdon 
becomes 

n GalvoDometry. QoUingai 
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D jy 

whence (m-j-n) {B—A) = ^, 8 — -=7 6'. 

If m and m, A and By a and )3 are approximately equal, then 

Here 5—5' may be taken to be the smallest observable deflexion 
of the galvanometer. 

If the galvanometer wire be made longer and thinner, retaining 
the same total mass^ then n will vary as the length of the wire 
and a as the square of the length. Hence there will be a minimum 

value of when 

n 

If we suppose r, the battery resistance, small compared with A^ 
this gives a = i J ; 

or, the resistance of each coil of the galvanometer should be one-third 
of the resistance to be measured. 
We then find o 42 

If we allow the current to flow through one only of the coils 
of the galvanometer, and if the deflexion thereby produced is A 
(supposing the deflexion strictly proportional to the deflecting 

force), then 

^ mB 3 nB ,^ . , 1. 

A = -3 = - — ;- if r = and a =z -A. 

A-\^a + r ^ A 3 

B-A 2 8-6' 
Hence — - — = - — r — • 

A 3 A 

In the differential galvanometer two currents are made to 
produce equal and opposite effects on the suspended needle. The 
force with which either current acts on the needle depends not 
only on the strength of the current, but on the position of the 
windings of the wire with respect to the needle. Hence, unless 
the coil is very carefully wound, the ratio of m to n may change 
when the position of the needle is changed, and therefore it is 
necessary to determine this ratio by proper methods during each 
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li-ration of the position of the needle 



cnurae of cxperimcDts if any i 
is suspected. 

The other null method, in which Wheats! one's Bridge ie used, 
requires only an ordinary galvanometer, and the obser\'ed zero 
deflexion of the needle is due, not to the opposing action of two 
currents, but to the nou-txisfenoe of a current in the wire. Hcnoe 
we hiive not merely a null deflexion, but a null cnrrent oa the 
phenomenon observed, and no errors can arise from want of 
regularity or change of any kind in the coils of the galvanometer. 
The galvanometer is only required to he sensitive enough to detect 
the existence and direction of a current, without in any way 
determining its value or comparing its value with that of another 
current. 

347.] Wheatatone's Bridge consists essentially of six conductors 
connecting four points. An electromotive 
force E is made to act between two of the 
points by means of a voltaic battery in- 
troduced between B and C. The current 
between the other two points and A is 
measured by a gatvanometer. 

Under certain circumstances this current 
becomes zero. The conductors BC and OA 
arc then siiid to be r,>iij,n/,ile to each other, 
which implies a certain relation between the resistances of the 
other four conductors, and this relation is made use of in measuring 
resistances. 

If the current in OA is zero, the potential at must be equal 
to that at A. Now when we know the potentials at B and C we 
can determine those at and A by the rule given at Art. 274, 
provided there is no current in OA, 




Fig. 81. 



whence the condition is jo _ ^ 

where b, e, 0, y are the resistances in CA, A£, BO and OC re- 
spectively. 

To determine the degree of accuracy attainable by this method 
we must ascertain the strength of the current in OA when this 
condition is not fulfilled exactly. 

Let A, B, C and O be the four points. Let the currents along 
BC, CA and AB he x, ^ and «, and the resistances of these 
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conductors a, h and c. Let the currents along OAy OB and OC be 
^f rj, C and the resistances a, /3 and y. Let an electromotive force 
£ act along JBC. Required the current ^ along OA. 

Let the potentials at the points J^ -B, C and be denoted 
by the symbols A, By C and 0. The equations of conduction are 

ax^ B^C-\-E, ai = O^A, 

hy^C^A, Pri-O-B, 

cz = A-B, yC=zO^C; 

with the equations of continuity 

^ + J<-^= 0, 
ly + ^— iP = 0, 
f+ar-j<=: 0. 

By considering the system as made up of three circuits OBC, 
OCA and OAB in which the currents are x, y, z respectively, and 
applying Kirchhoff's rule to each cycle, we eliminate the values 
of the potentials 0, A, B, C, and the currents f, 17, f, and obtain the 
following equations for x^ y and z^ 

(« + /3 + y)a?~yy -fiz = E, 

—yx -\-{b'{'y-\-o)y —az = 0, 

+ ((? + a + /3)i:= 0. 



— a 



— )8a? 


— ay +{p 


Hence, if we put 


2> = 


a-hP-^y — y 




— y J + y + a 




-iS -a 


find 


f=|(«^-.y), 



IT 

and a? = _{(^ + y)((?4.^) + a(^-f ^ + /3 + y)}. 

348.] The value of I) may be expressed in the symmetrical form, 
I)=:a6c~{-6c(fi-\-y)-\-ca{y + a) + ab{a + P) + {a-{-b-^c){py\'ya + a0) 
or, since we suppose the battery in the conductor a and the 
galvanometer in a, we may put B the battery resistance for a and 
G the galvanometer resistance for a. We then find 

B = BG(b+c-\-p+y) + B{d + y){c-\-P) 

+ (?(J + c)(/3 + y)H-fc03H-y) + i8y(« + c). 

If the electromotive force B were made to act along OA, the 
resistance of OA being still a, and if the galvanometer were placed 
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in BC, tho resistance of BC being still a, then the i-alue of /> 
would remain the same, and the current in i?6'due to the electro- 
motive force E acting along OA would he equal to the current 
in OA due to the flectromotive force IS acting in BC. 

But if we simply disconnect the battery nnd the galvanoinvter, 
and without alterinfj their rcepeclive resistances connect the battery 
to and A and the galvanometer to B and C, then in the value of 
J) we muBt exchange the values of B and G. If ly be the Talue 
of J) after this exchange, we find 

I/-D = (G~B){{b + c)(0 + y)-{6 + y)(p^c)]. 
= {B-G){{6-P}[c-y)}. 

Let us suppose that the resistance of the galvanometer is gTeat«r 
than that of the battery. 

Let us also suppose that in its original position the galvanometer 
connects the junction of the two conductors of least resistance /9. y 
with the junction of the two condnctor§ of greatest re§istance &,c, 
or, in other words, we shall suppose that if the quantities i, c, y, ^ 
are arranged in order of magnitude, b and e stand together, and 
y and ^ stand together. Hence the quantities i— ^ and e~y are 
of the same sign, so that their product is positive, and therefore 
ff—l) is of the same sign as B—G. 

If therefore the galvanometer is made to connect the junction of 
the two grtatost ri^sistances with that of the two least, and if 
the galvanometer resistance is greater than that of the battery, 
then the value of D will be less, and the value of the deflexion 
of the galvanometer greater, than if the connexions are exchanged. 

The rule therefore for obtaining the greatest galvanometer de- 
flexion in a given system is as follows : 

Of the two resistances, that of the battery and that of the 
galvanometer, connect the greater resistance so as to join the two 
greatest to the two least of the four other resistances. 

349,] We shall suppose that we have to determine the ratio of 
the resistances of the conductors AB and AC, and that this is to be 
done by finding a point on the conductor BOC, such that when 
the points A and are connected by a wire, in the course of which 
a galvanometer is inserted, no sensible deflexion of the galvano- 
meter needle occurs when the battery is made to act between B 
and C. 

The conductor BOC may be supposed to be a wire of uniform 
resistance divided into equal parte, so that the ratio of the resist- 
ances of BO and OC may be read off at once. 
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Instead of the whole conductor being a uniform wire, we may 
make the part near of such a wire, and the parts on each side 
may be coils of any form, the resistance of which is accurately 
known. 

We shall now use a different notation instead of the symmetrical 
notation with which we commenced. 

Let the whole resistance of BAG be R. 

Let c = mR and 4 = (1 — w) R, 

Let the whole resistance of BOG be 8. 

Let p =inS and y = (1 —n) S, 

The value of n is read off directly, and that of m is deduced from 
it when there is no sensible deviation of the galvanometer. 

Let the resistance of the battery and its connexions be B, and 
that of the galvanometer and its connexions 0. 

"VVe find as before 
jD= G{BR+BS-\^RS}+m{l''m)R^(B-^S)-]-n{l-n)S^(B+R) 

+ (m + n''2mn)BR8, 
and if ( is the current in the galvanometer wire 

. ERS. 

In order to obtain the most accurate results we must make the 
deviation of the needle as great as possible compared with the value 
of (n—m). This may be done by properly choosing the dimensions 
of the galvanometer and the standard resistance wire. 

It will be shewn, when we come to Galvanometry, Art. 716, 
that when the form of a galvanometer wire is changed while 
its mass remains constant, the deviation of the needle for unit 
current is proportional to the length, but the resistance increases 
as the square of the length. Hence the maximum deflexion is 
shewn to occur when the resistance of the galvanometer wire is 
equal to the constant resistance of the rest of the circuit. 

In the present case, if 5 is the deviation, 

where G is some constant, and G is the galvanometer resistance 
which varies as the square of the length of the wire. Hence we 
find that in the value of 2>, when 5 is a maximum, the part 
involving G must be made equal to the rest of the expression. 

If we also put «» = m, as is the case if we have made a correct 
observation, we find the best value of G to be 

G = «(l-«)(i2+5). 

VOL. I. D d 
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This reeult is easily obtained by coneiJering- the resistance fron 
Ato throuffli the Byst«m, remembering that SC, being conjngate 
to AO, has no eJFeet on this resistance. 

In the Bouie way we should find that if the total area of the 
acting snrfacea of the battery is giveu, the most adrantageoiu 
onangement of the battery is when J^ 

Finally, we shall determine the value of S such that a griveo 
change in the value of n may produce the greatest guK'anomete 
deflexion. By differentiating the expression for ^ we find 

If we have a great many detprmi nations of resistance to 
in which the actual resistance has nearly the same value, then it 
may be worth while to prepare a galvanometer and a battery for 
this purpose. In this case wo find that the best amingement is 

S=B, B=il{, G = 2n(\~n)R, 
andif « = i, G = \R. ■ 






On lie Use of WheaUtone't Bridge. ^^H 

350.] We have alroacly explained the general theory of Wlieat- 
stone's Bridge, we shall now consider some of its applications. 




The comparison which can be effected with the greatest exact- 
ness is tliat of two equal resistances. 
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Let us suppose that j3 is a standard resistance eoil^ and that 
we wish to adjust y to be equal in resistance to fi. 

Two other coils, b and c, are prepared which are equal or nearly 
equal to each other, and the four coils are placed with their electrodes 
in mercury cups so that the current of the battery is divided 
between two branches^ one consisting of /3 and y and the other 
of b and c. The coils b and c are connected by a wire PS, as 
uniform in its resistance as possible, and furnished with a scale 
of equal parts. 

The galvimometer wire connects the junction of fi and y with' 
a point Q of the wire PR, and the point of contact at Q is made 
to vary till on closing first the battery circuit and then the 
galvanometer circuity no deflexion of the galvanometer needless 
observed. 

The coils j3 and y are then made to change places, and a new 
position is found for Q. If this new position is the same as the 
old one, then we know that the exchange of /3 and y has produced 
no change in the proportions of the resistances, and therefore y 
is rightly adjusted. K Q has to be moved, the direction and 
amount of the change will indicate the nature and amount of the 
alteration of the length of the wire of y, which will make its 
resistance equal to that of p. 

If the resistances of the coils b and e, each including part of the 
wire PS up to its zero readings are equal to that of b and c 
divisions of the wire respectively, then, if a? is the scale reading 
of Q in the first case, and y that in the second^ 

b — x'~y b—y " )3 
whence /~ = 1 + ; ^ (^ { . 

Since b—y is nearly equal to c-\-Xy and both are great with 
respect to x or y, we may write this 

y2 y— a? 

and y = ^(l+2f^. 

When y is adjusted as well as we can^ we substitute for b and c 
other coils of (say) ten times greater resistance. ^ 

The remaining difierence between fi and y will now produce' 
a ten times greater difierence in the position of Q than with the 

D d 2 
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original coils 6 and c, and in tliis way we can continually increase 
the accuracy of the comparison. 

The adjustment by means of the wire with sliding contact piece 
is more quickly made than by means of a resistance box, and it is 
capable of continuous variation. 

The battery must never be introduced instead of the galvano- 
taet«r into the wire with a sliding contact, for the passage of a 
powerful current at the point of contact would injure the siu-rsoo 
of the wire. Hence this arrangement is adapted for the case in 
which the resistance of the galvanometer is greater thaa that of tJie 
bfttt«ry. 

0» He Meaturemml of Small liesislance». 
351.] When a short and thick conductor is introduced into a 
circuit its resistance is bo small compared with the resistance 
occasioned by unavoidable faults in the connexions, such as want 
of contact or imperfect soldering, that no correct value of the 
resistance can be deduced from experi- 
ments made in the way described above. 
The object of such experiments is 
generally to determine the specific re- 
sistance of the substance, and it is re- 
sorted to in cases when the subetanoe 
cannot l>e obtained in the form of a 
long thin wire, or when the resistance 
to transverse as well as to longitudinal 
conduction has to be measured. 




Fig, 33. 




Fig. 3*. 

Sir W. Thomson * has described a method applicable to ssch 
cases, which we may take as an example of a syst«m of nine 
conductors. 

• Ptoc. S. a., Juno a, 1881, 
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The most important part of the method consists in measuring 
the resistance, not of the whole length of the conductor, but of 
the part between two marks on the conductor at some little dis- 
tance from its ends. 

The resistance which we wish to measure is that experienced 
bj a current whose intensity is uniform in any section of the 
conductor^ and which flows in a direction parallel to its axis. 
Now close to the extremities, when the current is introduced 
bj means of electrodes, either soldered, amalgamated, or simply 
pressed to the ends of the conductor, there is generally a want of 
uniformity in the distribution of the current in the conductor. 
At a short distance from the extremities the current becomes 
sensibly uniform. The student may examine for himself the 
investigation and the diagrams of Art. 193, where a current is 
introduced into a strip of metal with parallel sides through one 
of the sides, but soon becomes itself parallel to the sides. 

The resistance of the conductors between certain marks S, 8^ 
and T!r is to be compared. 

The conductors are placed in series, and with connexions as 
perfectly conducting as possible, in a battery circuit of small resist- 
ance. A wire SFT is made to touch the conductors at S and T, 
and 5" FT' is another wire touching them at 5' and jT. 

The galvanometer wire connects the points Fand F' of these wires. 

The wires SFT and S'V^T are of resistance so great that the 
resistance due to imperfect connexion at 4S, 7, S' or T may be 
neglected in comparison with the resistance of the wire, and F, V 
are taken so that the resistance in the branches of either wire 
leading to the two conductors are nearly in the ratio of the resist- 
ances of the two conductors. 

Calling JJand jPthe resistances of the conductors SS^ and TT. 
„ A and C those of the branches 8V and VT. 

P and R those of the branches 5'P and V'T. 
„ Q that of the connecting piece S'T. 
„ B that of the battery and its connexions. 
„ G that of the galvanometer and its connexions. 

The symmetry of the system may be understood from the 
skeleton diagram. Fig. 33. 

The condition that B the battery and G the galvanometer may 
be conjugate conductors is, in this case, 

C A'^^Q a) P^i^QTR ^^' 
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Now the resistance of the connector Q is ae small as \ 
I make it. If it were zero this equation would be reduced to 



I and the ratio of the resistaDcea of the conductors io be compared 
' «onld he that of C to .^, as in Wheatetone's Bridge in the ordinaiy 
I form. 

In the present ease the value of Q is small compared with J" 
I or with R, so that if we assume the points F, V so that the ratio 
of i? to (7 ie nearly equal to that of P to A, the last term of th« 
I equation will vanish, and we shall have 
F:IIi:CiA. 
The BuecesB of this method dei>end8 in some degree on the per- 
fection of the contact between the wires and the tested oondnclon 
St SS', 7" and T. In the following method, employed by Mceets. 
Mattbiessen and Hockiu *, this condition is dispensed with. 




Fig. 35. 



352.] The conduetors to he tested are arranged in the manner 
already described, with the connexions as well made as possible, 
and it is required to compare the resistance between the marks 
SS' on the first conductor with the resistance between the marks 
rron the second. 

Two conducting points or sharp edges are fixed in a piece of 
insulating material so that the distance between them can be 
accurately measured. This apparatus is laid on the conductor to 
be tested, and the points of contact with the conductor are then 
at a known distance SS'. Each of these contact pieces is connected 

* Lnhoratary. Mntthieinen and Hockiu on AII07B. 
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with a mercury cup, into which one electrode of the galvanometer 
may be plunged. 

The rest of the apparatus is arranged, as in Wheatstone's Bridge^ 
with resistance coils or boxes A and C7, and a wire PR with a 
sliding contact piece Q, to which the other electrode of the galva- 
nometer is connected. 

Now let the galvanometer be connected to 8 and Q, and let 
A^ and (7^ be so arranged, and the position of Q so determined^ that 
there is no current in the galvanometer wire. 

Then we know that yo J ^pn 

W^ Ci + QR 

where XS^ PQ, &c. stand for the resistances in these conductors. 

From this we get 

XS _ A^+PQi 

XT^ A^-^C^^PR 

Now let the electrode of the galvanometer be connected to S\ 
and let resistance be transferred from Cto A (by carrying resistance 
coils from one side to the other) till electric equilibrium of the 
galvanometer wire can be obtained by placing Q at some point 
of the wire, say Qg* ^^^ ^^^ values of C and A be now C^ and -^g, 
and let A^+C^^PR = A^-\-(\+PR = R. 

Then we have, as before, 

XS'_ A^+PQ, 

xr" R ' 

Whence ^-^^^^'^'' 

In the same way, placing the apparatus on the second conductor 
at TT' and again transferring resistance, we get, when the electrode 
is in r, 



and when it is in T, 



Whence 



XY B 

XT _ A^+PQ^ 

xr~ R ' 

rT_ A^-A,+ Q,Q^ 

xr~ s 



We can now deduce the ratio of the resistances 8S' and T'T, for 



[mIB 
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When great accuracy is not required we may dispense with the 
resistance coils A and C, and we then find 
S8' _ Q^ g, 
^^' Q^Qi 

Tlie readings ol' the position of Q on a wire of a metre in length 
cannot be depended on to less than a tenth of a millimetre, and the 
rceistanoe of the wire may vary considerably in different parts 
owing to inequality of temperature, friction, &c. Hence, when 
great accuracy is required, coils of considerable resistance are intro- 
duced at A and C, and the ratios of the resistances of these cotU 
oan be determined more aceumtcly than the ratio of the reBietancm 
of the part* into which the wire is divided at Q. 

It will be observed that in this method the accuracy of the 
determination depends in no degree on the perfection of the oon< 
tact* at SS' or TT'. 

Tliia method may be called the differential method of aoBg 
Wheatstone'B Bridge, since it depends on the comparison of ob- 
Bervations separately made. 

An essential condition of accuracy in this method is that the 
ri'sistance of the connexions should continue the same during the 
course of the four observations required to complete the determ- 
ination. Uenco the series of observations ought always to be 
rejwated in order to detect any change in the reaistaneee. 

Oh the Compariiou of Great Resittaneet. 

353.] When the resistances to be measured are very great, the 
comparison of the potentials at different points of the system may 
be made by means of a delicate electrometer, such as the Quadrant 
Electrometer described in Art. 219. 

If the conductors whose resistance is to be measuied are placed 
in series, and the same current passed through them by means of a 
battery of great electromotive force, the difference of the potentials 
at the extremities of each conductor will be proportional to the 
resistance of that conductor. Hence, by connecting the electrodes 
of the electrometer with the extremities, first of one conductor 
and then of the other, the ratio of their resistanees may be de- 
termined. 

This is the most direct method of determining resistances. It 
involves the use of an electrometer whose readings may be depended 
on, and we must also have some guarantee that the current reroains 
constant during the experiment. 
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Four conductors of great resistance may also be arranged as in 
Wheatstone's Bridge, and the bridge itself may consist of the 
electrodes of an electrometer instead of those of a galvanometer. 
The advantage of this method is that no permanent current is 
required to produce the deviation of the electrometer, whereas the 
galvanometer cannot be deflected unless a current passes through 
the wire. 

354.] When the resistance of a conductor is so great that the 
current which can be sent through it by any available electromotive 
force is too small to be directly measured by a galvanometer, a 
condenser may be used in order to accumulate the electricity for 
a certain time, and then^ by discharging the condenser through a 
galvanometer, the quantity accumulated may be estimated. This 
is Messrs. Bright and Clark's method of testing the joints of 
submarine cables. 

355.] But the simplest method of measuring the resistance of 
such a conductor is to charge a condenser of great capacity and to 
connect its two surfaces with the electrodes of im electrometer 
and also with the extremities of the conductor. If E is the dif- 
ference of potentials as shewn by the electrometer, S the capacity 
of the condenser, and Q the charge on either surface, R the resist- 
ance of the conductor and x the current in it, then, by the theory 
of condensers, q ^ qjp 

By Ohm's Law, E = Rx, 

and by the definition of a current, 

"-'It' 

Hence Q = RS^, 

at 

« 

and e=Qo^"'^. 

where Qq ^ ^^® charge at first when ^ = 0. 

Similarly E^E^e'^^ 

where Eq is the original reading of the electrometer, and E the 
same afber a time t. From this we find 

which gives R in absolute measure. In this expression a knowledge 
of the value of the unit of the electrometer scale is not required. 
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^^H If S, tlie capacity' of the ifondeneer, is given in electrostatie 
^^H|iaeasure as » certain number of mfltres, then It is also g^ven in 
^^^LaUffitrostatio measure aa tlie reciprocal of a velocity. 
^^H If S is given in electromn poetic measure its diniensions are 

I --- , and ff is a velocity. 

Sin{;o the condenser itself is not a perfect insulator it is neceeeary 
to make two experiments. In the first we determine tlie resistanm 
of the condenser itself, l^g. and in the second, that of the condenser 
witen the conductor is mode to connect its surfaces. Let this be A*. 
Then the resistance, S, of the condnctor is given by the equation 



1 



I 



1 



^^H «m 



This method has been employed by MM. Siemens. 

TAomton'i* Mefiod/or tie DeUrmlHation oftkt Retitfanee of 
the GalvaaomeUr. 
356.] An arrangement similar to Wheatatone's Bridge has been 
employed with advautnge by Sir W. Thomson in determining the 




Fig. 38. 
resistance of the galvanometer when in actual use. It was sug- 
gested to Sir W. Thomson by Mance's Method. See Art. 857. 

Let the batt«ry be placed, as before, between B and C in the 
figure of Article 347, but let the galvanometer be placed in CA 
instead of in OA. If b^—cy is zero, then the conductor OA is 
conjugate to 5C, and, as there is no current produced in OA by the 
battery in BC, the strength of the current in any other conductor 
• Proc. B. S., Jan. 19. 1871.' 
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is independent of the resistance in OA, Hence, if the galvano- 
meter is placed in CA its deflexion will remain the same whether 
the resistance of OA is small or great. We therefore observe 
whether the deflexion of the galvanometer remains the same when 
and A are joined by a conductor of small resistance, as when 
this connexion is broken, and if, by properly adjusting the re- 
sistances of the conductors, we obtain this result, we know that 
the resistance of the galvanometer is 

where ^, y, and )3 are resist/ance coils of known resistance. 

It will be observed that though this is not a null method, in the 
sense of there being no current in the galvanometer, it is so in 
the sense of the fact observed being the negative one, that the 
deflexion of the galvanometer is not changed when a certain con- 
tact is made. An observation of this kind is of greater value 
than an observation of the equality of two difierent deflexions of 
the same galvanometer, for in the latter case there is time for 
alteration in the strength of the battery or the sensitiveness of 
the galvanometer, whereas when the deflexion remains constant, 
in spite of certain changes which we can repeat at pleasure, we are 
sure that the current is quite independent of these changes. 

The determination of the resistance of the coil of a galvanometer 
can easily be efiected in the ordinary way of using Wheatstone's 
Bridge by placing another galvanometer in OA, By the method 
now described the galvanometer itself is employed to measure its 
own resistance. 

Mance^s^ Method of determining the Resistance of the Battery, 

357.] The measurement of the resistance of a battery when in 
action is of a much higher order of diflSculty, since the resistance 
of the battery is found to change considerably for some time after 
the strength of the current through it is changed. In many of the 
methods commonly used to measure the resistance of a battery such 
alterations of the strength of the current through it occur in the 
course of the operations, and therefore the results are rendered 
doubtful. 

In Mance's method, which is free from this objection, the battery 
is placed in BC and the galvanometer in CA, The connexion 
between and B is then alternately made and broken. 

♦ Proc. R. R, Jan. 19. 1871. 
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If the deflexion of the galvanometer remains iinalt«red, we know 
that OB is conjugate to CA, wlieiioe cy = aa, and a, the resistance 
of the battery, is obtained in terms of known resistances c, y, a. 
When the con<lition cy =■ aa is fulHlled, then the current through 
I the galvanometer is 

Ea 



•^ ba + c{b + a+y} 
, and this is independent of the resistance ^ between and S. To 
test the senaibility of the method let us suppose tliat the condition 
ey = aa is nearly, hut not accurately, fulfilled, and that y^ va the 




Fig. 37. 

current through the galvanometer when and jB are connected 
ty a uonductor of no sensible resistance, and y^ the cun-ent when 
and B are completely disconnected. 

To find these valuea we must make fi equal to and to oo ia the 
general formula for y, and compare the results. 

In this way wo find 

l/o-S/i ^ i cy~aa 

y y{c + a)~{a+y)' 

where y^ and y^ are supposed to be so nearly equal that we may, 

when their difference is not in question, put either of them eqn^ 

to y, the value of the current when the adjustment is perfect. 

The resistance, c, of the conductor AB should be equal to a, 
that of the battery, a and y, should be equal and as small as 
possible, and 6 should be equal to a + y- 

Since a galvanometer is most sensitive when its deflexion is 
small, we should bring the needle nearly to zero by means of fixed 
magnets before making contact between and B. 

In this method of measuring the resistance of the battery, the 
current in the battery is not in any way interfered with during the 
operation, so that we may ascertain its resistance for any given 
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strength of current^ so as to determine how the strength of current 
effects the resistance. 

K y is the current in the galvanometer, the actual current 
through the hattery is a^ with the key down and x^ with the 

key up, where 

(b \ /. ^ ac \ 

IH )y a?i = y(lH 1 — 7 — :—^)9 

the resistance of the hattery is 

Cy 
a = — ^, 
a 

and the electromotive force of the battery is 

E^y(b + c+^{b + y)). 

The method of Art. 356 for finding the resistance of the galva- 
nometer differs from this only in making and breaking contact 
between and A instead of between and B, and by exchanging 
a and j3 we obtain for this case 

y y (^ + /8)(^-hy)' 

On the Comparison of Electromotive Forces. 

358.] The following method of comparing the electromotive forces 
of voltaic and thermoelectric arrangements, when no current passes 
through them^ requires only a set of resistance coils and a constant 
battery. 

Let the electromotive force E of the battery be greater than that 
of either of the electromotors to be compared^ then, if a sufficient 
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resistance, J?2> ^® interposed between the points A^, JBi of the 
primary circuit EBi A^E, the electromotive force from £1 to Ai 



I MBASUBEMKST OF RESISTANCE. 

may Le made equal to that of the electromotor E^. If the elec- 
trtiilcs of this electromotor are now counectt'd with the poiola 
, fl| no eurrent will flow through the electromotor. By placing 
a galvanometer (7j in the circuit of the electromotor ^. and 
adjusting the resistance between A^ and iJ,, till the galvaaometer 
' 6^ indicates no current, we obtain the equation 

I where /?, is the resistance between J, and fi,, and C is the strength 
of the current in the [jrimary circuit. 

In the same way, by taking a second electromotor E^ and placing 
* iti) electrodes at At and S.j, so that no current is indicated by the 
I galvanometer G.^, 

where R^ is the resistance between A^ and B^. If the observations 
, of the galranometere 6\ and G^ are BJmultaneous, the value of C, 
the current in the primary circuit, i» the same in both equations, 
and we find 

Ky-.E^:: li^ ■ n.. 

In this way the electromotive force of two electromotors may be 
compared. The absolute clectromolivc force of an cloctromotor 
may be measured either electrostatically by means of the electro- 
meter, or electromagnetically by means of an absolut* galvano- 
meter. 

This method, in which, at the time of the comparison, there 
is no current through either of the electromotors, is a modification 
of Foggendoi-ff's method, and is due to Mr. Latimer Clark, who 
has deduced the following values of electromotive forces : 



DanUU I. Aniftlgamated Zir 


c HSO,+ iaq. 


CuSO. Copper =1.079 


II. 


HS0. + 12aq. 


CuSO, Copper -0.»78 


ni. 


HS0, + 12aq. 


CuNO, Copper -1.00 


fiunlcn I. 
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HNO. Carbon -1.864 


II. 


., 


sp. g. 1.38 CMboD =1.888 


G™w 


HSO,+ 4aq. 


HNO. P]atiniiiii = 1.9fi8 


A Voll ii an dectrovtotUt fore 
tteand tyUcm. 


tqaal to 100,000,000 un.'i* ofl&t et7.timttn-granm 
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ON THE ELECTKIC RESISTANCE OF SUBSTANCES. 

359.] There are three classes in which we may place different 
substances in relation to the passage of electricity through them. 

The first class contains all the metals and their alloys, some 
sulphurets^ and other compounds containing metals, to which we 
must add carbon in the form of gas-coke, and selenium in the 
crystalline form. 

In all these substances conduction takes place without any 
decomposition, or alteration of the chemical nature of the substance, 
either in its interior or where the current enters and leaves the 
body. In all of them the resistance increases as the temperature 
rises. 

The second class consists of substances which are called electro-^ 
lytes, because the current is associated with a decomposition of 
the substance into two components which appear at the electrodes. 
As a rule a substance is an electrolyte only when in the liquid 
form, though certain colloid substances, such as glass at lOO^'C^ 
which are apparently solid, are electrolytes. It would appear from 
the experiments of Sir B. C. Brodie that certain gases are capable 
of electrolysis by a powerful electromotive force. 

In all substances which conduct by electrolysis the resistance 
diminishes as the temperature rises. 

The third class consists of substances the resistance of which is 
so g^eat that it is only by the most refined methods that the 
passage of electricity through them can be detected. These are 
called Dielectrics. To this class belong a considerable number 
of solid bodies, many of which are electrolyi^es when melted, some 
liquids, such as turpentine, naphtha, melted parafiin, &c., and all 
gases and vapours. Carbon in the form of diamond, and selenium 
in the amorphous form, belong to this class. 

The resistance of this class of bodies is enormous compared with 
that of the metals. It diminishes as the temperature rises. It 
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is difficult, on accouut of the great resistatice of these eubstances, 
to determine whether the feeble current which we can force through 
them is or i§ not associated with electrolysie. 

On the Electric Resitlanee of MetaU. 

360.] There is no part of electrical research in which more 
numerous or more accurate experiments have been mode than in 
the determination of the reaistnace of metals. It is of the ul.mo^ 
importance in the electric telegraph t.liat the metal of which the 
wiiv-9 are made should have the smallest attainable resistance. 
Measurements of resistance must therefore he made before selecting' 
the materialfi. When any faidt occurs in the line, its ]iositJoii is 
at once aGcertained by measurements of resistance, and these mo&- 
eurements, in which so many persons are now employed, require 
the use of resistance coils, made of metal the electrical properties 
of which have been carefully tested. 

The electrical properties of metals and their alloys have been 
studied with great care by MM. Mattbiessen, Vogt, and Hockin, 
and by MM. Siemens, who have done so much to introduce exact 
electrical measurements into practical work. 

It appears from the researches of Dr. Afatthiessen, that the effect 
of temperature on the resistance is nearly the same for a coneiderable 
number of the pure metals, the resistance at lOOX' being to that 
at 0°C in the ratio of 1.414 to 1, or of 1 to 70.7. For pure iron 
the ratio is 1.645, and for pure thallium 1.4S8. 

The resistance of metals has been observed by Dr. C.W. Siemens*' 
through a much wider range of temperature, extending from the 
freezing point to 350°C, and in certain cases to lOOO'C. He finds 
that the resistance increases as the temperature rises, but that the 
rate of increase diminishes as the temperature rises. The formula, 
which he finds to agree very closely both with the resistancee 
observed at low temperatures by Dr. Mattbiessen and with his 
own observations through a range of 1000°C, is 

where T is the absolute temperature reckoned from — 273''C, and 

a, j3, y are constants. Thus, for 

Platinum r= 0.0393697**4 0.002164072'— 0.2413, 

Copper r = 0.0265r77'* + 0.00314437'— 0.22751, 

Iron T = 0.0725457'* + 0.0038133r— 1.23971. 

» Pt(k. Ji. S„ April 27. 1871. 
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From data of this kind the temperature of a ftimace may be 
determined bj means of an observation of the resistance of a 
platinum wire placed in the furnace. 

Dr. Matthiessen found that when two metals are combined to 
form an alloy, the. resistance of the alloy is in most cases greater 
than that calculated from the resistance of the component metals 
and their proportions. In the case of alloys of gold and silver, the 
resistance of the alloy is greater than that of either pure gold or 
pure silver, and, within certain limiting proportions of the con- 
stituents, it varies very little with a slight alteration of the pro- 
portions. For this reason Dr. Matthiessen recommended an alloy 
of two parts by weight of gold and one of silver as a material 
for reproducing the unit of resistance. 

The effect of change of temperature on electric resistance is 
generally less in alloys than in pure metals. 

Hence ordinary resistance coils are made of German silver, on 
account of its great resistance and its small variation with tem- 
perature. 

An alloy of silver and platinum is also used for standard coils. 

861.] The electric resistance of some metals changes when the 
metal is annealed ; and until a wire has been tested by being 
repeatedly raised to a high temperature without permanently 
altering its resistance, it cannot be relied on as a measure of 
resistance. Some wires alter in resistance in course of time without 
having been exposed to changes of temperature. Hence it is 
important to ascertain the specific resistance of mercury^ a metal 
which being fluid has always the same molecular structure, and 
which can be easily purified by distillation and treatment with 
nitric acid. Oreat care has been bestowed in determining the 
resistance of this metal by W. and C. F. Siemens^ who introduced 
it as a standard. Their researches have been supplemented by 
those of Matthiessen and Hockin. 

The specific resistance of mercury was deduced from the observed 
resistance of a tube of length / containing a weight to of mercury, 
in the following manner. 

No glass tube is of exactly equal bore throughout, but if a small 
quantity of mercury is introduced into the tube and occupies a 
length X of the tube, the middle point of which is distant a from 
one end of the tube, then the area $ of the section near this point 

C 

will be * = — , where C is some constant. 
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Till' weight of mercury which fills the whnlo tube b 

ic = pi ada = pC2(-) — 1 

I wbere n ie the number of points, at equal distances aloD^ the 
, (nbc, where A has been measured, aiit] p ie the mass < 
I Tolume. 

The resistance of the whole tube is 

where r is the specific resistance per unit of volume. 




■''■.(x,.(i) 

gives the specific resistance of unit of volume. 

To find the resistance of unit of length and unit of mass we must 
multiply this by the density. 

It appears from the experiments of Matthicssen and Hockin that 
tbe refiistanee of a uniform column of mercury of one metre in 
length, and weighing one gramme at CC, is 13.071 Obme, whence 
it follows that if the specific gi"avity of mercury is 13.595, the 
reeistaDce of a column of out; metre in length and one square 
millimetre in section is 0.96146 Ohms. 

36S.] Id the following table S is the resistance in Ohms of a 
column one metre long and one gramme weight at 0°C, and r is 
the resistance in centimetres per second of a cube of one centi- 
metre, according to the experiments of Matthiessen *. 

PeroeaUge 

gravity R 

Silver 10.50 hard dravra 0.1689 

Copper 8.95 hard drawn 0.1469 

Gold 19.27 hard drawn 0.4150 

Lead 11.391 pressed 2.257 

Mercury 13.595 liquid 13.071 

Gold 2, Silver 1. . 15.218 hard or annealed 1.668 

Selenium at 100°C Crystalline form 

■ Phil. Ma^., M«y, 1885. 
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1609 


0.377 


1642 


0.388 


2164 


0.365 


9847 


0.387 


36146 


0.072 


0986 


0.065 


XIO" 


1.00 
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On the Electric Resistance of Electrolytes, 

363.] The measurement of the electric resistance of electrolytes 
is rendered difficult on account of the polarization of the electrodes^ 
which causes the observed diflG&rence of potentials of the metallic 
electrodes to be greater than the electromotive force which actually 
produces the current. 

This difficulty can be overcome in various ways. In certain 
cases we can get rid of polarization by using electrodes of proper 
material, as, for instance, zinc electrodes in a solution of sulphate 
of zinc. By making the surfece of the electrodes very large com- 
pared with the section of the part of the electrolyte whose resist- 
ance is to be measured, and by using only currents of short duration 
in opposite directions alternately, we can make the measurements 
before any considerable intensity of polarization has been excited 
by the passage of the current. 

Finally, by making two different experiments, in one of which 
the path of the current through the electrolyte is much longer than 
in the other, and so adjusting the electromotive force that the 
actual current, and the time during which it flows, are nearly the 
same in each case, we can eliminate the effect of polarization 
altogether. 

364.] In the experiments of Dr. Paalzow * the electrodes were 
in the form of large disks placed in separate fiat vessels filled with 
the electrolyte, and the connexion was made by means of a long 
siphon filled with the electrolyte and dipping into both vessels. 
Two such siphons of different lengths were used. 

The observed resistances of the electrolyte in these siphons 
being R^ and 722 » the siphons were next filled with mercury, and 
their resistances when filled with mercury were foimd to be R( 

and ^2 . 

The ratio of the resistance of the electrolyte to that of a mass 
of mercury at 0°C of the same form was then found from the 
formula t> x> 

To deduce from the values of p the resistance of a centimetre in 
length having a section of a square centimetre, we must multiply 
them by the value of r for mercury at O^'C. See Art. 361. 

• Btrlin MofwUberichi, Jaly, 1868. 
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H. . H,BO. .... 15"0 96360 % 
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Hr H,SO, + 13HK> .... 22°C 13310t ^B 
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B^ CuSO, +I05EK> .... 22°C 


2024t«:^H 
339341 :^H 


] 




and Waier. ^H 


J 


K MgSO,+ 34HK) .... 22*C 
t* . MgSO.+ 107H'O .. .. 22°C 


i99iaa^H 
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Sydroehloric Acid and Water. 
HCl + 15EK> .... 23°C 
Ha +500H*O .. .. 23=C 



365.] MM. F. Kohlrausch and W. A. Nippoldt* have de- 
termined the resiBtaQce of mixtures of Bulphuric acid and watw. 
They need alternating magoeto-electric currents, the electromotiTe 
force of which varied from i to -,^ of that of a GroTe's cell, and 
by means of a thermoelectric copper-iron pair they reduced the 
electromotive force to ix^aaa '^^ ^^^ ^^ ^ Qrove's cell. They found 
that Ohm's law was applicable to this electrolyte tliroughout the 
range of these electromotive forces. 

The resistance is a minimum in a mixture containing about one- 
third of sulphuric acid. 

The resistance of electrolytes diminishes as the temperature 
increases. The percentage increment of conductivity for a rise of 
1°C is given in the following table. 



' Vogg., Ann. c! 
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^esistcmce of Mixtures o/StUphuric Acid arid Water cU 22*^0 in terms 
of Mercury at (fC MM. Eoblrauscb and Nippoldt. 

•D '-A PercenUge 

Specific gravity Percentage , acpr increment of 

atl8'5 ofHaS04 ra ^^ conductivity 

(Hg-1) forl^/ 

0.9985 0.0 746300 0.47 

1.00 0.2 466100 0.47 

1.0504 8.3 34530 0.653 

1.0989 14.2 18946 0.646 

1.1431 20.2 14990 0.799 

1.2045 28.0 13133 1.317 

1.2631 35.2 13132 1.259 

1.3163 41.5 14286 1.410 

1.3547 46.0 15762 1.674 

1.3994 50.4 17726 1.582 

1.4482 55.2 20796 1.417 * 

1.5026 60.3 25574 1.794 

On the Electrical Resistance of Dielectrics, 

366.] A great number of determinations of tbe resistance of 
gutta-percba^ and otber materials used as insulating media, in tbe 
manufacture of telegrapbic cables, bave been made in order to 
ascertain tbe value of tbese materials as insulators. 

Tbe tests are generally applied to tbe material after it bas been 
used to cover tbe conducting wire, tbe wire being used as one 
electrode, and tbe water of a tank^ in wbicb tbe cable is plunged, 
as tbe otber. Thus tbe current is made to pass tbrougb a cylin- 
drical coating of tbe insulator of great area and small tbickness. 

It is found tbat wben tbe electromotive force begins to act, tbe 
current, as indicated by tbe galvanometer^ is by no means constant. 
Tbe first effect is of course a transient current of considerable 
intensity, tbe total quantity of electricity being tbat required to 
cbarge tbe surfaces of tbe insulator witb tbe superficial distribution 
of electricity corresponding to tbe electromotive force. Tbis first 
current therefore is a measure not of tbe conductivity^ but of tbe 
capacity of tbe insulating layer. 

But even after tbis current bas been allowed to subside tbe 
residual current is not constant, and does not indicate tbe true 
conductivity of tbe substance. It is found tbat tbe current con- 
tinues to decrease for at least balf an bour^ so tbat a determination 
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of the resistance deduced from the current will give a greater value 
if a certain time is allowed to elapse than if taken immediately after 
applying the battery. 

Thus, with Hooper's insulating material the apparent resistance 
at the end of ten minutes was four times^ and at the end of 
nineteen hours twenty-three times that observed at the end of 
one minute. When the direction of the electromotive force is 
reversed, the resistance falls as low or lower than at first and then 
gradually rises. 

These phenomena seem to be due to a condition of the gutta- 
percha, which, for want of a better name, we may call polarization, 
and which we may compare on the one hand with that of a series 
of Leyden jars charged by cascade^ and, on the other, with Bitter's 
secondary pile. Art. 271. 

K a number of Leyden jars of gi'cat capacity are connected in 
series by means of conductors of great resistance (such as wet 
cotton threads in the experiments of M. Gaugain), then an electro- 
motive force acting on the series will produce a current, as indicated 
by a galvanometer, which will gradually diminish till the jars are 
fully charged. 

The apparent resistance of such a series vnll increase, and if the 
dielectric of the jars is a perfect insulator it will increase without 
limit. If the electromotive force be removed and connexion made 
])etweeii the ends of the scries^ a reverse current will be observed, 
the total quantity of which, in the case of perfect insulation, will be 
the same as that of the direct current. Similar effects are observed 
in the case of the secondary pile, with the diiferencc that the final 
insulation is not so good, and that the capacity per unit of surface 
is immensely greater. 

In the case of the ca])le covered with gutta-percha, &c., it is found 
that after applying the battery for half an hour, and then con- 
necting the wire w^ith the external electrode, a reverse current takes 
])lace, which goes on for some time, and gradually reduces the 
system to its original state. 

These phenomena are of the same kind with those indicated 
by the ^residual discharge' of the Leyden jar, except that the 
amount of the polarization is much greater in gutta-percha, &c. 
than in glass. 

This state of polarization seems to be a directed property of the 
material, w^liieh requires for its production not only electromotive 
force, but the passage, by displacement or othenvise, of a con- 



368.] OP DIELECTRICS. 423 

siderable quantity of electricity, and this passage requires a con- 
siderable time. When the polarized state has been set up, there 
is an internal electromotive force acting in the substance in the 
reverse direction, which will continue till it has either produced 
a reversed current equal in total quantity to the first, or till the 
state of polarization has quietly subsided by means of true con- 
duction through the substance. 

The whole theory of what has been called residual discharge, 
absorption of electricity, electrification, or polarization, deserves 
a careftd investigation, and will probably lead to important dis- 
coveries relating to the internal structure of bodies. 

367.] The resistance of the greater number of dielectrics di- 
minishes as the temperature rises. 

Thus the resistance of gutta-percha is about twenty times as great 
at 0°C as at 24°C. Messrs. Bright and Clark have found that the 
following formula gives results agreeing with their experiments. 
If T is the resistance of gutta-percha at temperature T centigrade, 
then the resistance at temperature T-\- 1 will be 

R =zr X 0.8878', 

the number varies between 0.8878 and 0.9. 

Mr. Hockin has verified the curious fact that it is not until some 
hours after the gutta-percha has taken its temperature that the 
resistance reaches its corresponding value. 

The effect of temperature on the resistance of india-rubber is not 
BO great as on that of gutta-percha. 

The resistance of gutta-percha increases considerably on the 
application of pressure. 

The resistance, in Ohms, of a cubic metre of various specimens of 
gutta-percha used in different cables is as follows *. 

Name of Cable. 

Red Sea 267 x lO^^ to .362x10*2 

Malta-Alexandria 1.23 x 10^* 

Persian Gulf 1.80x 10" 

Second Atlantic 3.42x10" 

Hooper's Persian Gulf Core ... 74.7 x 1 0^^ 
Gutta-percha at 24°C 3.53 x 10" 

368.] The following table^ calculated from the experiments of 

* Jenkin's Cantor Lectures, 



I 



RESISTANCE. [369- 

M. Buff, described in Art. 271, shews tho resistance of a cubic 
metjv of glass in Ohma at different temperatures. 

TenperUuni, Kesletonce. 

200'C 227000 

250° 13!)00 

300° 1480 

350" 1033 

400* 735 

869.] Mr. C. F. Varley * has recently iaveetigated the conditions 
of the current through rarefied gases, and finds that the electro- 
motive force E is equal to a constant £„ together with a part 
depending on the current according to Ohm's Law, thus 
E = Ef,+RC. 

For instance, the electromotive force required to cause the 
cmrent to begin in a certain tube was that of 323 Daniell's cells, 
but an electromotive force of 304 cells was just sufficient to 
maintain the current. The intensity of the current, as measured 
by the galvanometer, was proportional to the number of cells above 
304. Thus for 305 cells the deflexion was 2, for 306 it was 4, 
for 307 it was 6, and eo on up to 380, or 304 + 76 for which the 
deflexion was 150, or 7G x 1.97. 

From these cxperinicnta it .ippeurs that there is a kind of 
polarization of the electrodes, the electromotive force of which 
ia equal to that of 304 Daniell's cells, and that up to this electro- 
motive force the battery is occupied in establishing this state of 
polarization. When the maximum polarization is established, the 
excess of electromotive force above that of 304 cells is devoted to 
maintaining the current according to Ohm's Law. 

The law of the current in a rarefied gas is therefore very similar 
to the law of the current through an electrolyte in which we have 
to take account of the polarization of the electrodes. 

In connexion with this subject we should study Thomson's results, 
described in Art. 57, in which the electromotive force required 
to produce a spark in air was found to be proportional not to the 
distance, but to the distance together with a constant quantity. 
The electromotive force corresponding to this constant quantity 
may be regarded as the intensity of polarization of the electrodes. 

370.] MM. "Wiedemann and Riifalmann have recently t investi- 
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gated the passage of electricity through gnoses. The electric current 
was produced by Holtz's machine, and the discharge took place 
between spherical electrodes within a metallic vessel containing 
rarefied gas. The discharge was in general discontinuous, and the 
interval of time between successive discharges was measured by 
means of a mirror revolving along with the axis of Holtz's machine. 
The images of the series of discharges were observed by means of 
a heliometer with a divided object-glass, which was adjusted till 
one image of each discharge coincided with the other image of 
the next discharge. By this method very consistent results were 
obtained. It was found that the quantity of electricity in each 
discharge is independent of the strength of the current and of 
the material of the electrodes, and that it depends on the nature 
and density of the gas^ and on the distance and form of the 
electrodes. 

These researches confirm the statement of Faraday* that the 
electric tension (see Art. 48) required to cause a disruptive discharge 
to begin at the electrified surface of a conductor is a little less 
when the electrification is negative than when it is positive^ but 
that when a discharge does take place^ much more electricity passes 
at each discharge when it begins at a positive surface. They also 
tend to support the hypothesis stated in Art. 57, that the stratum 
of gas condensed on the surface of the electrode plays an important 
part in the phenomenon, and they indicate that this condensation 
is greatest at the positive electrode. 

• Exp. Ret., 1501. 
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